Thm  (CQauchy complefengss of R) . 1f (In)is a Cauchy seg, 1n R,

then it 15 Cam/erqenu

For Sop. in @ For ceg. in R
conv = Cauchy = bounded conv > Cauchy = bounded
p—
* < Co mpletenes} <

We now know that the sef. of clecimal expansins defined lost
Class tonverges 1w Some. € Rso w/ x%2
Rimkc Zf ye R>o and 7’=z ,Hhen 1%-::}’_—_0 5D (K-Y) (x#Y) =0
Hence x=y . In other wovds , there is a unique nonneqative
sequare oot of 2, which we will olenote by J2 pr 2.

SUPREMA ANMD |NFIMA

Pef- Let SCX (where X is Z. Q. [R). 1f there exists a ueX
.. sel for all s€ 5 ,then S is said to be BOUNDED ABDVE
ard u i¢ colled an [IPPER BOUND of § . If . in addition .
UES then y is colled a MAXIMUM o GREATES] eloment
of &.



Sim?lmq . we can defme BOUNDED BELDW , LOWEBR BoUND andl

MINIMUM [ | EAST els.

Ex. Let X=Z and S=f1.2.47 . Then 4.5.6.7 etc are UBs of S,
but only 4 & a max

Rmk If & has a max, then it i unigue.

Pf. If ssu and Seu’ -forallsc-S and u,u' €S, men u'sy
because wu’€S anol u is an UB of S and similarly usu’
So u=u

We wite  u=max(s) . if 1t esists . Clearly .5 S is non- &

omd firite , max(S) exicts.

Ex. X=7Z ,5=%1.2.2,4- 9. S has no max , npr even any UB¢
X=@ ,S=f1-%:neZyni:50, %, 1, % .3, S 18 bounoled
above by 1 . but S hai no max,

Def Lei SCX.If uis an DB of Soand uscu’ forall UBs u’ of
S then u is calledd a | EAST UPPER BOUND or SUPREMUM
of §.

Ex. (cont'd) 1 is a LUB of S becanse 1 is an OB ,and (f there
were an B u<1 , then we would have =3 <U for all €Ly,
Toking the [imit as N—so ; we get 1 £U , which is o contrmdidan
In other words , all VBg uy rwmst be 21

Rmk  LUBS are wunique if they €xist . If u is the LUB of S . we
write u=sup(S) (or [ublO) .If mox(S) exists,Then sup(S)=max(9



PE ) If u is LUB then a<u’,sint@ u is the LUR and u’is a UR
Similorly , Ueu ,smie w' is LUB and uis DB . Sou=u'
(h) BY def . max () is an UB of S and since max($)ES , we
have mox (S) €U’ for all UBs u' of S by odef of UB
Hene . by oef of LUB .Sup(S)=max($)
But even subsets of Q wn fail o have [)B¢ plespile being yon-» oavd
bounded above
Ex. S= §26@ :Z‘éﬁ has no sup in Q.
(Recaul the Sgg- of decimal opprox. from st clasy. It Sutisfied

4ne2 < (Gntpn)” for all e Z>o

€S UBs of S

By def’ .gneS foronln . If 45, then §3e2<hn’ , 509 <)
fov all n.Coecause If ¢>rn ,then 42=rw>2)
Notice that 0 €2-gn* < }j%;?f; (7)) 2 4. om+ (T0) *—> 0
Hone gu*>> S
This also implies +ha Yu*=9n"+29n 3% 1(7)°—> 2 as weil
Therefore  sup(S) can't exist in @ bewause say S were the Sup - Then
if S22, men & could not be an UB
‘f gnes forall 1> then by Taking the lim. @t N—=>® , ue
wounld 0]@1‘ d £s?, whichis a contradiction .

ff $*>2 ., then < could not be the LUBR:

if S£¥n for all n . then we would 9et $%2 2, whichvs coth,



(S22 s impossible v R )

Thm (Dedeleind completeness of R D 1f ASR is non—@ and bwurded
above » then Sup (A exists (in R)
PF. let meA (swehas ¢lt. exists sine A#@) and by be an UB of
A Lwhich exists sinee A is bounded abpve )
(onsider ¢,:= 2‘:*;' .
lf Ce is an UB for A\ define gy:=a) and b2:=b,
Otherwrise . if ¢, i M an VB for A . there must be an 02€A
with cicaz . Define b2:=b
In éitrer @se . €A and ba is an U for A . Repeat o define
ay . b>.a¢, by . ..

Antbw
In 4general , given An and bn for Some NEZL>o, let Cni=" 3

]f Cn (S an DB : puyii=Qn , bne :=Cn
) Cnis not an VB 1 dann €A (ami >Cn) , brni=bn

A_4r Cn
Qn+
. — . o

Ant\

Claim For all n v ¢i) ane A, bn i$ an U (of A) , which implies Ansbn
(i) bn-an £ 223
(i) 0 £ba-bnei € 25 (4250

Pf. exercise

Cloim Cbh):;: 'S cauchq



Pf - Consioler |bm-bn| . WLpG men .Then |bm-bn] = bm-bn =

l bl—ﬂ' b -0

(bm=-bmt)+(bmt -bmt2) ¥ --- +(pun-) —bn) £ b;:." Tt ot 12""
Q|

s% . As wedid [ast olnss ) we can U s 1o show hat

the Sez. i Cauchy. (Check ! )

Heone by Cauchy completeness of R ,bon —>b for ssme bER
Now if AeA ,then a<pn for all n by (i) ,s0 azb .

Therefore b is an DB for A . }

On the other hanol, @ < bn-an £ bz_:.p-‘.‘ —0,S00n= bnb— va:ﬁu)-ab
Because of This , b is the UB of A

Indeed . Suppose that b’ were an UR of'A with bkb ,and let
2=b-b'>0 .Then there exists an NeJs, sit. forall 2N,
we have [b-An| <% i, b-%<On<bts . But then An>b-4=b
which contraclicts the @%uwmption that b'is an UB of A (Since
aneA) . We conclude that b‘_’S”’P(A)-

Simlarlu] f ASR is non-@ and bd. pelow , then in‘ﬂA) exists,
INFIMUM eans GREATEST LOWER BOUND

Prop . lot A+B SR be yon-@ ard bol. above . If AS B>, then sup(h) <supls



