On the Bilinear Hilbert Transform

Habilitationsschrift

vorgelegt bei der Mathematisch-Naturwissenschaftlichen Fakultät der Christian Albrechts Universität zu Kiel

von Christoph Martin Thiele

Kiel, September 1998

Introduction

A central object in the mathematical field of harmonic analysis is the Hilbert transform, a linear operator acting on functions on the real line, which is defined by Hf(x) := p.v. ∫ IR f(x − t) 1 t dt . Alternatively one can write H := −iπF^{−1}M_{sign}F ,

where F is the Fourier transform defined by Ff(x) := ∫ IR f(x)e^{−iξx} dx , and M_{sign}f(x) := sign(x)f(x) . (1)

The Hilbert transform is the prototype of what is called a singular integral, a topic of interest in analysis over the past fifty years. For a general reference see [16] and its predecessors.

As written down, the Hilbert transform is certainly defined on the space of Schwartz functions and has values in the space of tempered distributions. However, it satisfies the additional regularity estimate ‖Hf‖_p ≤ C_p‖f‖_p for all 1 < p < ∞, where C_p is a universal constant and ‖f‖_p := (∫ IR |f(x)|^p dx ) 1_p . (2)

This result is due to Kolmogorov [9] and Riesz [15]. Hence the Hilbert transform extends to a bounded operator from L^p to itself, where L^p is essentially the space of measurable functions satisfying (2). This result is most easily seen for p = 2 from the formula (1), since F is an isometry of the Hilbert space L^2, and multiplication by the function sign is also an isometry of L^2.

Define the following isometries of L^p(IR) for y, λ ∈ IR with λ > 0: R_yf(x) := f(x − y) , D^p_λf(x) := λ^{−p}f(λ^{−1}x) .

Then the Hilbert transform satisfies R_yH = HR_y , (3) D^p_λH = HD^p_λ . (4) Moreover, any bounded operator on L^p satisfying properties (3) and (4) is already a linear combination of the Hilbert transform and the identity operator. Again this is most easily seen for p = 2, because then any operator satisfying (3) is of the form H = F^{−1}M_aF for some bounded function a, and (4) shows that a has to be homogeneous of degree 0.

The bilinear Hilbert transform H_α with parameter α ∈ IR is a bilinear operator mapping two functions on the real line to one function on the real line. It is defined by H_α(f, g)(x) := p.v. ∫ IR f(x − t)g(x − αt) 1 t dt . (5) Again, this expression is certainly well defined if f and g are Schwartz functions.

In a series of joint papers with M. Lacey, [10], [11], [12], , and [13], we have proved that the bilinear Hilbert transform satisfies the following regularity estimates: Theorem 0.0.1 If α ∉ {0, 1}, then ‖H_α(f_1, f_2)‖_p ≤ C_{p1,p2} ‖f_1‖_{p1} ‖f_2‖_{p2} , (6) provided that 1 p = 1 p_1 + 1 p_2

, (7) 2 3 < p < ∞ , 1 < p_1, p_2 ≤ ∞ .

In contrast to the situation for the Hilbert transform H, none of the estimates in this theorem is particularly easy to prove. For α ∈ {0, 1} we observe H_0(f, g) = H(f) · g , H_1(f, g) = H(f · g) . In these cases one easily obtains regularity results by an application of the theorem of Kolmogorov and Riesz and by Hölder’s inequality. The proof of Theorem 0.0.1 is very much in the spirit of the papers [5] and [7] on almost everywhere convergence of Fourier series.

The bilinear Hilbert transform satisfies the following invariances: H_α(R_yf, R_yg) = R_yH_α(f, g) , (8)

H_α(D^{p1}_λ f, D^{p2}_λ g) = D^p_λH_α(f, g) , (9)

provided p_1, p_2, and p satisfy the homogeneity condition (7). These invariances are also satisfied for the pointwise product of two functions.

A nice exposition of the theory of multilinear translation and dilation invariant operators can be found in [14]. A bilinear operator B satisfying (8) and any regularity estimate as in the theorem necessarily is of the form B(f, g) := ∫ IR ∫ IR m(ξ, η)Ff(ξ)Fg(η)e^{i(η+ξ)x} dξdη for some bounded function m. If b satisfies in addition (9), then m is homogeneous of degree 0. Hence m is determined by its values on the unit circle in IR^2. In contrast to the situation for linear operators, there is an infinite dimensional space of translation and dilation invariant bilinear operators.

The previously known conditions on the multiplier m for a translation and dilation invariant operator to be bounded on any L^p spaces implied continuity outside the lines ξ = 0, η = 0, and ξ + η = 0.

Define the modulation of f by ζ by U_ζ f(x) := f(x)e^{iζx} = F^{−1}R_ζ Ff(x) . Then the bilinear Hilbert transform H_α satisfies H_α(U_{αζ} f, U_{−ζ} g) = U_{(α−1)ζ} H_α(f, g) . (10) If one has any bilinear operator satisfying (8), (9), (10), and any of the estimates in Theorem 0.0.1, then its multiplier m is constant on the half planes defined by ξ + αη > 0 and ξ + αη < 0. Hence there is a two dimensional space of such operators, which is spanned by H_α and the pointwise product.

Historically, the interest in the bilinear Hilbert transform arose from the study of the Cauchy integral or Hilbert transform on Lipschitz curves and the related first commutator of Calderon. Let γ(x) = x + iA(x) be a curve in C, where A^′ = a ∈ L^∞(IR). Then the Hilbert transform corresponding to the curve γ is given by H_γf(x) := p.v. ∫ f(y)(1 + ia(y)) dy x − y + i(A(x) − A(y)) . It is a celebrated result by Calderon [3] (for small norm of a) and Coifman, McIntosh, Meyer [6] (for arbitrary norm of a), that this operator is bounded from L^2(IR) to itself.

One approach to this result is to expand the nonlinear dependence on A into a Taylor series, i.e., to write the series expansion 1 x − y + i(A(x) − A(y)) = 1 x − y ∞∑ k=0 (−i)^k ( A(x) − A(y) x − y )k .

Ignoring the factor 1 + ia(y) in the definition of H_γ , which is irrelevant for the question of boundedness in L^2, we are led to study the operators C_kf(x) = p.v. ∫ (A(x) − A(y))^k (x − y)^{k+1} f(y) dy . Naturally, C_0 is the Hilbert transform. For C_1, Calderon’s first commutator, we write p.v. ∫ ∫ 1 0 a(x + α(y − x)) 1 x − y f(y) dαdy

= p.v. ∫ ∫ 1 0 a(x − αy)f(x − y) 1 y dαdy = ∫ 1 0 H_α(f, a)(x) dα . Coming from the original question concerning the Hilbert transform on γ, one seeks for fixed a ∈ L^∞ a bound on C_1 as an operator from L^2 to itself. One of the attempts of Calderon was to prove appropriate bounds on the bilinear Hilbert transform, but he did not succeed this way and eventually proved boundedness of C_1 by different means [2].

Observe that even the result of Theorem 0.0.1 does not give boundedness of C_1, since it does not give any control over the bound for H_α as α approaches 0 or 1. This gap is filled by the following theorem, which justifies the above approach to C_1 by Calderon:

Theorem 0.0.2 For each N > 0 there is a universal constant C such that for all α < N and all Schwartz functions f and g we have ‖H_α(f, g)‖_α ≤ C ‖f‖_2 ‖g‖_∞ . The study of the bilinear Hilbert transform can be simplified by taking into account a symmetry which is not immediately apparent from the expression (5). To exploit this symmetry, consider the trilinear form

Λ_{(α)}(f_1, f_2, f_3) := ∫ IR H_α(f_1, f_2)(x)f_3(x) dx .

This form can be generalized to the following family of forms:

Λ_β(f_1, f_2, f_3) := ∫ p.v. ∫ 3∏ ȷ=1 f_ȷ(x − β_ȷt) 1 t dt dx , (11)

where β = (β_1, β_2, β_3) is a vector in IR^3 which is not collinear with γ := (1, 1, 1). By a change of variables it is no restriction to assume that β is a unit vector perpendicular to the vector γ. Hence the family Λ_β is a one parameter family which consists of all forms which are dual in the sense of (11) to ±H_α with α ∈ IR and the forms which are dual to

±H_∞(f_1, f_2) := f_1 · H(f_2) .

The group of permutations of {1, 2, 3} is acting in an obvious way on the family Λ_β. We

call β non-degenerate if β_ı ≠ β_ȷ for ı ≠ ȷ. If β is non-degenerate, then Λ_β is dual to ±H_α for some α /∈ {0, 1, ∞}. The estimates of Theorem 0.0.1 with p ≥ 1 can be stated as estimates for the form

Λ_β, using the duality of L^p and L^{p′} where p^′ denotes the conjugate exponent of p defined

by^1_{p′} +^1_p = 1. The remaining estimates can not be stated as estimates of Λ_β. Hence we

define formally the following notion of type: For each permutation σ of {1, 2, 3} define

the bilinear operator

H^σ_β : S(IR) × S(IR) → S^′(IR) by: H^σ_β (f_{σ(1)}, f_{σ(2)})(f_{σ(3)}) := Λ_β(f_1, f_2, f_3) .

We say that Λ_β is of type (p_1, p_2, p_3) if there is a permutation σ such that

0 < p_{σ(1)}, p_{σ(2)}, p_{σ(3)}^′ ≤ ∞ (12)

and the operator H^σ_β is bounded from L^{pσ(1)} × L^{pσ(2)} to L^{pσ(3)′} . Then the statement of

Theorem 0.0.1 is that for non-degenerate β the form Λ_β is of type (p_1, p_2, p_3) if 1 p_1 + 1 p_2 + 1 p_3

= 1 , − 1 2 < 1 p_1 , 1 p_2 , 1 p_3

< 1 . (13)

The following diagram shows the plane of all points (1/p_1, 1/p_2, 1/p_3) with 1/p_1 + 1/p_2 +

1/p_3 = 1:

(0, 0, 1) (0, 1, 0)

(1, 0, 0)

( −^1_2 ,^1_2 , 1 )

( 1, −^1_2 ,^1_2 ) ( 1,^1_2 , −^1_2 )

( 1 2 , 1, −^1_2 )

( −^1_2 , 1,^1_2 )

( 1 2 , −^1_2 , 1 ) T T T T T T T T T T T T T T T T T

T T T T T T T T T T T T T

T T T T T T T TT

T T T TT ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

b d

d d r t t t

t

t t r r

. The region described by (13), which we call region A, is the open interior of the

convex hull of the six large filled circles in the above diagram. The closed convex hull

B of the three large empty circles is the region in which condition (12) is satisfied for

all permutations σ. Moreover, each point in the intersection of A and B corresponds

to an actual estimate for Λ_β itself. At each point of the remainder set A \ B only two

permutations σ satisfy (12). A further region of interest is the open convex hull of the three small filled circles. Here 2 < p_ȷ < ∞ for all ȷ, hence the trilinear form acts only on

functions which are locally L^2. This region has been discussed in [10].

It is not known, whether the lower bound^2_3 on p in Theorem 0.0.1 can be relaxed to 1 2 . If this were true, we had estimates in the whole set shown by the above diagram.

In the degenerate case α = 0, which corresponds to the trilinear form ∫ IR H(f_1)(x) f_2(x) f_3(x) dx ,

one has estimates in the open strip bounded by the two extremal horizontal lines in the

following diagram:

(0, 0, 1) (0, 1, 0)

(1, 0, 0) ( 1,^{−1}_2 ,^1_2 ) ( 1,^1_2 ,^{−1}_2 )

( 1 2 , 1,^{−1}_2 ) ( 1 2 ,^{−1}_2 , 1 )

( 0,^1_2 ,^1_2 )

T T T T T T T TT

T T T T T T T TT

T T T T T T T TT

T T T TT ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ̌

b d

d d r r r r

r t t

. Hence on may expect uniform estimates as α tends to 0 in the intersection of this strip

with the region A. In this Habilitationsschrift uniform estimates are proved in the closed

convex hull of the two large filled circles. It seems plausible that one can improve this

result with the ideas of [10] and [12] to obtain uniform estimates in the open interior of

the convex hull of the five small filled circles in the last diagram. It would be interesting

to investigate the behaviour near the points (0, 0, 1) and (0, 1, 0).

Finally, I would like to mention the very interesting open problem concerning the

trilinear Hilbert transform: H_{α,β}(f, g, h)(x) := p.v. ∫ IR f(x − y)g(x − αt)h(x − βt) 1 t dt . It is unknown, whether this trilinear operator satisfies any L^p estimates except in the

degenerate cases α = β or {α, β} ∩ {0, 1, ∞} ≠ ∅.

This Habilitationsschrift contains two chapters. These two chapters are self contained

and therefore can be read independently. The first chapter proves Theorem 0.0.1, and

thus summarizes the results from [10], [11], [12], [13], which are joint work with M. Lacey.

The exposition contains some simplifications compared to the original papers. One of

the simplifications, namely the idea to prove restricted weak type estimates for operators

related to the counting function, is taken from [1]. The second chapter proves the new

Theorem 0.0.2.

I would like to thank all persons and institutions who have supported my work on this Habilitationsschrift. Among the invitations I have received over the past few years I would like to particularly mention those to the Mathematisches Forschungsinstitut Oberwolfach (Research in Pairs), the Mathematical Sciences Research Institut at Berkeley (Harmonic Analysis and PDE), the Institute for Advanced Study at Princeton, Princeton University, Yale University, and Max Planck Institute at Leipzig, which have most notably helped to push the research on this Habilitationsschrift. I acknowledge support from a NATO grant. I am grateful to all persons who have supported my research in this field by their interest, advice or other support, in particular to Raphy Coifman for having initiated my interest in this field and the whole program leading to this work, Detlef Müller for his support towards this Habilitationsschrift and his continued interest in the field, Michael Lacey, who is the coauthor of most of the work that made this Habilitationsschrift possible, Charlie Fefferman for his valuable moral support, Michael Christ for stimulating discussions concerning the uniform estimates, Marius Junge for helpful discussions, and, most of all, my wife Andrea for her patience and endurance during the creation of this work.

Contents

1 L^p- estimates for the bilinear Hilbert transform 9 1.1 The bilinear Hilbert transform . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.3 Applying Plancherel to Λ_β . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.4 The decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 1.5 The truncated form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.6 Discretization of the trilinear forms . . . . . . . . . . . . . . . . . . . . . . 16 1.7 The setup and the geometric interpretation . . . . . . . . . . . . . . . . . . 17 1.8 Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.9 Selection of the trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.10 Estimates on the selected trees . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.11 Counting the selected trees . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.12 The proof of Lemma 1.5.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.13 Proof of Lemma 1.8.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 1.14 A good lambda inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.15 An interpolation of iterated Banach spaces . . . . . . . . . . . . . . . . . . 24 1.16 The interpolation endpoint near 2 . . . . . . . . . . . . . . . . . . . . . . . 25 1.17 Almost orthogonality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2 Uniform estimates for the bilinear Hilbert transform 29 2.1 The Hilbert forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.2 The decomposition of the Hilbert forms . . . . . . . . . . . . . . . . . . . . 30 2.3 The truncated trilinear form . . . . . . . . . . . . . . . . . . . . . . . . . . 32 2.4 Discretization of the trilinear forms and the geometric picture . . . . . . . 35 2.5 The selection of the trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.6 An upper bound for μ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.7 The tree estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 2.8 The tree estimate again . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 2.9 Counting the trees, part 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 2.10 Counting the trees, part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.11 Counting the trees, part 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Chapter 1

L^p- estimates for the bilinear Hilbert

transform

1.1 The bilinear Hilbert transform

Let β = (β_1, β_2, β_3) be a unit vector in IR^3 perpendicular to γ := (1, 1, 1). The Hilbert form with parameter β is the trilinear form on S(IR) × S(IR) × S(IR) defined by:

Λ_β(f_1, f_2, f_3) := ∫ p.v. ∫ 3∏ ȷ=1 f_ȷ(x − β_ȷt) 1 t dt dx . This form is continuous in each argument in the topology of the Schwartz space. For each permutation σ of the three numbers 1, 2, 3 we define the bilinear map

H^σ_β : S(IR) × S(IR) → S^′(IR) by: H^σ_β (f_{σ(1)}, f_{σ(2)})(f_{σ(3)}) := Λ_β(f_1, f_2, f_3) .

The bilinear operators H^σ_β are called bilinear Hilbert transforms. We are interested in L^p- estimates of these operators. Let p_1, p_2, p_3 ∈ IR ∪ {∞}. We say that Λ_β is of type (p_1, p_2, p_3) if there is a permutation σ such that

0 < p_{σ(1)}, p_{σ(2)}, p_{σ(3)}^′ ≤ ∞ (1.1)

and there is a constant C such that ‖ ‖H^σ_β (f, g) ‖ ‖ p^′_{σ(3)} ≤ C ‖f‖p^{σ(1)} ‖g‖p^{σ(2)} (1.2)

for all Schwartz functions f and g. Here ‖f‖_p := (∫ |f(x)|^p dx ) 1_p

and p^′ denotes the conjugate exponent of p defined by 1 p^′ + 1 p = 1 .

Call β non-degenerate if β_ı ≠ β_ȷ for ı ≠ ȷ.

Theorem 1.1.1 If β is non-degenerate and 1 p_1 + 1 p_2 + 1 p_3 = 1, − 1 2 < 1 p_1 , 1 p_2 , 1 p_3 < 1 , then Λ_β is of type (p_1, p_2, p_3).

The following diagram shows the plane of all points (1/p_1, 1/p_2, 1/p_3) with 1/p_1 +

1/p_2 + 1/p_3 = 1.

(0, 0, 1) (0, 1, 0)

(1, 0, 0)

( −^1_2 ,^1_2 , 1 )

( 1, −^1_2 ,^1_2 ) ( 1,^1_2 , −^1_2 )

( 1 2 , 1, −^1_2 )

( −^1_2 , 1,^1_2 )

( 1 2 , −^1_2 , 1 ) T T T T T T T T T T T T T T T T T

T T T T T T T T T T T T T

T T T T T T T TT

T T T TT ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ̌

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ ˇ

b d

d d r t t t

t

t t r r

Let A be the open interior of the convex hull of the six large filled circles in the above

diagram. Theorem 1.1.1 states that Λ_β is of type (p_1, p_2, p_3) for all (1/p_1, 1/p_2, 1/p_3) ∈ A.

The closed convex hull B of the three large empty circles is the region in which condition

(1.1) is satisfied for all permutations σ and thus the type estimates (1.2) are equivalent

for all six bilinear operators H^σ_β . The remainder set A \ B splits into three connected

regions D_ȷ such that the exponent p_ȷ is negative in the region D_ȷ for ȷ = 1, 2, 3. In each

of these regions, only two permutations σ satisfy (1.1) and thus the estimate (1.2) makes

sense only for the two corresponding bilinear operators H^σ_β . A further region of interest is

the open convex hull of the three small filled circles. Here 2 < p_ȷ < ∞ for all ȷ, hence the

trilinear form acts only on functions which are locally L^2. This region has been discussed

in [10].

In this paper, C and m denote constants which may depend on β and p_1, p_2, p_3

whenever the latter are defined. The values of C and m may change from line to line.

1.2 Interpolation

The first step in the proof of Theorem 1.1.1 is the following convexity result:

Lemma 1.2.1 Let (1/p_1, 1/p_2, 1/p_3) and (1/q_2, 1/q_2, 1/q_3) be two points in the region A and assume that Λ_β is of type (p_1, p_2, p_3) and of type (q_1, q_2, q_3). Then Λ_β is of type (u_1, u_2, u_3) for all (1/u_1, 1/u_2, 1/u_3) on the line segment connecting (1/p_1, 1/p_2, 1/p_3) and (1/q_2, 1/q_2, 1/q_3).

We prove the lemma. The conclusion of the lemma follows immediately by complex interpolation as in [4], if there exists a σ such that type (p_1, p_2, p_3) and type (q_1, q_2, q_3) can be expressed as estimates for H^σ_β . This is the case if there is a ȷ ∈ {1, 2, 3} such that both (1/p_1, 1/p_2, 1/p_3) and (1/q_1, 1/q_2, 1/q_3) are contained in the region B ∪ D_ȷ.

Therefore we can assume that (1/p_1, 1/p_2, 1/p_3) and (1/q_1, 1/q_2, 1/q_3) are in different regions D_ȷ. Let σ and τ be permutations such that ‖ ‖H^σ_β (f, g) ‖ ‖ p^′_{σ(3)} ≤ Cp ‖f‖p^{σ(1)} ‖g‖p^{σ(2)} , (1.3) ‖ ‖ ‖H^τ_β (f, g) ‖ ‖ ‖ q^′_{τ(3)} ≤ Cq ‖f‖q^{τ(1)} ‖g‖q^{τ(2)} , (1.4) for all Schwartz functions f and g. We can assume that σ(1) = τ(1). Let C_p and C_q be the optimal constants in the above estimates.

Pick two different points (1/u_1, 1/u_2, 1/u_3) and (1/v_1, 1/v_2, 1/v_3) on the line segment connecting (1/p_1, 1/p_2, 1/p_3) and (1/q_1, 1/q_2, 1/q_3) such that (1/u_1, 1/u_2, 1/u_3) and (1/v_1, 1/v_2, 1/v_3) are both in the open interior of the region B and the distance between (1/p_1, 1/p_2, 1/p_3) and (1/u_1, 1/u_2, 1/u_3) is smaller than the distance between the points (1/p_1, 1/p_2, 1/p_3) and (1/v_1, 1/v_2, 1/v_3).

Let f be a fixed compactly supported Schwartz function. It is easy to see that there are constants C_u and C_v, possibly depending on f, such that ‖ ‖ ‖H^σ_β (f, g) ‖ ‖ ‖ u^′_{σ(3)} ≤ Cu ‖f‖u^{σ(1)} ‖g‖u^{σ(2)} , (1.5) ‖ ‖H^σ_β (f, g) ‖ ‖ v^′_{σ(3)} ≤ Cv ‖f‖v^{σ(1)} ‖g‖v^{σ(2)} , (1.6) for all Schwartz functions g. Let C_u and C_v be the best constants in these inequalities. Assume to get a contradiction that C_v is larger than C_p and C_q. Then it follows by interpolation as in [4] between the estimates (1.3) and (1.6) that C_u is smaller than C_v. However, we have by duality: ‖ ‖ ‖H^τ_β (f, g) ‖ ‖ ‖ u^′_{τ(3)} ≤ Cu ‖f‖u^{τ(1)} ‖g‖u^{τ(2)} , (1.7) ‖ ‖H^τ_β (f, g) ‖ ‖ v^′_{τ(3)} ≤ Cv ‖f‖v^{τ(1)} ‖g‖v^{τ(2)} , (1.8) for all Schwartz functions g, where the same constants C_u and C_v are optimal. Hence it follows by interpolation between the estimates (1.8) and (1.4) that C_v is smaller than C_u or C_q, a contradiction.

Hence C_v is smaller than C_p or C_q, which are independent of f. Hence Λ_β is of type (v_1, v_2, v_3), and now the Lemma follows by interpolation between (1.3) and (1.6), and by interpolation between (1.4) and (1.8).

This completes the proof of the lemma.

1.3 Applying Plancherel to �_β

Define the Fourier transform ^f of a function f on IR^d by ^f(ξ) := ∫ IR^d f(x)e^{−iξ·x} dx . Plancherel’s theorem gives for A ∈ GL(2, IR), F ∈ S(IR^2), G ∈ S^′(IR^2): ∫ IR^2 F (Ax)G(x) dx = C ∫ IR^2 ^F (ξ) ^G(−A^T ξ) dξ . Applying this with F (x_1, x_2) = f_1(x_1)f_2(x_2) and G(x_1, x_2) = f_3(x_1)(p.v.^1_{x2} ) gives: Λ_β(f_1, f_2, f_3) = ∫ ∫ f_1(x + (β_1 − β_3)t)f_2(x + (β_2 − β_3)t)f_3(x) ( p.v. 1 t ) dx dt = C ∫ ∫ ^f_1(η_1)^f_2(η_2)^f_3(−η_1 − η_2)sign((β_3 − β_1)η_1 + (β_3 − β_2)η_2) dη_1 dη_2 = C ∫ η·γ=0 ^f_1(η_1)^f_2(η_2)^f_3(η_3)sign(η · β) dσ .

Here dσ denotes the Lebesgue measure on the hyperplane η · γ = 0. Define the bilinear operator H̃_β(f_1, f_2) by ∫ H̃_β(f_1, f_2)(x)f_3(x) dx = C ∫ η·γ=0 f_1(η_1)f_2(η_2)f_3(η_3)1IR+ (η · β) dσ .

1.4 The decomposition

Fix a non-degenerate β and let α = (α_1, α_2, α_3) be a unit vector perpendicular to β and γ. Let ϵ := 2^{−100} min_ı{|α_ı|}, N := ϵ^{−100}. Let ϕ be a nonzero real symmetric Schwartz function such that ^ϕ maps into [0, 1] and is supported in [−ϵ^5, ϵ^5]. Define D^p_λf(x) = λ^{−p}f(λ^{−1}x) , L_yf(x) := f(x − y) , U_ηf(x) := f(x)e^{iηx} .

Then we have for all η in the hyperplane η · γ = 0:

1IR+ (η · β) = C ∫ IR ∫ IR 3∏ ı=1 D^∞_N −z L_{αıξ+ϵ}2_{βı} ^ϕ(η_ı) dz dξ with a nonvanishing constant C. Hence ∫ η·γ=0 ^f_1(η_1)^f_2(η_2)^f_3(η_3)1IR+ (η · β) dσ .

= C ∫ IR ∫ IR ∫ η·γ=0 3∏ ı=1 ( f_ı ∗ D^1_N z U_{αıξ+ϵ}2_{βı} ϕ )^ (η_ı) dσ dξ dz

= C ∫ IR ∫ IR ∫ IR 3∏ ı=1 f_ı ∗ D^1_N z U_{αıξ+ϵ}2_{βı} ϕ(x) dx dξ dz . Here we have used that the integral of a function on IR^3 over a hyperplane is up to a constant factor equal to the integral of the inverse Fourier transform over the dual line. For further reference we note that f_ı ∗ D^1_N z U_{αıξ+ϵ}2_{βı} ϕ(x) (1.9) = ∫ IR f_ı(t)N^{−z}ϕ(N^{−z}(x − t))e^{iN −z(αıξ+ϵ2βı)(x−t)} dt = ⟨ f_ı, L_xD^1_N z U_{αıξ+ϵ}2_{βı} ϕ ⟩ = e^{iN −z(αıξ+ϵ2βı)x}L_{−ϵ}2_α−1_{ı βı} D^∞_{N zα}−1_ı (( f_ıL_xD^1_N z ϕ ) ^ ) (ξ) . Here ⟨f, g⟩ denotes the hermitian inner product ∫ IR f(x)g(x) dx . 1.5 The truncated form

The nature of Theorem 1.1.1 requires to prove bounds on bilinear operators, which break the symmetry of the Hilbert forms. This breaking of the symmetry can be overcome with the aid of the following lemma, which has the same symmetry as the Hilbert form, and which allows to deduce estimates for the bilinear Hilbert transforms. Lemma 1.5.1 Let 1 < p_1, p_2, p_3 < 2 with 1/p_1 +1/p_2 +1/p_3 < 2. Then there is a constant B > 1 such that the following holds: If f_1, f_2, f_3 are Schwartz functions with ‖f_ı‖_{pı} ≤ B^{−1}, and E := 3⋃ ı=1 { x : M_{pı} f_ı(x) > B^{−1} } , then: ∫

(x,ξ,z)∈IR^3:dist(x,E^c)≤N^z 3∏ ı=1 | | | ⟨ f_ı, L_xD^1_N z U_{αıξ+ϵ}2_{βı} ϕ ⟩| | dx dξ dz < B .

Here the maximal function M_pf is defined by

M_pf(x) := ( sup_{x∈I} 1 |I| ∫ I |f(x)|^p dx ) 1_p . Observe that the statement of the lemma becomes weaker as B becomes larger. Lemma 1.5.1 is proved later. Now we prove that this lemma implies Theorem 1.1.1.

By Lemma 1.2.1 and by symmetry it suffices to prove ‖ ‖ ‖H^{id}_β (f_1, f_2) ‖ ‖ ‖ p ≤ C ‖f_1‖_{p1} ‖f_2‖_{p2} .

for 1 < p_1, p_2 < 2, 2/3 < p < 1, with 1/p_1 + 1/p_2 + 1/p_3 = 1. In our diagram this set of estimates corresponds to the open triangle spanned by two adjacent large filled circles and the adjacent small filled circle. Clearly the convex hull of this triangle and the two other triangles, which are obtained by symmetry, covers the whole region A. By an easy decomposition of the function sign and by symmetry it suffices to prove ‖ ‖ ‖H̃_β(f_1, f_2) ‖ ‖ ‖ p ≤ C ‖f_1‖_{p1} ‖f_2‖_{p2} .

for 1 < p_1, p_2 < 2, 2/3 < p < 1, with 1/p_1 + 1/p_2 + 1/p_3 = 1. For simplicity we write H for H̃_β.

Fix such p, p_1 and p_2 and observe that we can find p_3 such that p_1, p_2, p_3 satisfy the conditions in Lemma 1.5.1. Let B be as in the lemma. By homogeneity, linearity and interpolation it suffices to prove for all Schwartz functions f_1 and f_2 with ‖f_1‖_{p1} = ‖f_2‖_{p2} = B^{−1} the weak type estimate |{x : ℜ(H(f_1, f_2)(x)) > C}| ≤ C for some constant C depending only on p_1, p_2, and β. Fix such f_1 and f_2 and define

E := 2⋃ ı=1 { x : M_{pı} f_ı(x) > B^{−1} } . Define H_E by H_E(f_1, f_2) := ∫ (x,ξ,z):dist(x,E^c)≤N^z ( L_xD^1_N z U_{α3ξ+ϵ}2_{β3} ϕ ) 2∏ ı=1 ⟨ f_ı, L_xD^1_N z U_{αıξ+ϵ}2_{βı} ϕ ⟩ dx dξ dz = . It suffices to prove the weak type estimate for H and H − H_E separately.

Let f_3 be a Schwartz function which satisfies

‖f_3‖_∞ ≤ 1 ,

‖f_3 − 1_{E3} ‖_{p3} ≤ min{‖H_E(f_1, f_2)‖^{−1}_{p3}′ , 1} ,

where E_3 := {ℜ(H_E(f_1, f_2)) ≥ 1} .

Here we have used that H_E(f_1, f_2) is an L^{p3′} function. We have |E_3| ≤ | | | ∫ E_3

H_E(f_1, f_2)(x) dx | | | ≤ |⟨f_3, H_E(f_1, f_2)⟩| + 1

≤ B‖f_3‖_{p3} | | | | ⟨ f_3(x) B‖f_3‖_{p3} , H_E(f_1, f_2) ⟩| | | | + 1 .

We can assume ‖f_3‖_{p3} ≥ 1, otherwise we have an immediate bound on E_3. Hence M_{p3} (f_3/B‖f_3‖_{p3} ) is bounded by B^{−1}, and we can apply the lemma to estimate the previously displayed expression by

C‖f_3‖_{p3} ≤ C|E_3|^{1p}3 .

Hence |E_3| ≤ C.

To complete the proof of the main theorem, it now suffices to show

‖(H − H_E)(f_1, f_2)‖_L1_{(E}c_) ≤ C .

This follows from the a priori estimate | | | | | | | ∫

(x,ξ,z)∈IR^3:dist(x,E^c)>N^z 3∏ ı=1 ⟨ f_ı, L_xD^1_N z U_{αıξ+ϵ}2_{βı} ϕ ⟩ dx dξ dz | | | | | | | ≤ C (1.10)

for all Schwartz functions f_3 supported in E^c with ‖f_3‖_∞ ≤ 1. Define q_1 := p_1, q_2 := p_2, and pick q_3 such that the sum of reciprocals of q_ı is equal to 2. Observe that 1 < q_3 < 2. We rewrite the integrand in (1.10)with the aid of the last expression in (1.9) and prepare to apply Hölder’s inequality for the integration in ξ with exponents q_ı^′. Observe that ‖ ‖ ‖D^∞_α−1_{ı N z} (( f_ıL_xD^1_N z ϕ ) ^ )‖ ‖ qı^′ = ‖ ‖D^{qı′}_α−1_{ı N z} ((f_ıL_xD^{qı}_N z ϕ) ^) ‖ ‖ qı^′ ≤ C ‖f_ıL_xD^{qı}_N z ϕ‖_{qı} (1.11) Here we have used the Hausdorff Young inequality. For ı = 1, 2 we estimate this by C ( sup x∈I:|I|≥N^z 1 I ∫ I |f_ı(x)|^{pı} dx ) 1_{pı}

≤ C ( 1 + N^{−z}dist(x, E_c) ) inf_{y∈Ec} M_{pı} f_ı(y) ≤ C ( 1 + N^{−z}dist(x, E_c) ) . For ı = 3 we can estimate (1.11) by: C ( 1 + N^{−z}dist(x, E_c) )−3 , because f_3 is supported in E^c. Hence we can estimate the left hand side of (1.10) by: ∫

(x,z)∈IR^2:dist(x,E^c)>N^z C ( 1 + N^{−z}dist(x, E^c) )−1 dz dx

= ∫ E ∫ log_N dist(x,Ec) −∞ C ( 1 + N^{−z}dist(x, E^c) )−1 dz dx ≤ ∫ E ∫ 0 −∞ C ( 1 + N^{−z} )−1 dz dx ≤ C|E| ≤ C . This completes the reduction of Theorem 1.1.1 to Lemma 1.5.1

1.6 Discretization of the trilinear forms

Fix p_1, p_2, p_3,f_1, f_2, f_3, and E as in Lemma 1.5.1. We discretize the truncated trilinear form that appears in this lemma as follows: ∫

(x,ξ,z)∈IR^3:dist(x,E^c)≤N^z 3∏ ı=1 | | | ⟨ f_ı, L_xD^1_N z U_{αıξ+ϵ}2_{βı} ϕ ⟩| | dx dξ dz

= ∫

(x,ξ,z)∈IR^3:dist(N^z x,E^c)≤N^z N^{− z2} 3∏ ı=1 | | | ⟨ f_ı, D^2_N z L_xU_{αıξ+ϵ}2_{βı} ϕ ⟩| | dx dξ dz

= ∫ (x,ξ,z)∈[0,1]^3 Λ_{x,ξ,z}(f_1, f_2, f_3) dx dξ dz , where Λ_{x,ξ,z}(f_1, f_2, f_3) is defined as ∑ (k,n,l)∈P(x,z,E) N^{− k+z2} 3∏ ı=1 | | | ⟨ f_ı, D^2_N k+z L_{n+x}U_{αı(l+ξ)+ϵ}2_{βı} ϕ ⟩| | ,

and P(x, z, E) is the set of all (k, n, l) ∈ Z^3 such that

dist ( N^{k+z}(n + x), E^c ) ≤ N^{k+z} . It suffices to prove |Λ_{x,ξ,z}(f_1, f_2, f_3)| ≤ C with a constant independent of (x, ξ, z) ∈ [0, 1]^3.

1.7 The setup and the geometric interpretation

Fix (x, ξ, z) ∈ [0, 1]^3. Let P be a finite subset of P_{x,z,E}. We write P , P^′ for triples (k, n, l) and (k^′, n^′, l^′) in P. Define for ı ∈ {1, 2, 3} and P ∈ P: ϕ_{ı,P} = D^2_N k+z L_{n+x}U_{αı(l+ξ)+ϵ}2_{βı} ϕ , a_ı(P ) = |⟨f_ı, ϕ_{ı,P} ⟩| , I_P = [N^{k+z}n, N^{k+z}(n + 1)) .

We have to prove a bound on ∑ P ∈P |I_P |^{− 12} 3∏ ı=1 a_ı(P ) , independently of the choice of P ⊂ P_{x,z,E}. If I is an interval and A a positive number, we write AI for the interval of length A|I| which has the same center as I. Observe that for all P ∈ P and all ı ∈ {1, 2, 3} we have 3I_P ⊄ E , |ϕ_{ı,P} (x)| ≤ C_m ( 1 + |x − c(I_P )| |I_P | )−m . Pick closed intervals ω_{ı,P} = ω_{ı,k,l} such that

1. The center of ω_{ı,k,l} satisfies | |c(ω_{ı,k,l}) − N^{−k−z}(l + ξ + ϵ^2α^{−1}_ı β_ı) | | ≤ ϵ^5N^{−k−z} 2. The length of ω_{ı,k,l} satisfies ϵ^3N^{−k−z} ≤ |ω_{ı,k,l}| ≤ 2ϵ^3N^{−k−z} 3. If two intervals ω_{ı,k,l} and ω_ı′_{,k}′_{,l}′ are not disjoint, then one is contained in the other, 4. If ω_{ı,k,l} strictly contains ω_ı′_{,k}′_{,l}′ , then ω_{ı,k,l} strictly contains ω_ı′′_{,k}′_{,l}′ for all ı^{′′} ∈ {1, 2, 3}.

Observe that for such a choice of intervals we have for all ı and P : supp(D^∞_α−1_ı ^ϕ_{ı,P} ) ⊂ ω_{ı,P} . The distance between ω_{ı,P} and ω_ı′_{,P} for ı ≠ ı^′ is less than ϵN^{−k−z} and larger than ϵ^2N^{−k−z}, because 2^{−1}ϵ ≥ | | |ϵ^2α^{−1}_ı β_ı − ϵ^2α^{−1}_ı′ β_ı′ | | | = ϵ^2 | | |α^{−1}_ı α^{−1}_ı′ | | | ≥ 2ϵ^2 .

In particular the intervals ω_{ı,P} and ω_ı′_{,P} are disjoint. By symmetry we can assume that ω_{1,P} < ω_{2,P} < ω_{3,P} for each P , in the sense that ξ_1 < ξ_2 < ξ_3 for all ξ_ı ∈ ω_{ı,P} .

We prove that such a choice of intervals ω_{ı,P} exists. Define open intervals ω̃_{ı,k,l} by c(ω̃_{ı,k,l}) = N^{−k−z}(l + ξ + ϵ^2α^{−1}_ı β_ı) , |ω̃_{ı,k,l}| = ϵ^3N^{−k−z} . Let ω̃_{k,l} denote the double of the convex hull of ω̃_{1,k,l}, ω̃_{2,k,l}, and ω̃_{3,k,l}. For each ı, k, l, we will prove that there is a point in each connected component of

Δ(ω̃_{ı,k,l}) := (1 + 2ϵ^6)ω̃_{ı,k,l} \ (1 + ϵ^6)ω̃_{ı,k,l}

which is not contained in any ω̃_k′_{,l}′ with k^′ > k. Pick such a point in each of the two connected components, and define ω_{ı,k,l} to be the convex hull of those two points. Then it is obvious that the ω_{ı,k,l} satisfy all of the above properties.

We prove the existence of the above two points. For any k^′ ∈ Z let Ω_k′ be the complement of the union of all intervals ω̃_k′_,~_l with l̃ ∈ Z. Observe that Ω~_l is the union of intervals length at least ϵN^{−k′−z}, and any interval of length N^{−k′−z} has nonempty intersection with Ω_k′ . Now fix ı, k, l and let I_k be a connected component of Δ(ω̃_{ı,k,l}). Choose inductively I_k′ for k^′ > k to be a connected component of Ω_k′ which intersects the interval^1_2 I_k′_{−1}. Obviously we have I_k′ ⊂ I_k′_{−1} ⊂ I_k. The intersection of all I_k′ with k^′ > k gives the point we are looking for.

1.8 Trees

We will decompose the finite set P ⊂ P_{x,z,E} into subsets T , for which we do have good estimates on the partial sums ∑ P ∈T |I_P |^{− 12} 3∏ ı=1 a_ı(P ) . In addition we will have good control over the number of subsets, which will allow to sum up the estimates for the subsets to an estimate for the whole set P.

A tree is a quadruple (T, ı_T , I_T , ξ_T ) where T is a nonempty subset of P, ı ∈ {1, 2, 3}, I_T is an interval and ξ_T a number, such that I_P ⊂ I_T and ξ_P ∈ ω_{ı,P} for all P ∈ T , and there is a P_T ∈ T with I_{PT} = I_T . The number ı_T is called the type, I_T the top interval, ξ_T the top frequency, and P_T , which is unique, the top element of the tree. We will call the set T itself a tree, with the understanding that the data ı_T , I_T and ξ_T are associated to T .

Pick p^′_ı < s_ı < ∞ such that_3 ∑ ı=1 1 s_ı > 1 . The following two lemmata give the main analytic estimates for the trees. As we show in the next sections, these lemmata give enough information to prove Lemma 1.5.1 by mainly conbinatorial arguments. The proofs of these two lemmata themselves is postponed until afterwards.

Lemma 1.8.1 If T ⊂ P is a tree and ȷ ≠ ı_T , then: ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T a_ȷ(P )^2 |I_P | 1_{IP} ) 1_2 ‖ ‖ ‖ ‖ 1 ≤ C |I_T | .

Lemma 1.8.2 If ı, ȷ ∈ {1, 2, 3}, ı ≠ ȷ, μ ∈ Z and P^′ ⊂ P is a disjoint union of trees of

type ı:

P^′ := .⋃ T ∈T T , such that the set {I_P × ω_{ȷ,P} : P ∈ P^′} is a set of pairwise disjoint rectangles and ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T a_ȷ(P )^2 |I_P | 1_{IP} ) 1_2 ‖ ‖ ‖ ‖ 1 ≥ 2^{μsȷ} |I_T | for each T ∈ T, then: ∑ T ∈T |I_T | ≤ C2^{−μ} . 1.9 Selection of the trees

We partition P into trees T_0, . . . , T_N as follows. Let n ∈ IN_0 and assume by induction

that T_n′ is already chosen for all n^′ with n^′ ≤ n. Define

P_n := P \ ⋃ n^′≤n T_n′ . We can assume that P_n is not empty. Let μ be the maximal integer for which there exists

a tree T ⊂ P_n such that

a_ȷ(P_T ) ≥ 2^{μsȷ} |I_T |^{12} (1.12)

for the top element P_T ∈ T and ȷ = ı_T , or ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T a_ȷ(P )^2 |I_P | 1_{IP} ) 1_2 ‖ ‖ ‖ ‖ ‖ 1 ≥ 2^{μsȷ +3}|I_T | (1.13)

for some ȷ ≠ ı_T . If there is a tree satisfying (1.12), pick such a tree T such that |I_T |

is maximal, otherwise pick a ȷ and a tree T such that (1.13) is satisfied and ξ_T (ȷ − ı_T )

is maximal. Obviously the effect of the last condition is to maximize ξ_T if ȷ > ı_T and

to minimize ξ_T if ȷ < ı_T . Define T_{n+1} ⊂ P_n to be the maximal tree with respect to set

inclusion which has the same type, top element, and top frequency as T .

Since P is finite and we can assume that a_1(P ) ≠ 0 for all P ∈ P, this algorithm

yields a partition of P into trees. Let T_{μ,ı,ȷ} be the set of trees in this partition which are

selected based on the parameters μ, ı, and ȷ.

1.10 Estimates on the selected trees

Lemma 1.10.1 If T ∈ T_{μ,ı,ȷ}, then μ ≤ C , (1.14)

a_ı(P ) ≤ 2^{μ+1s}ı |I_P |^{12} , (1.15)

for all P ∈ T , and, for ı ≠ ı^′ ( ∑ P ∈T a^′_ȷ(P )^2

) 1_2 ≤ C2 μ s′ȷ |I_T |^{12} . (1.16)

We prove the lemma. If ı ≠ ȷ, then (1.14 follows immediately from Lemma 1.8.1. If ı = ȷ, then we pick ı^′ ≠ ı and observe that each element P ∈ P forms a tree {P } of type ı^′. This allows us to apply Lemma 1.8.1 again to conclude the bound on μ.

We turn to inequality (1.15). If there was a P ∈ T which did not satisfy this inequality, then {P } would be a tree which satisfied (1.12) with μ + 1 instead of μ, a contradiction to the choice of μ. This proves inequality (1.15).

The left hand side of (1.16) is equal to the L^2- norm of the function

f := ( ∑ P ∈T a_ȷ′ (P )^2 |I_P | 1_{IP} ) 1_2 . By choice of μ we have ‖f‖_1 ≤ 2 μ+1 σ′ȷ +3 |I_T | (1.17)

Let I be the set of all intervals of the type [N^{k+z}n, N^{k+z}(n + 1)) with k, n ∈ Z. We call an interval in I a grid interval. In particular all intervals I_P with P ∈ P are grid intervals. By interpolation it suffices to prove the appropriate estimate for the BMO- norm of f with respect to the grid I, i.e.,

sup_{J∈I} ( inf_c 1 |J| ∫ J |f(x) − c| dx ) ≤ C2 μ sȷ′ . Pick a grid interval J. We have

inf_c ∫ J |f(x) − c| dx ≤ inf_c ∫ J | | | | | ∑ P ∈T a_ȷ′ (P )^2 |I_P | 1_{IP} (x) − c^2 | | | | | 1 2 dx

≤ ∑ I∈I ∫ I ∑ P ∈T :I_P ⊂I a_ȷ′ (P )^2 |I_P | 1_{IP} (x) 1 2 dx Here I_J is the collection of maximal intervals I ∈ I which satisfy I ⊂ J and I = I_P for some P ∈ T . In the last line of the previous calculation we have used that two grid intervals are either disjoint or one is contained in the other. It is easy to see that ({P ∈ T : I_P ⊂ I}, ı, I, ξ_T ) is a tree for each I ∈ I_J . This tree also satisfies the analogue of (1.17). Hence we can estimate the previously displayed expression by ∑ I∈I_J C2 μ sȷ′ |I| ≤ C2 μ sȷ′ |J| , because the intervals in I_J are pairwise disjoint and contained in J. This completes the proof of Lemma 1.10.1.

1.11 Counting the selected trees

Lemma 1.11.1 There is a constant C such that for all μ, ı, ȷ we have ∑ T ∈Tμ,ı,ȷ |I_T | ≤ C2^{−μ} . We prove the lemma. First consider the case ı = ȷ. If P_T , P_T ′ are the top elements of two different trees T, T^′ ∈ T_{μ,ı,ȷ}, then I_T × ω_{ı,PT} ∩ I_T ′ × ω_{ı,PT ′} ∩ = ∅. To see this assume the contrary. We can assume that I_T ′ ⊂ I_T , ξ_T ∈ ω_{ı,PT ′} , and that T has been selected first. Then (T ∪ T^′, ı, I_T , ξ_T ) is a tree, a contradiction to the maximality of T . Now the conclusion of Lemma 1.11.1 follows from Lemma 1.8.2, applied to the set {P_T : T ∈ T_{μ,ı,ȷ}}, where each {P_T } is considered as a tree of type ı^′ with ı^′ ≠ ı.

Now assume ı < ȷ. For a tree T define T^{red} to be the set of P ∈ T such that I_P is not minimal in {I_P ′ : P^′ ∈ T } with respect to set inclusion. If T^{red} is nonempty, it is again a tree. For T ∈ T_{μ,ı,ȷ} we have ‖ ‖ ‖ ‖ ‖ ‖ ∑ P ∈T^{red}

a_ȷ(P )^2 |I_P | 1_{IP} 1 2 ‖ ‖ ‖ ‖ ‖ 1 ≥ ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T a_ȷ(P )^2 |I_P | 1_{IP} ) 1_2 ‖ ‖ ‖ ‖ ‖ 1 − ∑ P ∈T \T^{red} a_ȷ(P )|I_P |^{12} ≥ 2^{μsȷ +3} |I_T | − 2^{μ+1sȷ} ∑ P ∈T \T^{red} |I_P | ≥ 2^{μsȷ} |I_T | . Here we have used that the intervals I_P with P ∈ T \ T^{red} are pairwise disjoint.

The desired estimate now follows from Lemma (1.8.2) as soon as we prove that for any T, T^′ ∈ T_{μ,ı,ȷ} and any P ∈ T^{red}, P^′ ∈ T^{′red} with P ≠ P^′ we have I_P ×ω_{ȷ,P} ∩I_P ′ ×ω_{ȷ,P} ′ = ∅. To see this assume to the contrary that I_P ′ ⊂ I_P , ω_{ȷ,P} ⊂ ω_{ȷ,P} ′ . Then it is easy to see that P ≠ P^′ implies ω_{ȷ,P} ≠ ω_{ȷ,P} ′ . Hence we have also ω_{ı,P} ⊂ ω_{ȷ,P} ′ . Since ı < ȷ, this implies ξ_T ′ < ξ_T . In particular T ≠ T^′ and T has been selected first. Pick P^{′′} ∈ T^′ \ T^{′red} such that I_P ′′ ⊂ I_P ′ , I_P ′′ ≠ I_P ′ . Then we have ξ_T ∈ ω_{ȷ,P} ′ ⊂ ω_{ı,P} ′′ . Hence P^{′′} qualifies to be in the tree T , a contradiction to the maximality of T . This finishes the proof in the case ı < ȷ.

The case ı > ȷ is done similarly. This completes the proof of Lemma 1.11.1.

1.12 The proof of Lemma 1.5.1

We have with Hölder’s inequality, Lemma 1.10.1, and Lemma 1.11.1: ∑ P ∈P |I_P |^{− 12} 3∏ ı=1 a_ı(P )

≤ ∑ μ≤C 3∑ ı,ȷ=1 ∑ T ∈Tμ,ı,ȷ ( sup_{P ∈T} a_ı(P )|I_P |^{− 12} ) ∏ ȷ^′≠ı ( ∑ P ∈T a_ȷ′ (P )^2

) 1_2

≤ ∑ μ≤C 3∑ ı,ȷ=1 ∑ T ∈Tμ,ı,ȷ 2 (_1

s1 +^1_{s2} +^1_{s3} ) μ |I_T |

≤ ∑ m≤C 3∑ ı,ȷ=1 C2 (_1

s1 +^1_{s2} +^1_{s3} −1 ) μ . This is a convergent geometric series by choice of s_1, s_2, s_3, which completes the proof of

Lemma 1.5.1. It remains to prove Lemmata 1.8.1 and 1.8.2.

1.13 Proof of Lemma 1.8.1

In order to prove Lemma 1.8.1, fix a tree T and ȷ ≠ ı_T . Let g ∈ S(IR) and 1 < t ≤ 2. For

each k ∈ Z there exists at most one l ∈ Z such that ξ_T ∈ ω_{ı,k,l}. If such an l exists, define

g_k by ^ D^∞_α−1_ȷ g_k = ^D^∞_α−1_ȷ g 1_{ωȷ,k,l} . Then we have ‖ ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T |⟨g, ϕ_{ȷ,P} ⟩|^2 |I_P | 1_{IP} )^1_2 ‖ ‖ ‖ ‖ ‖ ‖ t = ‖ ‖ ‖ ‖ ‖ ‖ ∑ k ∑ P ∈T :|I_P |=N^k |⟨g_k, ϕ_{ȷ,P} ⟩|^2 |I_P | 1_{IP} 1 2 ‖ ‖ ‖ ‖ ‖ ‖ t It is easy to see that the intervals I_P with P ∈ T and |I_P | = N^k are pairwise disjoint.

Hence we can estimate the previously displayed expression by C ‖ ‖ ‖ ‖ ‖ ( ∑ k (Mg_k)^2

) 1_2 ‖ ‖ ‖ ‖ t ≤ C ‖ ‖ ‖ ‖ ‖ ( ∑ k g^2_k

) 1_2 ‖ ‖ ‖ ‖ t ≤ C‖g‖_t . Here we have used the Fefferman Stein maximal inequality and the fact that g_k are part

of a Littlewood Paley decomposition of g since the intervals ω_{ȷ,k,l} form a lacunary family

of disjoint intervals.

Applying this calculation to f_ȷ1_{3IT} and t = p_ȷ gives with Hölder’s inequality: ‖ ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T |⟨f_ȷ1_{3IT} , ϕ_{ȷ,P} ⟩|^2 |I_P | 1_{IP} )^1_2 ‖ ‖ ‖ ‖ ‖ ‖ 1 ≤ C|I_T | inf_{x∈3IT} M_{pȷ} f_ȷ(x) ≤ C|I_T | , since 3I_T is not contained in E. Finally, we have ‖ ‖ ‖ ‖ ‖ ‖ ∑ k ∑ P ∈T :|I_P |=N^k | | ⟨ f_ȷ1_{(3IT )}c , ϕ_{ȷ,P} ⟩| | 2 |I_P |^{−1}1_{IP} 1 2 ‖ ‖ ‖ ‖ ‖ ‖ 1 ≤ C ‖ ‖ ‖ ‖ ‖ ( ∑ k N^k|I_T |^{−1}M(f1_{(3IT )}c ) )‖ ‖ ‖ ‖ L^1(I_T ) ≤ C|I_T | inf_{x∈IT} M_{pȷ} f_ȷ(x) ≤ C|I_T | . This completes the proof of Lemma 1.8.1. For further reference note that a slight modification of the above calculation proves for any interval I which contains I_T and for large m the estimate ‖ ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T |⟨g, ϕ_{ȷ,P} ⟩|^2 |I_P | 1_{IP} )^1_2 ‖ ‖ ‖ ‖ ‖ ‖ t ≤ C|I_T |^{1t} inf_{x∈IT} M_t(g(M1_I )^m)(x) . (1.18)

1.14 A good lambda inequality

We prove Lemma 1.8.2. We have to estimate the L^1 norm of the counting function

N := ∑ I∈T 1_{IT} . Fix λ ≥ 0 and consider the set:

E_λ := { x ∈ IR : M_{pȷ−δ}f_ȷ(x) ≤ γλ^{1pȷ} , N(x) ≥ 5λ } , for some small positive constants γ = γ(μ, p_ȷ) and δ = δ(p_ȷ) to be specified later. The set E_λ is clearly contained in the set

F_λ := {x ∈ IR : N(x) ≥ λ} .

Let I be a maximal grid interval contained in F_λ and assume I ∩ E_λ ≠ ∅. Define

N_I = ∑ T ∈T:I_T ⊂I 1_{IT} . Then N − N_I is constant on I and bounded by λ on I, since otherwise the smallest grid interval which strictly containes I was also contained in F_λ, a contradiction to the maximality of I.

We assume the following a priori inequality, which we will prove later: ‖ ‖ ‖ ‖N 1 sȷ I ‖ ‖ ‖ ‖ pȷ−δ ≤ C2^{− μsȷ} |I|^{1pȷ−δ} inf_{x∈I} M_{pȷ−δ}f_ȷ . (1.19) With this inequality we have |{N_I(x) ≥ λ}| ≤ C |I| ( 2^{− μsȷ} λ^{− 1sȷ} inf_{x∈I} M_{pȷ−δ}f_ȷ(x) )p_ȷ−δ .

Since I ∩ E_λ ≠ ∅, the infimum on the right hand side is bounded by γλ^{1pȷ} . Moreover it is bounded by 1, since otherwise I was contained in the set where the maximal function M_{pȷ} f is larger than 1, and hence N_I = 0, which is impossible.

Maximizing the expression on the right hand side of the previous inequality over λ gives |{N_I (x) ≥ λ}| ≤ C |I| ( 2^{− μsȷ} γ^{pȷsȷ} )p_ȷ−δ . Now we pick γ equal to an appropriate small constant times 2^{μpȷ} , then we have |{N_I (x) ≥ λ}| ≤ 0.1 |I| . Taking unions we obtain |E_λ| ≤ 0.1 |F_λ|. Now we obtain the desired bound for N by the standard “good lambda”- technique:

‖N‖_1 = 5 ∫ ∞ λ=0 |{N(x) ≥ 5λ}| dλ ≤ 5 ∫ | | | { M_{pȷ−δ}f_ȷ(x) ≥ γλ^{1pȷ} }| | | dλ + 5 ∫ |E_λ| dλ ≤ γ^{−pȷ} ‖ ‖M_{pȷ−δ}f_ȷ ‖ ‖ pȷ pȷ + 0.5 ∫ |{N(x) ≥ λ}| dλ ≤ C2^{−μ}‖f_ȷ‖^{pȷ}_{pȷ} + 0.5 ‖N‖_1 . Since ‖f_ȷ‖_{pȷ} = 1, this proves Lemma 1.8.2. It remains to prove inequality (1.19).

1.15 An interpolation of iterated Banach spaces

We prove (1.19). Define

T_I := {T ∈ T : I_T ⊂ I} , P_I := ⋃ T ∈T_I T . For each T ∈ T_I let B_T = L^1(I_T , l^2(T )) be the Banach space of integrable functions on I_T with values in the sequence space l^2(T ). Here the measure of I_T is assumed to be normalized to 1. Then we have |I_T |^{−1} ‖ ‖ ‖ ‖ ‖ ( ∑ P ∈T a_ȷ(P )^2 |I_P | 1_{IP} ) 1_2 ‖ ‖ ‖ ‖ 1 = ‖F_T (f_ȷ)‖_B ,

where the linear operator F_T is defined by

(F_T (f))(x, P ) = ⟨f, ϕ_{ȷ,P} ⟩ |I_P |^12

1_{IP} (x) .

Let B be the l^2- direct sum of the Banach spaces B_T with T ∈ T_I , and extend F_T canonically to a map into B by defining its image to be in the component B_T .

Now consider the Banachspace L^q(IR, l^r(T_I , B)) of q- integrable functions on IR with values in l^r(T_I , B), the r- summable sequences of elements of B indexed by T_I . Define S to be the linear operator from functions on IR to functions in L^q(IR, l^r(T, B)) defined by Sf(x, T ) = F_T (f)1_{IT} (x) . With (1.18) we observe for small δ: ‖Sf‖_{L1+2δ (}IR_{,l∞(TI ,B))} ≤ ‖ ‖ ‖ ‖ sup_{T ∈TI} ‖F_T (f)‖_B 1_{IT} ‖ ‖ ‖ ‖ 1+2δ

≤ ‖M_{1+δ}(f(M1_I )^m)‖_{1+2δ} ≤ ‖f(M1_I )^m‖_{1+2δ}

We will prove in the next sections for small δ > 0 the estimate ‖Sf‖_{L2+δ(}IR_{,l2+δ(T,B))} ≤ C‖f‖_{2+δ} (1.20) Complex interpolation gives for a different δ and a different m: ‖Sf‖_Lp_ȷ−δ_(IR_{,l}s_{ȷ (T,B))} ≤ ‖f(M1_I )^m‖_{pȷ−δ} . By assumption we have a lower bound on ‖F_T (f_ȷ)‖_B, which gives

2^{μsj} ‖ ‖ ‖ ‖ ‖ ∑ T ∈T_I 1_{IT} 1 sȷ ‖ ‖ ‖ ‖ ‖ pȷ−δ ≤ C‖f_ȷ(M1_I )^m‖_{pȷ−δ} .

This clearly proves (1.19). It remains to prove inequality (1.20).

1.16 The interpolation endpoint near 2

We prove (1.20). Consider the space T_I with weighted counting measure, each tree T having the weight |I_T |. Consider the sublinear operator mapping functions on IR to functions on T_I defined by Af(T ) = ( |I_T |^{−1} ∑ P ∈T |⟨f, ϕ_{ȷ,P} ⟩|^2 ) 1_2 . We will show that A is of strong type (2 + δ, 2 + δ). Since we have ‖Sf‖_{L2+δ(}IR_{,l2+δ(TI ,B))}

≤ ∫ IR ∑ T ∈T_I 1_T (y) ( 1 |I_T | ∫ I_T ∑ P ∈T |⟨f, ϕ_{ȷ,P} ⟩|^2 |I_P | 1_P (x) dx

)^{2+δ}_2 1 2+δ

= ∑ T ∈T_I |I_T | ( |I_T |^{−1} ∑ P ∈T |⟨f, ϕ_{ȷ,P} ⟩|^2 ) 2+δ_2 1 2+δ = ‖Af‖_{2+δ} , this will prove inequality (1.20).

By interpolation it suffices to prove restricted weak type (2 + δ, 2 + δ) for A. Let f be the characteristic function of a set and λ > 0. Since f is bounded by 1, inequality (1.18) with t = 2 shows that the set

T_λ := {T ∈ T_I : Af(T ) > λ}

is empty if λ is greater than a certain constant. Therefore we can assume λ < C. Define

T^1_λ :=

T ∈ T_I : |I_T |^{−1} ∑ P ∈T :|⟨f,ϕ_{ȷ,P} ⟩|≤λ|I_P |^12 |⟨f, ϕ_{ȷ,P} ⟩|^2 1 2 ≥ λ 2 .

Then we have |T_λ| ≤ ∑ T ∈T^1_λ |I_T | + ∑ T ∈T_λ\T^1_λ |I_T |

≤ C λ^2 ∑ T ∈T^1_λ ∑ P ∈T :|⟨f,ϕ_{ȷ,P} ⟩|≤λ|I_P |^12 |⟨f, ϕ_{ȷ,P} ⟩|^2

+ C λ^2 ∑ log_2 λ≤κ≤C ∑ P ∈P_I :2^κ≤|⟨f,ϕ_{ȷ,P} ⟩||I_P |^{− 1}2 ≤2^{κ+1} |⟨f, ϕ_{ȷ,P} ⟩|^2 We will prove in the next section that ∑ T ∈T^1_λ ∑ P ∈T :|⟨f,ϕ_{ȷ,P} ⟩|≤λ|I_P |^12 |⟨f, ϕ_{ȷ,P} ⟩|^2 ≤ C‖f‖^2 , (1.21)

and, for each κ, ∑ P ∈P_I :2^κ≤|⟨f,ϕ_{ȷ,P} ⟩||I_P |^{− 1}2 ≤2^{κ+1} |⟨f, ϕ_{ȷ,P} ⟩|^2 ≤ C‖f‖^2 , (1.22)

This gives |T_λ| ≤ Cλ^{−2} log λ‖f‖^2 ≤ C ( λ^{−1}‖f‖_{2+δ} )2+δ , which proves the desired restricted weak type inequality and finishes the proof of (1.20). It remains to prove (1.21) and (1.22).

1.17 Almost orthogonality

We prove (1.22). Define P^κ := {P ∈ P_I : 2^κ ≤ |⟨f, ϕ_{ȷ,P} ⟩| |I_P |^{− 1}2 ≤ 2^{κ+1}}. We have ∑ P ∈P^κ |⟨f, ϕ_{ȷ,P} ⟩|^2 2 ≤ ‖f‖^2 ‖ ‖ ‖ ‖ ‖ ∑ P ∈P^κ ⟨f, ϕ_{ȷ,P} ⟩ ϕ_{ȷ,P} ‖ ‖ ‖ ‖ ‖ 2

2 ≤ ‖f‖^2 2 ∑ P,P^′∈P^κ:ω_{ȷ,P} ⊂ω_{ȷ,P} ′ |⟨f, ϕ_{ȷ,P} ⟩ ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′⟩ ⟨ϕ_{ȷ,P} ′ , f⟩| . Here we have used that ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ is nonzero only if ω_{ȷ,P} and ω_{ȷ,P} ′ are not disjoint. Using that the ⟨f, ϕ_{ȷ,P} ⟩ |I_P |^{− 1}2 are essentially constant we can estimate the previously displayed expression by: C ‖f‖^2 ∑ P ∈P^κ |⟨f, ϕ_{ȷ,P} ⟩|^2 ∑ P,P^′∈P^κ:ω_{ȷ,P} ⊂ω_{ȷ,P} ′ | ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ||I_P ′ |^{12} |I_P |^{− 12} . Now we have for fixed P : ∑ P^′∈P_I :ω_{ȷ,P} ⊂ω_{ȷ,P} ′ | ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ||I_P ′ |^{12} |I_P |^{− 12}

≤ ∑ P^′:ω_{ȷ,P} ⊂ω_{ȷ,P} ′ |I_P ′ | ( 1 + dist(I_P , I_P ′ ) |I_P | )−m

≤ ‖ ‖ ‖ ‖ ‖ ∑ P^′:ω_{ȷ,P} ⊂ω_{ȷ,P} ′ ( 1 + dist(I_P , I_P ′ ) |I_P | )−m 1_{IP} ‖ ‖ ‖ ‖ ‖ 1 . Since the I_P ′ appearing here are pairwise disjoint, smaller in size than I_P , and - with the exception of at most two intervals that are adjacent to I_P - have distance at least |I_P ′ | from I_P , this is bounded by C ‖ ‖ ‖ ‖ ‖ ( 1 + dist(I_P , .) |I_P | )−m 1_{IP} (.) ‖ ‖ ‖ ‖ ‖ 1 + C ≤ C . This proves (1.22).

We prove (1.21). Define

P^′ = ⋃ T ∈T^1_λ {P ∈ T : | ⟨f, ϕ_{ȷ,P} ⟩ | ≤ λ|I_P |^{12} } . We have similarly to before ∑ P ∈P^′ |⟨f, ϕ_{ȷ,P} ⟩|^2 2

≤ ‖f‖^2 ∑ P,P^′∈P^′:ω_{ȷ,P} =ω_{ȷ,P} ′ |⟨f, ϕ_{ȷ,P} ⟩ ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ⟨ϕ_{ȷ,P} ′ , f⟩|

+2‖f‖^2 ∑ P,P^′∈P^′:ω_{ȷ,P} ⊂≠ω_{ȷ,P} ′ |⟨f, ϕ_{ȷ,P} ⟩ ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ⟨ϕ_{ȷ,P} ′ , f⟩| . For the first summand we observe ∑ P,P^′∈P^′:ω_{ȷ,P} =ω_{ȷ,P} ′ |⟨f, ϕ_{ȷ,P} ⟩ ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ⟨ϕ_{ȷ,P} ′ , f⟩|

≤ 2 ∑ P ∈P^′ | ⟨f, ϕ_{ȷ,P} ⟩ |^2 ∑ ϕ_{ȷ,P} ′ :ω_{ȷ,P} =ω_{ȷ,P} ′ | ⟨ϕ, ϕ^′⟩ | ≤ C ∑ ϕ | ⟨f, ϕ_{ȷ,P} ⟩ |^2 . For the second summand we observe ∑ P,P^′∈P^{′′}:ω_{ȷ,P} ⊂≠ω_{ȷ,P} ′ |⟨f, ϕ_{ȷ,P} ⟩ ⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ⟨ϕ_{ȷ,P} ′ , f⟩|

= 2 ∑ T ∈T^1_λ ( ∑ P ∈T |⟨f, ϕ_{ȷ,P} ⟩|^2 ) 1_2 ∑ P ∈T ∑ P^′:ξ_T ∈ω_{ȷ,P} ′ |⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩ ⟨ϕ_{ȷ,P} ′ , f⟩| 2 1 2

≤ 2 ∑ T ∈T^1_λ ( ∑ P ∈T |⟨f, ϕ_{ȷ,P} ⟩|^2 ) ∑ P ∈T ∑ P^′:ξ_T ∈ω_{ȷ,P} ′ |⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′⟩| |I_P ′ |^{12} |I_T |^{− 12} 2 1 2 . Observe that if ξ_T ∈ ω_{ȷ,P} ′ , then I_P ′ ∩ I_T is empty, since otherwise the rectangles of P^′ and

the top element of T would intersect. Hence we have similarly to before ∑ P^′:ξ_T ∈ω_{ȷ,P} ′ |⟨ϕ_{ȷ,P} , ϕ_{ȷ,P} ′ ⟩| |I_P ′ |^{12} |I_T |^{− 12}

≤ |I_P |^{12} |I_T |^{− 12} ‖ ‖ ‖ ‖ ‖ ( 1 + dist(I_P , .) |I_P | )−m 1_{IP} (.) ‖ ‖ ‖ ‖ ‖ L^1(I^c_T )

≤ C|I_P |^{12} |I_T |^{− 12} ( 1 + dist(I_P , I^c_T ) |I_P | )−m

Squaring this and summing over all P ∈ T and using that for all P ∈ T with |I_P | fixed

the I_P are pairwise disjoint: C ∑ κ>0 ∑ P ∈T :|I_T |=2^κ|I_P | |I_P ||I_T |^{−1} ( 1 + dist(I_P , I^c_T ) |I_P | )−m

≤ C ∑ κ>0

‖ ‖ ‖ ‖ ‖ ‖ ( 1 + dist(., I^c_T ) |I_P | )−m‖ ‖ ‖ ‖ ‖ L^1(I_T ) ≤ C ∑ κ>0 2^{−κ} ≤ C This proves (1.21) and thereby finishes the proof of Lemma 1.8.2 and Theorem 1.1.1.

Chapter 2

Uniform estimates for the bilinear Hilbert transform

2.1 The Hilbert forms

The Hilbert form with parameter

β = (β_1, β_2, β_3) ∈ IR^3 \ {(x, x, x) : x ∈ IR}

is the continuous trilinear form defined on S(IR) × S(IR) × S(IR) by:

Λ_β(f_1, f_2, f_3) := ∫ p.v. ∫ 3∏ ȷ=1 f_ȷ(x − β_ȷt) dt t dx . We assume without restriction that β is a unit vector perpendicular to γ := (1, 1, 1).

Let 1 ≤ p_1, p_2, p_3 ≤ ∞. We say that the trilinear form Λ_β is of type (p_1, p_2, p_3) if there is a constant C such that

|Λ_β(f_1, f_2, f_3)| ≤ C ‖f_1‖_{p1} ‖f_2‖_{p2} ‖f_3‖_{p3} (2.1)

for all Schwartz functions f_1, f_2, f_3.

It has been shown in [10] and [12] that in the case that β satisfies β_ȷ ≠ β_ȷ′ for ȷ ≠ ȷ^′, which we will refer to as the non-degenerate case, the Hilbert form Λ_β is of type (p_1, p_2, p_3) if and only if 1 p_1 + 1 p_2 + 1 p_3

= 1, 0 ≤ 1 p_1 , 1 p_2 , 1 p_3

< 1 . (2.2)

If β_2 = β_3, then Λ_β is trivially of type (p_1, p_2, p_3) if and only if 1 p_1 + 1 p_2 + 1 p_3

= 1, 0 < 1 p_1 < 1, 0 ≤ 1 p_2 , 1 p_3

< 1 . (2.3)

A natural conjecture is that, if we fix (p_1, p_2, p_3) in the range (2.3) and let β_2 approach β_3, the constant C in (2.1) can be chosen uniformly in β. The purpose of this paper is to prove this conjecture for some choices of (p_1, p_2, p_3). We prove:

Theorem 2.1.1 There is a constant C such that for all unit vectors β ∈ IR^3 perpendicular to γ with |β_2 − β_3| <^1_2 and all Schwartz functions f_1, f_2, f_3 we have:

|Λ_β(f_1, f_2, f_3)| ≤ C ‖f_1‖_2 ‖f_2‖_2 ‖f_3‖_∞ . (2.4)

Remark 1: It is no restriction to assume β_1 < 0.

Remark 2: The known proof for the non-degenerate case yields uniform bounds as long as β remains in a compact set away from the degenerate case. Hence it suffices to prove the theorem for |β_2 − β_3| < ϵ for some small ϵ > 0.

Remark 3: By symmetry, the theorem also yields the uniform estimate

|Λ_β(f_1, f_2, f_3)| ≤ C ‖f_1‖_2 ‖f_2‖_∞ ‖f_3‖_2 ,

as well as all estimates that follow from interpolation between this estimate and (2.4).

The main issue in proving this theorem is to combine the Fourier methods, which are needed in the non-degenerate case, with the simple argument of Hölder’s inequality which works in the degenerate case. We follow largely the proof in the non-degenerate case, with the decomposition of the Hilbert form adapted to the parameter α, and then extract large pieces of the Hilbert form which can be estimated by Hölders inequality.

This paper is essentially self contained, however a knowledge of [10] and [12] may help. In this paper, C and m denote universal constants, whose values may change from line to line. All other constants are fixed throughout the paper.

A large part of the work presented here has been done during delightful stays at Berkeley (MSRI) and Princeton (IAS and University). The author is grateful to M. Christ, C. Fefferman, and D. Müller for many stimulating discussions concerning this subject.

2.2 The decomposition of the Hilbert forms

Define the following isometries of L^p(IR): L_yf(x) := f(x − y) , U_ηf(x) := f(x)e^{iηx} , D^p_λf(x) := λ^{− 1p} f(λ^{−1}x) .

Define the Fourier transform ^f of a function f on IR^d by ^f(ξ) = ∫ f(x)e^{−iξ·x} dx . If F ∈ S(IR^2), G ∈ S^′(IR^2), and A is a regular linear transformation of IR^2, then an easy application of Plancherel’s theorem shows: ∫ IR^2 F (Ax)G(x) dx = C ∫ IR^2 ^F (ξ) ^G(−A^T ξ) dξ .

Applying this with F (x_1, x_2) = f_1(x_1)f_2(x_2) and G(x_1, x_2) = f_3(x_1)(p.v.^1_{x2} ) gives:

Λ_β(f_1, f_2, f_3) = ∫ ∫ f_1(x − (β_1 − β_3)t)f_2(x − (β_2 − β_3)t)f_3(x) ( p.v. 1 t ) dt dx = C ∫ ∫ ^f_1(η_1)^f_2(η_2)^f_3(−η_1 − η_2)sign((β_1 − β_3)η_1 + (β_2 − β_3)η_2) dη_1 dη_2 = C ∫ η·γ=1 ^f_1(η_1)^f_2(η_2)^f_3(η_3)sign(β · η)dσ . (2.5)

Here dσ denotes the Lebesgue measure on the hyperplane defined by η · γ = 0. By a trivial decomposition of sign(β · η) and by symmetry it suffices to prove the estimate of the theorem for the trilinear form ∫ η·γ=1 ^f_1(η_1)^f_2(η_2)^f_3(η_3)1IR+ (β · η) dσ .

Define ϵ := 2^{−100} and N := ϵ^{−100}. We can assume 0 < |β_2 − β_3| < N^{−100} and β_1 < 0. Pick α ∈ IR^3 perpendicular to β and γ with α_1 = 1. Observe that α_2 and α_3 have large modulus.

Let ϕ be a real Schwartz function such that ^ϕ maps into [0, 1], is supported in [−2, 2], and is equal to 1 in [−1, 1].

Consider the function Φ defined on the hyperplane η · γ = 0 by

Φ(η_1, η_2, η_3) := 3∏ ȷ=1 L_{ϵβȷ} D^∞_ϵ2_{αȷN} −1 ^ϕ(η_ȷ) . The support of Φ is contained in the rectangle of all η = μβ + να with |ν| ≤ 2ϵ^2 , |μ − ϵ| ≤ 16ϵ^2 . To see this, observe that a necessary condition for η to be in the support of Φ is: |η_ȷ − ϵβ_ȷ| ≤ 2|α_ȷ|ϵ^2 (2.6) for each ȷ ∈ {1, 2, 3}. Hence ‖η − ϵβ‖_2 ≤ 2ϵ^2‖α‖_2 , from which the estimate on ν follows. Writing η_ȷ = μβ_ȷ + να_ȷ in (2.6) and using the estimate on ν gives: |(μ − ϵ)β_ȷ| ≤ 4|α_ȷ|ϵ^2 . This inequality for ȷ = 1 implies the condition on μ, since 4|β_1| > 1 and α_1 = 1.

This discussion yields in particular that Φ vanishes outside the half plane η · β > 0. Hence averaging gives for all η with η · γ = 0:

c_β1IR_+ (η · β) = ∫ IR ∫ IR 3∏ ȷ=1 D^∞_N −k L_{αȷξ}L_{ϵβȷ} D^∞_ϵ2_{αȷN} −1 ^ϕ(η_ȷ) dk dξ .

The estimate on the support of Φ and the fact that Φ maps into [0, 1] implies that c_β is bounded above uniformly in β. To see that c_β is also bounded below uniformly in β we discuss the preimage of 1 under Φ. A sufficient condition on η for Φ(η) = 1 is |η_ȷ − ϵβ_ȷ| ≤ |α_ȷ|ϵ^2N^{−1} for each ȷ. This is in particular satisfied if η = μβ + να with |μ − ϵ| < ϵ^2 2 N^{−1}, |ν| < ϵ^2 2 N^{−1} .

Therefore we clearly have c_β > c > 0 for some universal c.

Hence it suffices to prove uniform bounds on the trilinear form Λ = Λ(β) defined by

Λ(f_1, f_2, f_3) := ∫ IR^3 3∏ ȷ=1 (f_ȷ ∗ ϕ_{ȷ,k,ξ}) (x) dk dξ dx

= C ∫ η·γ=0 ∫ IR ∫ IR 3∏ ȷ=1 ( D^∞_ϵ2_{αȷN} −k−1 L_ϵ−2_{Nξ+ϵ}−1_α−1_{ȷ Nβȷ} ^ϕ(η_ȷ) ) ^f_ȷ(η_ȷ) dk dξ dσ , Here we have set: ϕ_{ȷ,k,ξ} := D^1_{ϵ−2α}−1_{ȷ N k+1} U_ϵ−2_{Nξ+ϵ}−1_α−1_{ȷ Nβȷ} ϕ . 2.3 The truncated trilinear form

Let κ be an integer such that N^{κ− 23} < |α_2|, |α_3| < N^{κ+ 23} . (2.7) Such an integer exists and is greater than 5, because |α_2| and |α_3| are large and their distance is 1.

Let ψ be a positive Schwartz function such that ^ψ maps into [0, 1], is supported in [−1, 1], and ^ψ(0) = 1. For E ⊂ IR and k ∈ IR define E_k := {x ∈ E : dist(x, E^c) ≥ N^k} , ψ_{1,k} := 1_{(Ek)}c ∗ D^1_N k+2 ψ , ψ_{2,k} := ψ_{3,k} := ψ_{1,k−κ} , Λ_E(f_1, f_2, f_3) := ∫ IR^3 3∏ ȷ=1 ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k,ξ}) (x) dk dξ dx . We will prove:

Lemma 2.3.1 For ȷ ∈ {1, 2, 3} let f_ȷ be a Schwartz function with ‖f_ȷ‖_2 = 1 and define:

E := 3⋃ ȷ=1 {x : M_2f_ȷ(x) > 1} . Then:

|Λ_E(f_1, f_2, f_3)| ≤ C for a universal constant C.

Here M_p denotes the maximal operator

M_pf(x) := ( sup_{x∈I} 1 |I| ∫ I |f(x)|^p dx ) 1_p . We postpone the proof of Lemma 2.3.1 and prove that Lemma 2.3.1 implies Theorem 2.1.1. Define the operator H mapping S(IR) × S(IR) → S^′(IR) by H(f_1, f_2)(f_3) := Λ(f_1, f_2, f_3) . (2.8) The estimate of Theorem 2.1.1 is equivalent to the estimate ‖H(f_1, f_2)‖_p ≤ C ‖f_1‖_{p1} ‖f_2‖_{p2} (2.9) with p = 1 and p_1, p_2 = 2. Estimate (2.9) has been proved in [12], with C replaced by a constant C_β depending on β, for all (p, p_1, p_2) which are contained in a small neighborhood of (1, 2, 2) and satisfy 1/p = 1/p_1 + 1/p_2. We will prove |{x : |H(f_1, f_2)(x)| > λ}| ≤ C^′λ^{−1}‖f_1‖_2‖f_2‖_2 (2.10) with a universal constant C^′. Then we can use interpolation as in [8] to conclude estimate (2.9) with constant 2C^′ in a small neighborhood of (1, 2, 2), and then use interpolation again to conclude the estimate for (1, 2, 2) itself with constant 2C^′. Hence it suffices to prove the weak type estimate (2.10)

By homogeneity and linearity it suffices to prove |{x : ℜ(H(f_1, f_2)(x)) ≥ C}| ≤ C (2.11) for all f_1, f_2 with ‖f_1‖_2 = ‖f_2‖_2 = 1. Fix such f_1 and f_2 and define:

E := 2⋃ ȷ=1 {x : M_2f_ȷ(x) > 1} . It suffices to prove the weak type estimate (2.11) for H_E and H − H_E separately, where H_E is the dual of Λ_E as in (2.8). Consider the set F := {x : ℜ(H_E(f_1, f_2)(x)) ≥ 1} .

Let f_3 be a Schwartz function with ‖f_3‖_∞ ≤ 1 and ‖f_3 − 1_F ‖_2 ≤ min{1, ‖H_E(f_2, f_3)‖^{−1}_2 } .

We can assume that ‖f_3‖_2 > 1, because we have an immediate bound on F otherwise. Hence M_2(f_3/‖f_3‖_2) is bounded by 1 and we can apply Lemma 2.3.1 to conclude |F | ≤ ℜΛ_E(f_1, f_2, 1_F ) ≤ ‖f_3‖_2 |Λ_E(f_1, f_2, f_3/‖f_3‖_2)| + C ≤ C|F |^{12} + C .

This proves a uniform bound on |F |.

To complete the proof of Theorem 2.1.1 it now suffices to prove ‖(H − H_E)(f_1, f_2)‖_L1_{(E}c_) ≤ C , which in turn follows from the a priori estimate |(Λ − Λ_E)(f_1, f_2, f_3)| ≤ C .

for all Schwartz functions f_3 supported in E^c with ‖f_3‖_∞ ≤ 1. First observe that since ψ_{ȷ,k} takes values between 0 and 1, we have |1 − ψ_{1,k}ψ_{2,k}ψ_{3,k}| ≤ |1 − ψ_{1,k}| + |1 − ψ_{2,k}| + |1 − ψ_{3,k}| = 1_{Ek} ∗ D^1_N k+2 ϕ + 2 ( 1_{Ek−κ} ∗ D^1_N k+2−κ ϕ ) . (2.12) Accordingly, |Λ − Λ_E|(f_1, f_2, f_3) can be estimated by two terms, the first one being ∫ IR ∫ E_k ∫ IR L_{x0} D^1_N k+2 ϕ(x) ∫ IR

| | | | | 3∏ ȷ=1 (f_ȷ ∗ ϕ_{ȷ,k,ξ}) (x) | | | | | dξ dx dx_0 dk . (2.13)

By Hölder’s inequality the inner integral is bounded by 2∏ ȷ=1 (∫ IR |f_ȷ ∗ ϕ_{ȷ,k,ξ}(x)|^2 dξ ) 1_2 sup_ξ |f_3 ∗ ϕ_{3,k,ξ}(x)| . A calculation using Plancherel’s theorem and the symmetry of ϕ shows: ‖f_ȷ ∗ ϕ_{ȷ,k,ξ}(x)‖_{L2(ξ)} = ‖ ‖((D^∞_ϵ2_{αȷN} −k−1 L_{−x}f_ȷ) ∗ (U_ϵ−2_{Nξ+ϵ}−1_α−1_{ȷ Nβȷ} ϕ) ) (0) ‖ ‖ L^2(ξ) = C ‖ ‖((D^∞_ϵ2_{αȷN} −k−1 L_{−x}f_ȷ)ϕ ) ^ ‖ ‖ 2 = C ‖ ‖f_ȷL_xD^2_{ϵ−2α}−1_{ȷ N k+1} ϕ ‖ ‖ 2 . For ȷ ∈ {1, 2} we estimate this by C ( 1 + ϵ^2α_ȷN^{−k−1}dist(x, E^c) ) sup_{y∈Ec} M_2f_ȷ(y) ≤ C ( 1 + N^{κ−k}dist(x, E^c) ) . For ȷ = 3 we calculate similarly ‖f_3 ∗ ϕ_{3,k,ξ}(x)‖_{L∞(ξ)} ≤ ‖ ‖f_3L_xD^1_{ϵ−2α}−1_{3 N k+1} ϕ ‖ ‖ 1

≤ C ( 1 + N^{κ−k}dist(x, E^c) )−3 . In the last inequality we have used that f_3 is supported in E^c. Hence we can estimate (2.13) by C ∫ IR ∫ E_k ∫ IR | |L_{x0} D^1_N k+2 ϕ(x) | | (1 + N^{κ−k}dist(x, E^c) )−1 dx dx_0 dk .

If we do the integration over x separately on the region 2|x − x_0| < dist(x_0, E^c) and on the complement of this region, we see easily that this is bounded by C ∫ IR ∫ E_k ( 1 + N^{−k}dist(x_0, E^c) )−1 dx_0 dk

≤ C ∫ E ∫ N^k<dist(x_0,E^c) ( 1 + N^{−k}dist(x_0, E^c) )−1 dk dx_0 ≤ C ∫ E dx_0 ≤ C . The modifications to the last three lines which are needed to estimate the term corresponding to the second summand in (2.12) are left to the reader. This completes the reduction of Theorem 2.1.1 to Lemma 2.3.1.

2.4 Discretization of the trilinear forms and the geometric picture

We write Λ_E(f_1, f_2, f_3) = ∫ [0,1]^2

Λ_{k0,ξ0} (f_1, f_2, f_3) dk_0 dξ_0

with Λ_{k0,ξ0} (f_1, f_2, f_3) := ∑ k,l∈Z ∫ IR 3∏ ȷ=1 ψ_{ȷ,k+k0} (x) (f_ȷ ∗ ϕ_{ȷ,k+k0,l+ξ0} ) (x) dx . Obviously it suffices to prove uniform bounds on Λ_{k0,ξ0} . For simplicity of notation we will only consider the case k_0, ξ_0 = 0, however it will be clear that the estimates we obtain hold for arbitrary k_0, ξ_0 ∈ [0, 1].

Let φ be a nonnegative Schwartz function such that ^φ is supported in [−1, 1] and ^φ(0) = 1. Define for any k, n ∈ Z: I_{k,n} := [N^kn, N^k(n + 1)) .

We call such an interval I_{k,n} an N -adic interval. Define: φ_{1,k,n} := 1_{Ik,n} ∗ D^1_N k+2 φ and φ_{ȷ,k,n} := 1_{Ik,n} ∗ D^1_N k+2−κ φ for ȷ ∈ {2, 3}. Then we can write

Λ_{0,0}(f_1, f_2, f_3) = ∑ k,l∈Z ∫ IR 3∏ ȷ=1 ∑ n∈Z φ_{ȷ,k,n}(x)ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k,l}) (x) dx . (2.14)

We introduce intervals ω_{ȷ,k,l} such that the support of D^∞_α−1_ȷ ^ϕ_{ȷ,k,l} is contained in ω_{ȷ,k,l}. More precisely, we choose for each k, l ∈ Z, ȷ ∈ {1, 2, 3} an interval ω_{ȷ,k,l}, such that the following five properties are satisfied:

1. The center c(ω_{ȷ,k,l}) satisfies | |c(ω_{ȷ,k,l}) − N^{−k}(l + ϵα^{−1}_ȷ β_ȷ) | | ≤ ϵ^2N^{−k} . (2.15)

2. The length |ω_{ȷ,k,l}| satisfies N^{−k}ϵ^{1.4} < |ω_{ȷ,k,l}| < N^{−k}ϵ^{1.6} . (2.16) 3. We have ω_{2,k,l} = ω_{3,k,l} for all k, l,

4. If two intervals ω_{ȷ,k,l} and ω_ȷ′_{,k}′_{,l}′ , are not disjoint, then one is contained in the other.

5. If ω_{ȷ,k,l} strictly contains ω_ȷ′_{,k}′_{,l}′ , then ω_{ȷ,k,l} contains ϵ^{−0.1}ω_ȷ′′_{,k}′_{,l}′ for all ȷ^{′′} ∈ 1, 2, 3.

Since |α_2| and |α_3| are very large, the third property obviously does not conflict with the first two properties. Hence it is obvious that one can choose intervals which satisfy the first three properties. The method to choose the intervals such that in addition properties 4 and 5 are satisfied is described in [10]. One first chooses intervals satisfying the first three properties, then one enlarges these intervals a little bit so that they in addition satisfy properties 4 and 5. We do not work out the details here.

Observe that the distance between ω_{1,k,l} and ω_{2,k,l} is approximately ϵβ_1N^{−k}, which is large compared to the size of the intervals. In particular the two intervals are disjoint. Since we have β_1 < 0, we have ω_{1,k,l} < ω_{2,k,l} in the sense that ξ_1 < ξ_2 for all ξ_1 ∈ ω_{1,k,l} and ξ_2 ∈ ω_{2,k,l}.

We will consider truncations of Λ_{0,0} of the following type: Let P be a subset of Z^3, and for each k, l ∈ Z let P_{k,l} be the set of integers n such that (k, n, l) ∈ P. Define

Λ_P(f_1, f_2, f_3) := ∑ k,l∈Z ∫ IR 3∏ ȷ=1 ∑ n∈P_{k,l} φ_{ȷ,k,n}(x)ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k,l}) (x) dx . (2.17)

We will write P , P^′, P^{′′} for the triples (k, n, l), (k^′, n^′, l^′), and (k^{′′}, n^{′′}, l^{′′}). Moreover we will write I_P for I_{k,n} and ω_{ȷ,P} for ω_{ȷ,k,l}, and likewise for P^′ and P^{′′}. We call a set P ⊂ Z^3 convex, if for all P ∈ P, P^′ ∈ Z^3, P^{′′} ∈ P, ı ∈ {1, 2} with I_P ⊂ I_P ′ ⊂ I_P ′′ and ω_{ı,P} ′′ ⊂ ω_{ı,P} ′ ⊂ ω_{ı,P} we have P^′ ∈ P.

It clearly suffices to prove bounds on Λ_P for all convex sets P, provided the bound does not depend on the set P.

2.5 The selection of the trees

Let P be any convex subset of Z^3. We will partition the set P into subsets for which we do have good estimates by the standard theory of singular integrals and paraproducts. A tree consists of the data (T, ı_T , I_T , ξ_T ), where T ⊂ Z^3, ı_T ∈ {1, 2}, I_T is an N-adic interval, and ξ_T ∈ IR such that I_P ⊂ I_T and ξ_T ∈ ω_{ıT ,P} for all P ∈ T . We will also call the set T itself a tree. The number ı_T is called the type of the tree, I_T is called the top interval, and ξ_T is called the top frequency of the tree. Define k_T and n_T by I_{kT ,nT} = I_T . If there is a P ∈ T with I_P = I_T , then this P is unique and we write P_T for it. As before we define T_{k,l} to be the set of all integers n such that (k, n, l) ∈ T .

Let P^′ ⊂ Z^3 be a convex set, ı ∈ {1, 2}, I an N-adic interval and ξ ∈ T. The maximal tree in P^′ associated to the data (ı, I, ξ) consists of all elements P ∈ P^′ such that I_P ⊂ I and ξ ∈ ω_{ı,P} . We prove that this maximal tree T is convex. Let P ∈ T , P^′ ∈ Z^3, P^{′′} ∈ T , ı^′ ∈ {1, 2}, with I_P ⊂ I_P ′ ⊂ I_P ′′ and ω_ı′_P ′′ ⊂ ω_ı′_{,P} ′ ⊂ ω_ı′_{,P} . Then we have P ∈ P^′ by convexity of P^′, and we have I_P ′ ⊂ I. We can assume P ≠ P^{′′} and therefore ω_{ı,P} ≠ ω_{ı,P} ′′ . Then we have ı = ı^′, because ω_{ı,P} ∩ ω_{ı,P} ′′ ≠ ∅ and ω_ı′_{,P} ∩ ω_ı′_{,P} ′′ ≠ ∅. Hence ξ ∈ ω_{ı,P} ′ and therefore P^′ ∈ T .

Fix I and ξ and let T^ı be the maximal trees in P^′ which are associated to the data (ı, I, ξ) for ı = 1, 2. We prove that the set P^{′′} = P^′ \ (T^1 ∪ T^2) is convex. Assume to get a contradiction that P^{′′} is not convex. Then there exist P ∈ P^{′′}, P^′ ∈ P^′ \ P^{′′}, ı^′ ∈ {1, 2}, with I_P ⊂ I_P ′ and ω_ı′_{,P} ′ ⊂ ω_ı′_{,P} . Then P^′ is in the tree T^ı for some ı. Since we have ω_ı′_{,P} ≠ ω_ı′_{,P} ′ , we conclude ω_{ı,P} ′ ⊂ ω_ı′_{,P} , and therefore ξ ∈ ω_ı′_{,P} . Moreover, I_P ⊂ I_P ′ ⊂ I, hence P qualifies to be in the tree T^{ı′} . This is a contradiction to P ∈ P^{′′}.

If T is a tree and k ∈ Z, then there is at most one l ∈ Z such that T_{k,l} ≠ ∅. If such an l exists, we define T_k := T_{k,l} and ϕ_{ȷ,k,T} := ϕ_{ȷ,k,l}, if no such l exists, we define T_k := ∅ and ϕ_{ȷ,k,T} := 0. Moreover, we write for brevity (k, n) ∈ T iof there exists an l ∈ Z with (k, n, l) ∈ T . Hence we can write Λ_T (f_1, f_2, f_3) = ∑ k∈Z ∫ IR 3∏ ȷ=1 ∑ n∈T_k φ_{ȷ,k,n}(x)ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k,T} ) (x) dx (2.18) Let T be a tree of type 2. Besides (2.18), we will study the following similar expression: ∑ k∈Z ∫ IR 3∏ ȷ=1 ∑ n∈T̃_k φ_{ȷ,k,n}(x)ψ_{ȷ,k}(x) ( f_ȷ ∗ ϕ̃_{ȷ,k,T} ) (x) dx , (2.19)

where the objects T̃_k and ϕ̃_{ȷ,k,T} are defined in the following paragraph.

Define for k ∈ Z and ȷ ∈ {2, 3}: ϕ̃_{ȷ,k,T} := U_{αȷξT} D^1_{ϵ−2α−1ȷ N k+1} ϕ , ϕ̃_{1,k,T} := λ_{2,k,T} λ_{3,k,T} ϕ_{1,k,T} , where λ_{ȷ,k,T} is defined by ( ϕ_{ȷ,k,T} − λ_{ȷ,k,T} ϕ̃_{ȷ,k,T} ) ^(α_ȷξ_T ) = 0 . (2.20)

Observe that |λ_{ȷ,k,T} | is bounded by 1. Define

ω_{k,T} := [ξ_T − 8ϵ^2N^{−k}, ξ_T + 8ϵ^2N^{−k}] ,

and observe that supp(D^∞_α−1_ȷ ^ϕ̃_{ȷ,k}) ⊂ ω_{k,T} and supp(D^∞_α−1_ȷ ^ϕ̃_{ȷ,k−1}) ⊂ ω_{k,T} . Define T̃ to be the set of pairs (k, n) ∈ Z^2 such that I_{k,n} ⊂ I_T and there is a P^′ ∈ T such that I_P ′ ⊂ I_{k,n} and 8ω_{k,T} ⊂ ω_{2,P} ′ . Here AJ for any A > 0 and any interval J denotes the interval which has length A|J| and the same center as J. Define T̃_k to be the set of integers n such that (k, n) ∈ T̃ . Observe that if T is convex and ϕ̃_{1,k} ≠ 0, then T̃_k = T_k.

We are aiming to do Littlewood Paley theory near the frequencies α_ȷξ_T , hence we define θ^+_{ȷ,k,T} and θ^−_{ȷ,k,T} by: ^θ^+_{ȷ,k,T} := (ϕ̃_{ȷ,k−1,T} − ϕ̃_{ȷ,k,T} )^ 1_{{αȷξ: ξ≥ξT }} , ^θ^−_{ȷ,k,T} := (ϕ̃_{ȷ,k−1,T} − ϕ̃_{ȷ,k,T} )^ 1_{{αȷξ: ξ≤ξT }} . Define φ^∗(x) := ψ^∗(x) := (1 + x^2)^{−m} ,

where m is a sufficiently large number. By replacing the generating functions ψ and φ by ψ^∗ and φ^∗ we define the functions ψ^∗_{ȷ,k} and φ^∗_{ȷ,k,n}. Observe that |ψ_{ȷ,k}| ≤ C ( ψ^∗_{ȷ,k+k̃} )m

for all k̃ ∈ {−1, 0, 1}.

Define Δ_k to be the set of all intervals which are either of the form^1_2 J where J is a connected component of E_k \ E_{k+1} of length at least N^{k−2}, or of the form [c(J) − N^{k−2}, c(J) + N^{k−2}] where J is a connected component of E_k \ E_{k+1} of length less than N^{k−2}. Observe that the union of all Δ_k for k ∈ Z is a set of pairwise disjoint intervals.

Define Δ_{k,T} to be the set of all elments J of Δ_k such that there exists a (k+κ+1, n) ∈ T̃ such that J ⊂ I_{k+κ+1,n}. For J ∈ Δ_{k,T} define

ρ_{k,J} := 1_J ∗ D^1_N −k ϕ^∗ .

We begin to describe the algorithm for splitting P into a disjoint union of trees and a remainder set P^r which satisfies

Λ_Pr (f_1, f_2, f_3) = 0 .

We select the trees by iterating a selection rule described below, which selects two trees at each iteration step. Let ν ∈ IN_0 be even and assume that we have already selected the trees T^{ν′} for all ν^′ < ν. Define

P^ν := P \ ⋃ ν^′<ν T^{ν′} .

If P^ν = ∅, then the algorithm stops. Assume P^ν ≠ ∅. Let μ be the maximal integer for which there exists an N-adic interval I and a number ξ such that at least one of the following ten conditions is satisfied:

1. There is a (k, n, l) ∈ P^ν with I_{k,n} = I and ξ ∈ ω_{1,k,l} such that at least one of the following two inequalities holds: ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k,l}) ‖ ‖ 2 ≥ 2^μ|I|^{12} , (2.21) ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f_1 ∗ U_{α1ξ}(U_{−α1ξ}ϕ_{1,k,l})^′) ‖ ‖ ‖ 2 ≥ 2^μ|I|^{− 12} . (2.22)

2. There is a ȷ ∈ {2, 3} such that for the maximal tree T in P^ν associated to (1, I, ξ) the following inequality holds: ∑ (k,n,l)∈T ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ_{ȷ,k,l}) ‖ ‖ ‖ 2 2 ≥ 5 · 2^{2μ}|I| . (2.23)

3. The maximal tree T in P^ν associated to the data (2, I, ξ) satisfies at least one of the following two inequalities: ∑ (k,n,l)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k,l}) ‖ ‖ ‖ 2 2 ≥ 5 · 2^{2μ}|I| , (2.24) ∑ (k,n,l)∈T |I_{k,n}|^2 ‖ ‖(φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ U_{α1ξT} (U_{−α1ξT} ϕ_{1,k,l})^′) ‖ ‖ 2 2 ≥ 5 · 2^{2μ}|I| . (2.25)

4. There is a ȷ ∈ {2, 3} and a (k, n, l) ∈ P^ν with I_{k,n} = I and ξ ∈ ω_{2,k,l} such that the following inequality holds: ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ_{ȷ,k,l}) ‖ ‖ 2 ≥ 2^μ|I|^{12} . (2.26)

5. There is a ȷ ∈ {2, 3} and a z ∈ Z, such that the maximal tree T in P^ν associated to (2, I, ξ) satisfies the following inequality: ∑ (k,n,l)∈T ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ (ϕ_{ȷ,k,l} − λ_{ȷ,k}ϕ̃_{ȷ,k,T} ) ∗ θ^+_{ȷ,k+z,T} )‖ ‖ 2 2 ≥ 2^{− z2} 2^{2μ}|I| . (2.27)

6. There is a ȷ ∈ {2, 3} and a z ∈ Z, such that the maximal tree T in P^ν associated to (2, I, ξ) satisfies the following inequality: ∑ (k,n,l)∈T ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ (ϕ_{ȷ,k,l} − λ_{ȷ,k}ϕ̃_{ȷ,k,T} ) ∗ θ^−_{ȷ,k+z,T} )‖ ‖ 2 2 ≥ 2^{− z2} 2^{2μ}|I| . (2.28)

7. There is a ȷ ∈ {2, 3} and a k̃ ∈ {−1, 0, 1, 2, 3, 4} such that, if T is the maximal tree in P^ν associated to (2, I, ξ), then (k_T , n_T ) ∈ T̃ and at least one of the following three inequalities holds: ‖ ‖φ^∗_{ȷ,kT ,nT} ψ^∗_{ȷ,kT +k̃}(f_ȷ ∗ ϕ̃_{ȷ,kT +}~_{k,T} ) ‖ ‖ 2 ≥ 2^μ|I|^{12} , (2.29) ‖ ‖ ‖φ^∗_{1,kT ,nT} ψ^∗_{ȷ,kT +κ+k̃}(f_ȷ ∗ ϕ̃_{ȷ,kT +κ+}~_{k,T} ) ‖ ‖ ‖ 2 ≥ 2^μ|I|^{12} . (2.30) ‖ ‖ ‖φ^∗_{1,kT ,nT} ψ^∗_{ȷ,kT +κ+k̃}(f_ȷ ∗ U_{α2ξT} (U_{−α2ξT} ϕ̃_{ȷ,kT +κ+}~_{k,T} )^′) ‖ ‖ ‖ 2 ≥ 2^μ|I|^{− 12} . (2.31)

8. There is a ȷ ∈ {2, 3} such that the maximal tree T in P^ν associated to (2, I, ξ) satisfies the following inequality: ∑ (k,n)∈T̃ ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ θ^+_{ȷ,k,T} )‖ ‖ 2 2 ≥ 2^{2μ}|I_T | . (2.32)

9. There is a ȷ ∈ {2, 3} such that the maximal tree T in P^ν associated to (2, I, ξ) satisfies the following inequality: ∑ (k,n)∈T̃ ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ θ^−_{ȷ,k,T} )‖ ‖ 2 2 ≥ 2^{2μ}|I_T | . (2.33)

10. There is a ȷ ∈ {2, 3} and a k̃ ∈ {−1, 0, 1, 2, 3, 4} such that for the maximal tree T in P^ν associated to (2, I, ξ) the following inequality is satisfied: ∑ k ∑ J∈Δ_{k−κ,T} ‖ ‖ ‖ρ_{k−κ,J} (f_ȷ ∗ ϕ̃_{ȷ,k+}~_{k,T} ) ‖ ‖ ‖ 2 2 ≥ 2^{2μ}|I| . (2.34)

If no such number μ exists, then we have necessarily

Λ_Pν (f_1, f_2, f_3) = 0 .

We set P^r := P^ν and stop the selection algoritm. If such a μ exists, we pick a number σ ∈ {1, . . . , 10} such that condition σ is satisfied for this μ and some pair I, ξ. If σ ∈ {1, 4, 7, 10}, pick a pair (I, ξ) satisfying condition σ such that |I| is maximal. If σ ∈ {2, 5, 8}, pick a pair (I, ξ) satisfying condition σ such that ξ_T is maximal. If σ ∈ {3, 6, 9}, pick a pair (I, ξ) satisfying condition σ such that ξ_T is minimal.

Let T^{ν+ı−1} be the maximal tree in P^ν which is associated to (ı, I, ξ) for ı = 1, 2. Observe that at least one of the two trees T^ν and T^{ν+1} is nonempty.

If P^ν is convex, then also T^ν, T^{ν+1}, and P^ν \ (T^ν ∪ T^{ν+1}) are convex. It follows by induction that all these sets are indeed convex.

This completes the description of the decomposition of P into trees. For each selected tree the selection rule provides a parameter μ, which is called the size of the selected tree. Let T_μ be the set of selected trees with size μ. Denote the size of a selected tree T^ν by μ_ν, and denote the top interval of T^ν by I_ν.

We outline the end of the proof of Lemma 2.3.1. This calculation uses various estimates which are proved in the subsequent sections. Recall that we have to prove a universal bound on |Λ_P(f_1, f_2, f_3)| ,

where P is the given convex subset of Z^3. Using the previously described partition of P we can estimate this by r−1∑ ν=0 | | |Λ^ν_P(f_1, f_2, f_3) − Λ^{ν+1}_P (f_1, f_2, f_3) | | | . By Lemma 2.8.1 this is bounded by C r−1∑ ν=0 |I_ν| 2^{73 μν} .

By Lemmata 2.6.1 and 2.9.1 this is bounded by C ∑ μ≤μ_0 2^{14 μ} ≤ C .

Hence it remains to prove Lemmata 2.8.1, 2.6.1, and 2.9.1.

2.6 An upper bound for¯

In this section we prove estimates which make use the cutoff functions ψ_{ȷ,k}. Most notably the effect of these functions is that the size μ of the selected trees is bounded by a universal constant μ_0.

Lemma 2.6.1 The size of a selected tree is bounded by μ_0.

We proof this Lemma. This requires to prove a priori bounds on the various quantities which appear in the selection algorithm for the trees.

We start with the quantity on the left hand side of (2.21). Pick any (k, n, l) ∈ P. If there exists an x ∈ I_{k,n} \ E, then we simply have by Jensen’s inequality, using the symmetry of |ϕ_{1,k,l}|, ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k,l}) ‖ ‖2 2 ≤ C ‖ ‖(φ^∗_{1,k,n}^2 ∗ |ϕ_{1,k,l}| ) |f_1|^2 ‖ ‖ 1 ≤ C inf_{x∈Ik,n} ‖ ‖ ‖(L_xD^∞_N k φ^∗)|f_1|^2 ‖ ‖ ‖ 1 ≤ CN^k inf_{x∈Ik,n} (M_2f_1(x))^2 ≤ CN^k .

This is the desired estimate in the case I_{k,n} ⊄ E. If I_{k,n} is contained in E, pick a number A ≥ 1 such that AI_{k,n} ⊂ E and 2AI_{k,n} ⊄ E. We have ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k,l}) ‖ ‖ ‖ 2 2 ≤ ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} ‖ ‖ ‖ ∞ ‖ ‖ ‖φ^∗_{1,k,n}|f_1 ∗ ϕ_{1,k,l}|^2 ‖ ‖ ‖ 1 .

This is bounded by CN^k, since ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} ‖ ‖ ‖ ∞ ≤ CA^{−m} , ‖ ‖ ‖φ^∗_{1,k,n}|f_1 ∗ ϕ_{1,k,l}|^2 ‖ ‖ ‖ 1 ≤ C inf_{x∈2AIk,n} ‖ ‖ ‖(L_xD^∞_{AN} k φ^∗)|f_1|^2 ‖ ‖ ‖ 1 ≤ CAN^k . This completes the discussion of the quantity on the left hand side of (2.21).

Now consider the quantity on the left hand side of (2.24). Since we discuss a fixed

tree T , we drop the indices T , for example we write ϕ_{ȷ,k} for ϕ_{ȷ,k,T} .

Pick A ≥ 1 such that 2AI_T ⊄ E and either A = 1 or A > 1 and AI_T ⊂ E. We have ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 2 ≤ sup_{(k,n)∈T} ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} ‖ ‖ ‖ ∞ ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}|f ∗ ϕ_{1,k}|^2 ‖ ‖ ‖ 1 . Again, the first factor on the right hand side is bounded by CA^{−m}. We split

f_1 = f_11_{2IT} + f1_{(2IT )}c .

Then we have ∑ (k,n)∈T ‖ ‖φ^∗_{1,k,n}|(f_11_{2IT} ) ∗ ϕ_{1,k}|^2 ‖ ‖ 1 = ∑ k

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ^∗_{1,k,n} |(f_11_{2IT} ) ∗ ϕ_{1,k}|^2 ‖ ‖ ‖ ‖ ‖ 1 ≤ ∑ k ‖(f_11_{2IT} ) ∗ ϕ_{1,k}‖^2 ≤ ‖f_11_{2IT} ‖^2 ≤ CA|I_T | .

Here we have used that the tree T is of type 2 and hence the supports of the ^ϕ_{1,k} are

pairwise disjoint as k varies. We have with Jensen’s inequality for (k, n) ∈ T : ‖ ‖φ^∗_{1,k,n}|(f_11_{(2IT )}c ) ∗ ϕ_{1,k}|^2 ‖ ‖ 1 ≤ ‖ ‖(φ^∗_{1,k,n} ∗ |ϕ_{1,k}| ) |f_1|^21_{(2IT )}c ‖ ‖ 1 ≤ ‖ ‖ ‖ ‖ ( φ^∗_{1,k,n} ∗ |ϕ_{1,k}| ) 1_2

1_{(2IT )}c ‖ ‖ ‖ ‖ ∞ ‖ ‖ ‖ ‖ ( φ^∗_{1,k,n} ∗ |ϕ_{1,k}| ) 1_2

|f_1|^2 ‖ ‖ ‖ ‖ 1 ≤ CN^{m(k−kT )} AN^{kT −k}N^k . Summing this over (k, n) ∈ T gives ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}|(f1_{(2IT )}c ) ∗ ϕ_{1,k}|^2 ‖ ‖ ‖ 1 ≤ CA|I_T | . This ends the discussion of the quantity in (2.24).

Now we consider the quantity on the left hand side of (2.27) for some ȷ ∈ {2, 3}. Pick

again A ≥ 1 such that 2AI_T ⊄ E and either A = 1 or A > 1 and AI_T ⊂ I. Observe that

the left hand side of (2.27) vanishes if z < 0. Therefore we assume z ≥ 0. We have ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( (f1_2z_{IT} ) ∗ (ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} )‖ ‖ 2 2

≤ CA^{−m} ∑ k ‖ ‖(f1_2z_{IT} ) ∗ (ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} ‖ ‖2 2 ≤ CA^{−m}2^{−2z} ‖f1_2z_{IT} ‖^2 ≤ CA^{1−m}2^{−z}|I_T | . Here we have used that, as k varies, the Fourier transforms of the functions (ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} are bounded by C2^{−z} and their supports have bounded overlap. Observe that | | |(ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} | | | ≤ C2^{−z}D^1_N k−κ+z φ^∗ . (2.35)

Hence ‖ ‖ ‖φ^∗_{ȷ,k,n} | | |(f_11_{(2}z_{IT )}c ) ∗ (ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} | | | 2 ‖ ‖ ‖ ‖ 1 ≤ ≤ C2^{−2z} ‖ ‖ ‖ ( φ^∗_{ȷ,k,n} ∗ D^1_N k−κ+z φ^∗ ) |f_1|^21_{(2}z_{IT )}c ‖ ‖ ‖ 1 ≤ C2^{−2z}N^k ‖ ‖ ‖ ( L_{c(Ik,n)}D^1_N k−κ+z φ^∗ ) |f_1|^21_{(2}z_{IT )}c ‖ ‖ ‖ 1 ≤ C2^{−2z}N^kN^{m(k−kT )}A . Hence we have as before: ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{k,n}ψ^∗_{ȷ,k} ( (f1_{(2}z_{IT )}c ) ∗ (ϕ_{ȷ,k} − λ_{ȷ,k}ϕ̃_{ȷ,k}) ∗ θ^+_{ȷ,k+z} )‖ ‖ 2 2 ≤ C2^{−z}|I_T | . This completes the discussion of the quantity in (2.27).

Now we consider the quantity on the left hand side of (2.34) for some ȷ ∈ {2, 3}. Fix

some k and let J ∈ Δ_{k−κ,T} . Then we have ‖ ‖ρ_{k−κ,J} (f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖2 2 ≤ ‖ ‖(ρ^2_{k−κ,J} ∗ |ϕ̃_{ȷ,k}|)|f_ȷ|^2 ‖ ‖ 1 ≤ C|J| inf_{x∈N 3J} M_2f_ȷ(x)^2 ≤ C|J| . The last inequality is true because construction of Δ_{k−κ} we have N^3J ∩ E ≠ ∅. Since

J ∈ I_T and since the union of the Δ_{k−κ} is a set of pairwise disjoint intervals, we obtain ∑ k ∑ J∈Δ_{k−κ,T} ‖ ‖ρ_{k−κ,J} (f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ 2 2 ≤ C|I_T | . This ends the discussion of (2.34). The discussion of the remaining quantities does not

require any new ideas, we therefore take Lemma 2.6.1 for granted.

We will also need the following lemma:

Lemma 2.6.2 Let (T, 2, I_T , ξ_T ) be a tree and ȷ ∈ {2, 3}. We have ‖ ‖ ‖ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ ∞ ≤ C for each k ∈ Z, and ‖ ‖ ‖ ‖ ‖ ‖ ‖ ∑ k

| | | | | ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k}(f_ȷ ∗ (ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) | | | | |

2 1 2 ‖ ‖ ‖ ‖ ‖ ‖ ‖ BMO ≤ C . Here BMO is understood as N-adic BMO.

We prove the first estimate of this lemma. For each x ∈ IR we have ψ^∗_{ȷ,k}(x) ≤ C(1 + N^{κ−k}dist(x, E^c))^{−m} , f_ȷ ∗ ϕ_{ȷ,k}(x) ≤ C(1 + N^{κ−k}dist(x, E^c)) . This proves the desired estimate. We prove the second estimate of Lemma 2.6.2. Pick an

N-adic interval J = I_{kJ ,nJ} . Then we have

inf_c ‖ ‖ ‖ ‖ (∑ k | |∑ n∈T̃_k φȷ,k,nψȷ,k(fȷ ∗ ( ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) | |2 ) 1_2 − c ‖ ‖ ‖ ‖ 2

L^2(J)

≤ inf_c ‖ ‖ ‖ ∑ k−κ≥k_J | | | ∑ n∈T̃_k φȷ,k,nψȷ,k(fȷ ∗ ( ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) | | | 2 − c ‖ ‖ ‖ L^1(J)

(2.36) + ‖ ‖ ‖ ‖ ∑ k−κ<k_J | | | ∑ n∈T̃_k φȷ,k,nψȷ,k(fȷ ∗ ( ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) | | | 2 ‖ ‖ ‖ ‖ L^1(J)

. (2.37)

The first summand on the right hand side is bounded by |J|^2 ∑ k−κ≥k_J ‖ ‖ ‖ ‖ ((∑ n∈T̃_k φȷ,k,nψȷ,k(fȷ ∗ ( ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) )2)′‖ ‖ ‖ ∞ Each term in the sum can be estimated in the spirit of the first part of this Lemma by

C|J|N^{κ−k}. This shows that the term (2.36) is bounded by C|J|.

In order to discuss the term (2.37) we split the function f_ȷ into f_ȷ1_{2J} + f_ȷ1_{(2J)}2 We

have for k − κ < k_J : ‖ ‖ ‖(f_ȷ1_{(2J)}c ) ∗ ϕ̃_{ȷ,k} ‖ ‖ ‖ L^∞(J) ≤ CN^{m(k−κ−kJ )}(1 + |J|^{−1}dist(J, E^c)) . This estimate together with the estimate ‖ψ_{ȷ,k}‖_{L∞(J)} ≤ (1 + N^{κ−k}dist(J, E^c))^{−m} proves that the term (2.37) with f_ȷ replaced by f_ȷ1_{(2J)}c is bounded by C|J|. We estimate

(2.37) with f_ȷ replaced by f_ȷ1_{2J} by ‖ ‖ ‖ ‖ ‖ ‖ ∑ k−κ<k_J

| | | | | ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k}((f_ȷ1_{2J} ) ∗ (ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k})) | | | | | 2 ‖ ‖ ‖ ‖ ‖ ‖ L^1(J) .

Since the Fourier transforms of the functions ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k} are supported on sets with

bounded overlap as k varies, we can estimate the last expression by ( sup k−κ<k_J ‖ψ_{ȷ,k}‖_{L∞(J)} ) ‖f_ȷ1_{2J} ‖^2 ≤ C|J| . This completes the proof of Lemma 2.6.2.

2.7 The tree estimate

In this section we prove Lemmata 2.7.1 and 2.7.2, which state estimates on the selected

trees.

Lemma 2.7.1 Let T ∈ T_μ be of type 1. Then

|Λ_T (f_1, f_2, f_3)| ≤ C|I_T |2^{3μ} .

We prove this lemma. We use the notation of (2.18). Since we only consider one fixed

tree T , we write ϕ_{ȷ,k} for ϕ_{ȷ,k,T} . We have | | | | | | ∑ k∈Z ∫ IR 3∏ ȷ=1 ∑ n∈T_k φ_{ȷ,k,n}(x)ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) dx | | | | | |

≤ sup k∈Z ‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{1,k,n}ψ_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ‖ ‖ ∞ 3∏ ȷ=2 ∑ k∈Z ‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{ȷ,k,n}ψ_{ȷ,k} (f_ȷ ∗ ϕ_{ȷ,k}) ‖ ‖ ‖ ‖ ‖ 2

2

1 2

≤ C ( sup (n,k)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ∞ ) 3 ∏ ȷ=2 ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} (f_ȷ ∗ ϕ_{ȷ,k}) ‖ ‖ ‖ 2 2

1 2 . Each of the last two factors in the last expression is bounded by C|I_T |^12 2^μ because T ∈ T_μ.

In order to estimate the first factor we observe that for (k, n) ∈ T we have ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ∞ ≤ ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ 1 2 2 ‖ ‖ ‖ ‖ ( φ^∗_{1,k,n}ψ^∗_{1,k}U_{−α1ξT} (f_1 ∗ ϕ_{1,k}) )′‖ ‖ ‖ 1 2 2 . The first factor on the right hand side is bounded by C|I_{k,n}|^14 2^μ2 because T ∈ T_μ. For the

second factor on the right hand side we observe ‖ ‖ ‖ ‖ ( φ^∗_{1,k,n}ψ^∗_{1,k}U_{−α1ξT} (f ∗ ϕ_{1,k}) )′‖ ‖ ‖ 2 ≤ C ( N^{−k} ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ ϕ_{1,k}) ‖ ‖ 2 + ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ (U_{α1ξT} (U_{−α1ξT} (ϕ_{1,k}))^′)) ‖ ‖ 2 ) . This is bounded by C|I_{k,n}|^{− 1}2 2^μ because T ∈ T_μ. This completes the proof of Lemma

2.7.1.

Lemma 2.7.2 Let T ∈ T_μ be of type 2. Then

|Λ_T (f_1, f_2, f_3)| ≤ C|I_T |2^{73 μ} .

We prove this lemma. Recall that μ < μ_0, hence the main point is the decay of 2^73^μ

as μ tends to −∞. Again we use the notation of (2.18) and write ϕ_{ȷ,k}, ϕ̃_{ȷ,k} and λ_{ȷ,k} for

ϕ_{ȷ,k,T} , ϕ̃_{ȷ,k,T} and λ_{ȷ,k,T} . We write for the integrand of (2.18): ∑ k∈Z 3∏ ȷ=1 ∑ n∈T_k φ_{ȷ,k,n}ψ_{ȷ,k} (f_ȷ ∗ ϕ_{ȷ,k})

= ∑ k∈Z (f_1 ∗ ϕ_{1,k}) (f_2 ∗ ϕ_{2,k}) ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) ) 3∏ ȷ=1 ∑ n∈T_k φ_{ȷ,k,n}ψ_{ȷ,k} (2.38)

+ ∑ k∈Z λ_{3,k} (f_1 ∗ ϕ_{1,k}) ( f_2 ∗ (ϕ_{2,k} − λ_{2,k}ϕ̃_{2,k}) ) ( f_3 ∗ ϕ̃_{3,k} ) 3∏ ȷ=1 ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k} (2.39)

+ ∑ k∈Z ( f_1 ∗ ϕ̃_{1,k} ) ( f_2 ∗ ϕ̃_{2,k} ) ( f_3 ∗ ϕ̃_{3,k} ) 3∏ ȷ=1 ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k} . (2.40) Here we have used ϕ̃_{1,k} = λ_{2,k}λ_{3,k}ϕ_{1,k}. In (2.39) and (2.40) we were able to replace T_k by

T̃_k because T_k ≠ T̃_k implies λ_{3,k}ϕ_{1,k} = 0. We estimate the integral over (2.38) by ∑ k,n^′∈Z

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{1,k,n}ψ_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ )

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{2,k,n}ψ_{2,k} (f_2 ∗ ϕ_{2,k}) ‖ ‖ ‖ ‖ ‖ L^2(I_{k,n}′ )

× ‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{3,k,n}ψ_{3,k} ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) ) ‖ ‖ ‖ ‖ ‖ L^2(I_{k,n}′ )

≤ ∑ k,n^′∈Z

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{1,k,n}ψ_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ‖ ‖ 2

L^∞(I_{k,n}′ ) N^k 1 2

× sup k,n^′∈Z

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{2,k,n}ψ_{2,k} (f_2 ∗ ϕ_{2,k}) ‖ ‖ ‖ ‖ ‖ L^2(I_{k,n}′ ) N^{− k2}

× ∑ k,n^′∈Z

‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{3,k,n}ψ_{3,k} ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) ) ‖ ‖ ‖ ‖ ‖ 2

L^2(I_{k,n}′ )

1 2

≤ C ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 ∞ N^k 1 2 ( sup (k,n)∈T ‖ ‖ ‖φ^∗_{2,k,n}ψ^∗_{2,k} (f_2 ∗ ϕ_{2,k}) ‖ ‖ ‖ 2 N^{− k2} ) (2.41)

× ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{3,k,n}ψ^∗_{3,k} ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) )‖ ‖ 2 2

1 2

In the last step we have used that ‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{ȷ,k,n}ψ_{ȷ,k} (f_ȷ ∗ ϕ_{ȷ,k}) ‖ ‖ ‖ ‖ ‖ L^p(I_{k,n}′ ) ≤ C(n^′ − n^{′′})^{−m} ‖ ‖φ^∗_{ȷ,k,n}′′ ψ^∗_{ȷ,k} (f_ȷ ∗ ϕ_{ȷ,k}) ‖ ‖ p , (2.42)

where n^{′′} is a number in T_k which minimizes the distance to n^′.

The first factor of (2.41) is bounded by ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 2

1 4 ∑ (k,n)∈T ‖ ‖ ‖ ‖ ( φ^∗_{1,k,n}ψ^∗_{1,k}U_{−α1ξT} (f_1 ∗ ϕ_{1,k}) )′‖ ‖ ‖ 2 2 N^{2k} 1 4 .

This is bounded by C|I_T |^12 2^μ because T ∈ T_μ. The second factor in (2.41) is bounded by C2^μ because T ∈ T_μ. We estimate the third factor of (2.41) by: ∑ z≥0 ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{3,k,n}ψ^∗_{3,k} ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) ∗ θ^+_{ȷ,k+z} )‖ ‖ 2 2

1 2

+ ∑ z≥0 ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{3,k,n}ψ^∗_{3,k} ( f_3 ∗ (ϕ_{3,k} − λ_{3,k}ϕ̃_{3,k}) ∗ θ^−_{ȷ,k+z} )‖ ‖ 2 2

1 2 . Since T ∈ T_μ, this is bounded by ∑ z≥0 2^{− z4} C|I_T |^{12} 2^μ ≤ C|I_T |^{12} 2^μ .

The term (2.39) is estimated similarly as the term (2.38), hence it remains to estimate the term (2.40).

Define f_{ȷ,k} := ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) . Then we can write for (2.40): ∑ k∈Z f_{1,k}f_{2,k+κ+1}f_{3,k+κ+1} (2.43)

+ ∑ k∈Z f_{1,k} κ∑ k̃=0 ( f_{2,k+}~_kf_{3,k+}~_k − f_{2,k+}~_{k+1}f_{3,k+}~_{k+1} ) . (2.44)

First we consider the term (2.43). The Fourier transform of f_{1,k} is supported in [−∞, α_1ξ_T − ϵ^{1.5}N^{−k}] , whereas for ȷ ∈ {2, 3} the Fourier transform of f_{ȷ,k+κ+1} is supported in

[α_ȷξ_T − ϵ^{1.9}N^{−k}, α_ȷξ_T + ϵ^{1.9}N^{−k}] .

Since α · γ = 0, the Fourier transform of the product of these three functions is supported

away from 0. Hence the integral over (2.43) vanishes.

We consider (2.44) and write for it: ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k}f_{3,k} − f_{2,k+1}f_{3,k+1})

= ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k} − f_{2,k+1}) (f_{3,k} − f_{3,k+1}) (2.45)

+ ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k+1} − f_{2,k+2}) (f_{3,k} − f_{3,k+1}) (2.46)

+ ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k} − f_{2,k+1}) (f_{3,k+1} − f_{3,k+2}) (2.47)

+ ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k+2}) (f_{3,k} − f_{3,k+1}) (2.48)

+ ∑ k κ∑ k̃=0 f_{1,k−}~_k (f_{2,k} − f_{2,k+1}) (f_{3,k+2}) . (2.49)

Each of the three terms (2.45),(2.46), and (2.47) is estimated pointwise by

sup_k | | | | | κ∑ k̃=0 f_{1,k−}~_k | | | | | 3∏ ȷ=2 ( ∑ k |f_{ȷ,k} − f_{ȷ,k+1}|^2 ) 1_2 . The integral over this expression is estimated by ‖ ‖ ‖ ‖ ‖sup_k | | | | | κ∑ k̃=0 f_{1,k−}~_k | | | | | ‖ ‖ ‖ ‖ ‖ 4 3∏ ȷ=2

‖ ‖ ‖ ‖ ‖ ( ∑ k |f_{ȷ,k} − f_{ȷ,k+1}|^2 ) 1_2 ‖ ‖ ‖ ‖_8 3 . (2.50)

Consider the first factor in (2.50). The supports of the Fourier transforms of the

functions f_{1,k} are contained in intervals which form a lacunary family as k varies. Hence

we have ‖ ‖ ‖sup_k | | ∑κ k̃=0 f1,k−k̃ | | ‖ ‖ 4 ≤ C ‖ ‖ ∑ k∈Z f^{1,k} ‖ ‖ 4 . (2.51)

We estimate the right hand side of this inequality by interpolation between the two

estimates ‖ ‖∑ k∈Z f^{1,k} ‖ ‖ 2 ≤ C|I_T |^{12} 2^μ , ‖ ‖U_{−α1ξT} ∑ k∈Z f^{1,k} ‖ ‖ BMO ≤ C2^μ .

The L^2 estimate is seen as follows: ‖ ‖ ‖ ‖ ‖ ‖ ∑ (k,n)∈T̃_k φ_{1,k,n}ψ_{1,k}(f_1 ∗ ϕ̃_{1,k}) ‖ ‖ ‖ ‖ ‖ ‖

2

2 = ‖ ‖ ‖ ‖ ‖ ∑ (k,n)∈T_k φ_{1,k,n}ψ_{1,k}(f_1 ∗ ϕ̃_{1,k}) ‖ ‖ ‖ ‖ ‖ 2

2 (2.52)

= ∑ k∈Z ‖ ‖ ‖ ‖ ‖ ∑ n∈T_k φ_{1,k,n}ψ_{1,k}(f_1 ∗ ϕ̃_{1,k}) ‖ ‖ ‖ ‖ ‖ 2

2 ≤ C ∑ (k,n)∈T ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 2 ≤ C|I_T |^{12} 2^μ ,

where the last inequality is true because T ∈ T_μ.

We prove the (N-adic) BMO estimate. For simplicity of notation assume ξ_T = 0, the

easy modifications needed for general ξ_T are left to the reader. Fix an N − adic interval

J of length N^{kJ} and let T_J be the set of (k, n) ∈ T such that I_{k,n} ⊂ J. Observe that

(T_J , 2, J, ξ_T ) is again a tree, and its size is less than μ because T would not have been

selected otherwise. We have

|J|^{−1} inf_c ∫ J | | | | ∑ (k,n)∈T̃ φ1,k,n(x)ψ1,k(f1 ∗ ϕ̃_{1,k})(x) − c | | | | dx ≤ |J|^{− 12} ‖ ‖ ‖ ‖ ∑ (k,n)∈T_J φ1,k,nψ1,k(f1 ∗ ϕ̃_{1,k}) ‖ ‖ ‖ ‖ 2 (2.53) +|J|^{− 12} ‖ ‖ ‖ ‖ ∑ (k,n)∈T \T_J :k≤k_J φ1,k,nψ1,k(f1 ∗ ϕ̃_{1,k}) ‖ ‖ ‖ ‖ L^2(J)

(2.54)

+|J|^{−1} inf_c ∫ J | | | | ∑ (k,n)∈T :k>k_J φ1,k,n(x)ψ1,k(x)(f1 ∗ ϕ̃_{1,k})(x) − c | | | | dx . (2.55)

The first summand (2.53) is bounded by C2^μ by the same arguments as in (2.52). For

(k, n) ∈ T \ T_J with k ≤ k_J we calculate: ‖ ‖φ_{1,k,n}ψ_{1,k} ( f ∗ ϕ̃_{1,k} )‖ ‖ L^2(J) ≤ C ( 1 + |I_{k,n}|^{−1}dist(J, I_{k,n}) )−m ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ ϕ_{1,k}) ‖ ‖ 2 ≤ C ( 1 + |I_{k,n}|^{−1}dist(J, I_{k,n}) )−m N^{k2} 2^μ .

Again the last inequality follows from T ∈ T_μ. Summing over (k, n) ∈ T \ T_J with k ≤ k_J

proves that (2.54) is bounded by C2^μ. For (k, n) ∈ T with k > k_J we calculate:

|J|^{−1} inf_c ∫ J |φ_{1,k,n}ψ_{1,k} (f ∗ ϕ_{1,k}) − c| dx ≤ C|J|^{12} ‖ ‖ ‖(φ_{1,k,n}ψ_{1,k} (f ∗ ϕ_{1,k}))^′ ‖ ‖ ‖ L^2(J) ≤ C ( N^{−k} ‖ ‖φ^∗_{1,k,n}^2ψ^∗_{1,k} (f ∗ ϕ_{1,k}) ‖ ‖ L^2(J) + ‖ ‖φ^∗_{1,k,n}^2ψ^∗_{1,k} (f ∗ (ϕ_{1,k})^′) ‖ ‖ L^2(J) )

≤ C ( 1 + |I_{k,n}|^{−1}dist(J, I_{k,n}) )−m ( N^{−k} ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 + ‖ ‖ ‖φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ (ϕ_{1,k})^′) ‖ ‖ ‖ 2 )

≤ C ( 1 + |I_{k,n}|^{−1}dist(J, I_{k,n}) )−m N^{− k2} 2^μ .

Summing over (k, n) ∈ T with k > k_J proves that (2.55) is bounded by C2^μ. This

completes the proof of the N-adic BMO estimate and therefore proves that the first

factor in (2.50) is bounded by C|I_T |^14 2^μ.

We consider the last two factors in (2.50). Let ȷ ∈ {2, 3}. We have (∑ k |f_{ȷ,k} − f_{ȷ,k+1}|^2 ) 1_2

≤ ( ∑ k | | | ∑ n∈T̃_{k+1} φȷ,k+1,nψȷ,k+1 ( f_ȷ ∗ (ϕ̃_{ȷ,k} − ϕ̃_{ȷ,k+1}) )| | | 2) 1_2

(2.56)

+ ( ∑ k | | | | ∑ n∈T̃_{k+1} φȷ,k+1,n (ψȷ,k − ψȷ,k+1) (fȷ ∗ ϕ̃_{ȷ,k}) | | | | 2) 1_2

(2.57)

+ ( ∑ k | | | | (∑ n∈T̃_k φȷ,k,n − ∑ n∈T̃_{k+1} φȷ,k+1 ) ψ_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) | | | | 2) 1_2

(2.58)

We estimate the L^2- norm of the term (2.56) by ‖ ‖ ‖ ‖ ‖ ‖ ∑ k

| | | | | | ∑ n∈T̃_k φ_{ȷ,k,n}ψ_{ȷ,k} ( f_ȷ ∗ (ϕ̃_{ȷ,k−1} − ϕ̃_{ȷ,k}) ) | | | | | |

2 1 2 ‖ ‖ ‖ ‖ ‖ ‖ 2

≤ ∑ (k,n)∈T̃ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ (θ^+_{ȷ,k}) )‖ ‖ 2 2

1 2

∑ (k,n)∈T̃ ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ (θ^−_{ȷ,k}) )‖ ‖ 2 2

1 2 . This is bounded by C|I_T |^12 2^μ because T ∈ T_μ. The BMO- norm of (2.56) is bounded

by C by Lemma (2.6.2). Interpolation shows that the L^83 - norm of (2.56) is bounded by

C|I_T |^38 2^34^μ.

In order to estimate (2.57), observe that |ψ_{ȷ,k} − ψ_{ȷ,k+1}| is bounded by | | |1_{Ek−κ\Ek−κ+1} ∗ D^1_N k+2−κ ψ | | | + | | |1_{(Ek−κ+1)}c ∗ ( D^1_N k+2−κ ψ − D^1_N k+3−κ ψ )| | C ∑ J∈Δ_{k−κ} ρ_{k−κ,J}^2 . Let V^+_k be the set of integers n ∈ T̃_k such that n + 1 /∈ T̃_k, and let V^−_k be the set of

integers n ∈ T̃_k such that n − 1 /∈ T̃_k. Observe that | | | ∑ n∈T̃_{k+1} φȷ,k+1,n (ψȷ,k − ψȷ,k+1) | | |

≤ C ∑ n∈Δ_{k−κ,T} ρ^2_{k−κ,J} + C ∑ n∈V^+_{k+1}∪V^−_{k+1} φ^∗_{ȷ,k+1,n}^2ψ^∗_{ȷ,k} . (2.59) This gives for the L^2 norm of (2.57) the upper bound: ≤ C (∑ k ∑ J∈Δ_{k−κ,T} ‖ ‖ ‖ρ_{k−κ,J} (f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ 2 2 ) 1_2

(2.60)

+ (∑ k ∑ n∈V^+_{k+1}∪V^−_{k+1} ‖ ‖ ‖φ^∗_{ȷ,k+1,n}ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ 2 2 ) 1_2

(2.61)

The term (2.60) is bounded by C2^μ|I_T |^12 because T ∈ T_μ. The term (2.61) is bounded by C2^μ (∑ k ∑ n∈V^+_{k+1} N k ) 1_2

+ C2^μ (∑ k ∑ n∈V^−_{k+1} N k ) 1_2 , because T ∈ T_μ. By symmetry it suffices to consider the first term. Consider the set

of intervals^1_3 I_{k,n+1} where k ∈ Z and n ∈ V_k. Observe that these intervals are pairwise

disjoint by convexity of the tree T and contained in 3I_T . Hence we have ∑ (n,k):n∈V^+_k 1 3 N^k ≤ 3|I_T | .

This proves that (2.61) is bounded by C2^μ|I_T |^12 . Hence the L^2 norm of (2.57) is bounded

by C2^μ|I_T |^12 .

With Lemma 2.6.2 we estimate (2.57) pointwise by ( ∑ k∈Z | | | ∑ n∈T̃_{k+1} φȷ,k+1,n |ψȷ,k − ψȷ,k+1| 1 2 ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) | | | 2) 1_2

≤ C ( ∑ k∈Z | | | ∑ n∈T̃_{k+1} φȷ,k+1,n |ψȷ,k − ψȷ,k+1| 1 2 | | | 2) 1_2

≤ C ∑ k ∑ J∈Δ_{k−κ,IT} ρk−κ,J + C ∑ k ∑ n∈V^+_{k+1}∪V^−_{k+1} φ^∗_{1,k+1,n} The L^1 norm of the last expression is bounded by C|I_T |, whereas the BMO norm is

bounded by C. Hence the L^8 norm is bounded by C|I_T |^18 . Hence the L^83 - norm of (2.57)

is bounded by C|I_T |^38 2^23^μ.

We turn to the term (2.58). Observe that T̃_k ⊂ T̃_{k+1} unless k = k_T . We have T̃_{kT} = {k_T , n_T } and T̃_{kT +1} = ∅. Hence we can estimate the square of the L2 norm of

(2.58) by ∑ k ∑ n^′∈Z

‖ ‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_k φ_{ȷ,k,n} − ∑ n∈T̃_{k+1} φ_{ȷ,k+1} ψ_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ ‖ ‖ ‖

2

L^2(I_{k,n}′ ) (2.62)

≤ C ∑ k≠k_T ∑ n^′∈Z

‖ ‖ ‖ ‖ ‖ ‖ ‖

| | | | | | ∑ n∈T̃_k φ_{ȷ,k,n} − ∑ n∈T̃_{k+1} φ_{ȷ,k+1} | | | | | |

1 2 ‖ ‖ ‖ ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ )

‖ ‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_{k+1} φ^∗_{ȷ,k+1,n}^2ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ ‖ ‖ ‖

2

L^2(I_{k,n}′ ) (2.63) + ‖ ‖φ_{ȷ,kT ,nT} ψ_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ 2 L^2 . (2.64)

The term (2.64) is bounded by C|I_T |2^{2μ} because T ∈ T_μ. The second factor in each

summand of (2.63) is estimated by ‖ ‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_{k+1} φ^∗_{ȷ,k+1,n}^2ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ ‖ ‖ ‖

2

L^2(I_{k,n}′ ) ≤ C sup_{n∈T̃} k+1 ‖ ‖φ^∗_{ȷ,k+1,n}ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖2 2 , (2.65)

which is bounded by C2^{2μ}N^k because T ∈ T_μ. Hence we can estimate (2.63) by C2^{2μ} ∑ k≠k_T ∑ n^′∈Z N k ‖ ‖ ‖ ‖ | | | ∑ n∈T̃_k φȷ,k,n − ∑ n∈T̃_{k+1} φȷ,k+1 | | | 1 2 ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ ) .

Let W_k be the set of integers n such that I_{k,n} ∈ T̃_k but I_{k,n} is not covered by intervals of

the type I_{k−1,n}′ with n^′ ∈ T̃_{k−1}. Then the previously displayed expression is bounded by C2^{2μ} ∑ k≠k_T ,n^′∈Z N^k (‖ ‖ ‖ ‖ ∑ n∈W_{k+1} φ ∗ ȷ,k+1,n ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ ) + ‖ ‖ ‖ ‖ ∑ n∈V^+_{k+1}∪V^−_{k+1} φ ∗ ȷ,k+1,n ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ ) ) . (2.66)

The term involving the sets W_{k+1} is estimated by C2^{2μ} ∑ k≠k_T ∑ n∈W_{k+1} ∑ n^′∈Z N k ‖ ‖ ‖φ^∗_{ȷ,k+1,n} ‖ ‖ ‖ L^∞(I_{k,n}′ ) ≤ C2^{2μ} ∑ k≠k_T ∑ n∈W_{k+1} N k . To each k ≠ k_T and n ∈ W_{k+1} pick an interval I_{k,n}′ with I_{k,n}′ ⊂ I_{k+1,n} and I_{k,n}′ ∉ T̃_k.

By convexity of the tree these intervals are pairwise disjoint as k runs through Z and

n through W_k. Hence the previously displayed expression is bounded by C|I_T |2^{2μ}. The

terms in (2.66) involving the sets V^+_{k+1} and V^−_{k+1} are estimated similarly.

We estimate (2.58) pointwise by ( ∑ k | | | | (∑ n∈T̃_k φȷ,k,n − ∑ n∈T̃_{k+1} φȷ,k+1,n ) ‖ ‖ ‖ψ^∗_{ȷ,k}(f_ȷ ∗ ϕ̃_{ȷ,k}) ‖ ‖ ‖ ∞ | | | | 2) 1_2

≤ C |φ_{ȷ,kT ,nT} | + C ∑ k≠k_T | | | | ∑ n∈W_{k+1}∪V^+_{k+1}∪V^−_{k+1} φ ∗ ȷ,k+1,n | | | | . The function on the right hand side of this inequality is easily seen to have L^1 norm

bounded by C|I_T | and BMO norm bounded by C. By the same argument as for the term

(2.57) we obtain that the L^83 norm of (2.58) is bounded by C|I_T |^38 2^23^μ. This completes

the discussion of (2.50).

We turn to the term (2.48), which is equal to ∑ k κ−3∑ k̃=0 f_{1,k−}~_k (f_{2,k+2}) ∑ n∈T̃_{k+1} φ_{3,k+1,n}ψ_{3,k+1}(f_3 ∗ (ϕ̃_{3,k} − ϕ̃_{3,k+1})) (2.67)

+ ∑ k κ−3∑ k̃=0 f_{1,k−}~_k (f_{2,k+2}) ∑ n∈T̃_{k+1} φ_{3,k+1,n}(ψ_{3,k} − ψ_{3,k+1})(f_3 ∗ ϕ̃_{3,k}) (2.68)

+ ∑ k κ−3∑ k̃=0 f_{1,k−}~_k (f_{2,k+2}) ∑ n∈T̃_k φ_{3,k,n} − ∑ n∈T̃_{k+1} φ_{3,k+1,n} ψ_{3,k}(f_3 ∗ ϕ̃_{3,k}) (2.69)

+ ∑ k κ∑ k̃=κ−2 f_{1,k−}~_k (f_{2,k+2}) (f_{3,k} − f_{3,k+1}) . (2.70)

The Fourier transforms of the functions κ−3∑ k̃=0 f_{1,k−}~_k , f_{2,k+2} , ∑ n∈T̃_{k+1} φ_{3,k+1,n}ψ_{3,k+1}(f_3 ∗ (ϕ̃_{3,k} − ϕ̃_{3,k+1}))

are supported in the sets

[α_1ξ_T − ϵ^{0.9}N^{−k+κ−2}, α_1ξ_T + ϵ^{0.9}N^{−k+κ−2}] , [ α_2ξ_T − ϵ^{1.9}|α_2|N^{−k−3}, α_2ξ_T + ϵ^{1.9}|α_2|N^{−k−3} ] , IR \ [ α_3ξ_T − ϵ^{2.1}|α_3|N^{−k−2}, α_3ξ_T + ϵ^{2.1}|α_3|N^{−k−2} ] . Therefore it is easy to see that the Fourier transform of (2.67) vanishes at the origin,

hence the integral over (2.67) is zero.

The integral over (2.68) is estimated by ‖ ‖ ‖ ‖ ‖sup_k | | | | | κ−3∑ k̃=0 f_{1,k−}~_k | | | | | ‖ ‖ ‖ ‖ ‖ 4

‖ ‖ ‖ ‖ ‖ ‖ ∑ k

| | | | | |f_{2,k+2} ∑ n∈T̃_{k+1} φ_{3,k+1,n}(ψ_{3,k} − ψ_{3,k+1})(f_3 ∗ ϕ̃_{3,k}) | | | | | | ‖ ‖ ‖ ‖ ‖ ‖_4 3 .

The first factor was seen before to be bounded by C|I_T |^14 2^μ. The second factor is estimated

by ‖ ‖ ‖ ‖ ‖ ‖ ‖ ∑ k

| | | | | | (f_2 ∗ ϕ̃_{2,k+2}) 3∏ ȷ=2

| | | | | | ∑ n∈T̃_{k+1} φ_{ȷ,k+1,n}(ψ_{ȷ,k} − ψ_{ȷ,k+1}) | | | | | | 1 2 (f_3 ∗ ϕ̃_{3,k}) | | | | | |

‖ ‖ ‖ ‖ ‖ ‖_{43} ≤ ‖ ‖ ‖ ‖ (∑ k | | | ∑ n∈T̃_{k+1} φ2,k+1,n(ψ2,k − ψ2,k+1) | | | | |f_2 ∗ ϕ̃_{2,k+2} | | 2) 1_2 ‖ ‖ ‖ ‖_{83}

× ‖ ‖ ‖ ‖ ‖ (∑ k | | | | ∑ n∈T̃_{k+1} φ3,k+1,n(ψ3,k − ψ3,k+1) | | | | | | |f_3 ∗ ϕ̃_{3,k} | | | 2) 1_2 ‖ ‖ ‖ ‖_{83}

Here each factor is estimated by C|I_T |^38 2^23^μ with the arguments used in the discussion of

(2.57). This completes the discussion of the term (2.68).

The integral over (2.69) is estimated by ‖ ‖ ‖ ‖ ‖sup_k | | | | | κ−3∑ k̃=0 f_{1,k−}~_k | | | | | ‖ ‖ ‖ ‖ ‖ 4

‖ ‖ ‖ ‖ ‖ ∑ k

| | | | |f_{2,k+2} ∑ n∈T̃_{k+1} φ_{3,k,n} − ∑ n∈T̃_{k+1} φ_{3,k+1,n} ψ_{3,k}(f_3 ∗ ϕ̃_{3,k}) | | | | | ‖ ‖ ‖ ‖ ‖_4 3 . (2.71)

The first factor is estimated as before. For the second factor, we again consider only the

sum over k ≠ k_T , the term k = k_T being easy and left to the reader. We calculate for the

L^1- norm: ∑ k≠k_T ∑ n^′∈Z

‖ ‖ ‖ ‖ ‖ ‖ f_{2,k+2} ∑ n∈T̃_{k+1} φ_{3,k,n} − ∑ n∈T̃_{k+1} φ_{3,k+1,n} ψ_{3,k}(f_3 ∗ ϕ̃_{3,k}) ‖ ‖ ‖ ‖ ‖ ‖ L^1(I_{k,n}′ ) ≤ ∑ k,n^′∈Z ‖f_{2,k+2}‖_{L2(Ik,n′ )} ‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_{k+1} φ^∗_{3,k+1,n}^2ψ^∗_{3,k}(f_3 ∗ ϕ̃_{3,k}) ‖ ‖ ‖ ‖ ‖ L^2(I_{k,n}′ ) × ‖ ‖ ‖ ‖ ‖ ‖ ‖

| | | | | | ∑ n∈T̃_{k+1} φ_{3,k,n} − ∑ n∈T̃_{k+1} φ_{3,k+1,n} | | | | | |

1 2 ‖ ‖ ‖ ‖ ‖ ‖ ‖ L^∞(I_{k,n}′ ) As in (2.65), the first two factors in each summand are bounded by C|I_T |^12 2^μ. Hence the

whole expression is bounded by C2^{2μ}|I_T | by the same arguments as used for the term

(2.58).

Moreover we can prove a pointwise estimate for the function in the second factor of

(2.71) as in the argument used to estimate (2.58), and thereby concluding the appropriate

bound for (2.71).

In the term (2.70), the index k̃ runs through three values. Each of the three summands

can be estimated separately. We have for k̃ ∈ {0, 1, 2}: ∑ k | | |f_{1,k−}~_kf_{2,k+2}(f_{3,k} − f_{3,k+1}) | | |

≤ ∑ k

| | | | | ∑ n∈T̃_{k−k̃} φ^∗_{1,k−k̃,n}^2 2 ψ_{1,k−}~_k(f_1 ∗ ϕ_{1,k−}~_k)ψ_{2,k+2}(f_2 ∗ ϕ_{2,k+2})(f_{3,k} − f_{3,k+1}) | | | | | The integral over this expression is bounded by

≤ ∑ k

‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_k φ^∗_{1,k,n}^2ψ_{1,k}(f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ ‖ ‖ 2

2

1 2

× sup_k ‖ ‖ ‖ ‖ ‖ ∑ n∈T̃_k φ^∗_{1,k,n}^2ψ_{2,k+}~_{k+2}(f_2 ∗ ϕ_{2,k+}~_{k+2}) ‖ ‖ ‖ ‖ ‖ ∞

( ∑ k ‖f_{3,k} − f_{3,k+1}‖^2

) 1_2

The first and the last factor have been discussed before, they are both bounded by

C|I_T |^12 2^μ. The second factor is estimated by sup (k,n)∈T̃_k ‖ ‖ ‖φ^∗_{1,k,n}ψ_{2,k+}~_{k+2}(f_2 ∗ ϕ_{2,k+}~_{k+2}) ‖ ‖ ‖ ∞ ≤ sup (k,n)∈T̃_k ‖ ‖ ‖φ^∗_{1,k,n}ψ_{2,k+}~_{k+2}(f_2 ∗ ϕ_{2,k+}~_{k+2}) ‖ ‖ ‖ 1 2 2 ‖ ‖ ‖(φ^∗_{1,k,n}ψ_{2,k+}~_{k+2}U_{−α2ξT} (f_2 ∗ ϕ_{2,k+}~_{k+2}))^′ ‖ ‖ ‖ 1 2 2 . This is bounded by C2^μ, which completes the discussion of the term (2.48). The term

(2.49) is estimated in the same way as (2.48).

This completes the proof of Lemma 2.7.2.

2.8 The tree estimate again

Lemma 2.8.1 We have for all 0 ≤ ν < r:

|Λ_Pν (f_1, f_2, f_3) − Λ_Pν+1 (f_1, f_2, f_3)| ≤ C|I_ν|2^{73 μν} .

We prove this lemma. Fix ν. Recall that P^ν \ P^{ν+1} = T^ν. Hence for each k ∈ Z there

is at most on l such that P^ν_{k,l} \ P^{ν+1}_{k,l} ≠ ∅. Define ϕ_{ȷ,k} = ϕ_{ȷ,k,l} if T^ν_{k,l} ≠ ∅ and ϕ_{ȷ,k} = 0

otherwise. Define P^ν_k := P^ν_{k,l} and P^{ν+1}_k := P^{ν+1}_{k,l} if T^ν_{k,l} ≠ ∅, and define P^ν_k := P^{ν+1}_k := ∅

otherwise. Observe that we have for all k ∈ Z: | | | | ∏3 ȷ=1 ∑ n∈P^ν_k φȷ,k,n − ∏3 ȷ=1 ∑ n∈P^{ν+1}_k φȷ,k,n | | | | ≤ 3∏ ȷ=1 ∑ n∈T^ν_k φ_{ȷ,k,n} + | | |1_{Iν} ∗ D^1_N k (φ^{∗′}) | | | 3∏ ȷ=1 ∑ n∈P^ν_k φ^∗_{ȷ,k,n}^2 . Hence we can estimate the left hand side of the inequality in the lemma by

|Λ_T ν (f_1, f_2, f_3)| (2.72) +C ∑ k∈Z ∫ IR | | | | | | |1_Iν ∗ D^1_N k (φ^{∗′}) | | 3∏ ȷ=1 ∑ n∈P^ν_k φ^∗_{ȷ,k,n}^2ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) | | | | | dx (2.73)

The term (2.72) satisfies the appropriate bound by Lemmata 2.7.1 and 2.7.2. Fix k and

consider the corresponding term in (2.73). We have ∫ IR | | | | | | | |1_Iν ∗ D^1_N k (φ^{∗′}) | | | 3∏ ȷ=1 ∑ n∈P^ν_k φ^∗_{ȷ,k,n}^2ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) | | | | | dx

≤ ∑ n^′∈Z ‖ ‖ ‖1_Iν ∗ D^1_N k (φ^{∗′}) ‖ ‖ ‖ L^∞(I_n′_{,k}) ‖ ‖ ‖ ‖ ‖ 3∏ ȷ=1 ∑ n∈P^ν_k φ^∗_{ȷ,k,n}^2ψ_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) ‖ ‖ ‖ ‖ ‖ L^1(I_n′_{,k})

The first factor is bounded by C ( 1 + N^{−k}dist(n^′, ∂I_ν ) )−m . We estimate the second factor by Hölder. Observe that for ȷ ∈ {2, 3}: ‖ ‖ ‖ ‖ ‖ ∑ n∈P^ν_k φ^∗_{ȷ,k,n}^2ψ^∗_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) ‖ ‖ ‖ ‖ ‖ L^2(I_n′_{,k}) ≤ C ‖ ‖ ‖φ^∗_{ȷ,k,n}′′ψ^∗_{ȷ,k}(x) (f_ȷ ∗ ϕ_{ȷ,k}) (x) ‖ ‖ ‖ 2 ≤ C2^{μν} N^{k2}

Here n^{′′} is the integer in P^ν_k which minimizes the distance to n^′, and the last inequality

followed from T ∈ T_{μν} . Similarly we have ‖ ‖ ‖ ‖ ‖ ∑ n∈P^ν_k φ^∗_{1,k,n}^2ψ_{1,k}(x) (f_1 ∗ ϕ_{1,k}) (x) ‖ ‖ ‖ ‖ ‖ L^∞(I_n′_{,k}) ≤ C ‖ ‖ ‖φ^∗_{1,k,n}′′ ψ_{1,k}(x) (f_1 ∗ ϕ_{1,k}) (x) ‖ ‖ ‖ ∞ ≤ C2^{μν} . Hence we can estimate (2.73) by ∑ k:N^k≤|Iν | ∑ n^′∈Z C ( 1 + N^{−k}dist(n^′, ∂I_ν ) )−m 2^{3μ}N^k ≤ C2^{3μ}|I_ν| .

Since μ ≤ μ_0, this ends the proof of Lemma 2.8.1

2.9 Counting the trees, part 1

In the remaining sections we prove an estimate on the amount of selected trees. Recall

that T_μ is the set of selected trees with size μ. We have:

Lemma 2.9.1 For all μ ∈ Z: ∑ T ∈Tμ |I_T | ≤ C2^{− 2512 μ} . (2.74)

At each iteration step we have selected two trees. By virtue of the selection rule, one of

the trees satisfies one of the conditions 1 to 10 in the selection algorithm. We call this tree

the good tree. Since both trees of a selected pair have the same top interval, it suffices to

prove the estimate of the Lemma for the good trees.

Let T^σ_μ be the set of good trees in T_μ which are selected based on condition σ. It

suffices to prove the estimate of the Lemma for T^σ_μ for each σ ∈ {1, . . . , 10}.

First we consider the set T^1_μ. Let T^′ be the set of those trees T in T^1_μ such that inequality (2.21) is satisfied for the element P_T ∈ T . Let P^′ be the set of elements P_T with T ∈ T^′.

For each P ∈ P^′ define A_P f(x) := φ^∗_{1,k,n}ψ^∗_{1,k} (f ∗ ϕ_{1,k,l}) . Inequality (2.21) and the fact that μ was chosen to be maximal imply that

2^μ|I_{k,n}|^{12} ≤ ‖A_P f_1‖_2 ≤ 2^{μ+1}|I_{k,n}|^{12} . (2.75)

Since T_μ = ∅ for μ > μ_0, it suffices to prove ∑ T ∈T^′ |I_T | ≤ C2^{−2μ} . (2.76)

By (2.75) this is equivalent to ∑ P ∈P^′ ‖A_P f_1‖^2 ≤ C .

We have ∑ P ∈P^′ ‖A_P f_1‖^2 2 ≤ ‖f_1‖^2 ‖ ‖ ‖ ‖ ‖ ∑ P ∈P^′ A^∗_P A_P f_1 ‖ ‖ ‖ ‖ ‖ 2

2 ≤ 2 ‖f_1‖^2 ∑ P,P^′∈P^′:|I_P ′ |≤|I_P | ‖A_P f_1‖_2 ‖A_P A^∗_P ′ ‖ ‖A_P ′ f_1‖_2

≤ C ‖f_1‖^2 ∑ P ∈P^′ ‖A_P f_1‖^2 ∑ P^′∈P^′:|I_P ′ |≤|I_P | ‖A_P A^∗_P ′ ‖ N^{k′−k2} . In the last line we have used (2.75). We have to estimate the norm of A_P A^∗_P ′ . The integral kernel of this operator is K(x, y) = φ^∗_{1,k,n}(x)ψ^∗_{1,k}(x) ( ϕ_{1,k,l} ∗ ϕ̌_{1,k}′_{,l}′ ) (x − y)φ^∗_{1,k}′_{,n}′ (y)ψ^∗_{1,k}′ (y) . First we observe ϕ_{1,k,l} ∗ ϕ̌_{1,k}′_{,l}′ = 0 if ω_{1,P} ∩ ω_{1,P} ′ = ∅, because then the supports of ^ϕ_{1,k,l} and ^ϕ_{1,k}′_{,l}′ are disjoint. Since we have k^′ ≤ k, the condition ω_{1,P} ∩ ω_{1,P} ′ ≠ ∅ implies ω_{1,P} ⊂ ω_{1,P} ′ . Let P_P be the set of all P^′ ∈ P^′ such that |I_P ′ | ≤ |I_P | and ω_{1,P} ⊂ ω_{1,P} ′ . For P^′ ∈ P_P we estimate the kernel K of A_P A^∗_P ′ pointwise by |K(x, y)| ≤ C ( (1_{Ik,n} ∗ D^1_N k φ^∗)(x) ) ( D^1_N k φ^∗(y − x) ) ( (1_{Ik′,n′} ∗ D^1_{N k}′ φ^∗)(y) ) . In preparation for Schur’s lemma we estimate: ∫ |K(x, y)| dx ≤ C(1_{Ik,n} ∗ D^1_N k φ^∗)(y)(1_{Ik′,n′} ∗ D^1_{N k}′ φ^∗)(y) ≤ C(1 + N^{−k}dist(I_{k,n}, I_k′_{,n}′ )^{−m} ,

∫ |K(x, y)| dy ≤ C(1_{Ik′,n′} ∗ D^1_N k φ^∗)(x)(1_{Ik,n} ∗ D^1_N k φ^∗)(y) ≤ CN^{k′−k} ( 1 + N^{−k}dist(I_{k,n}, I_k′_{,n}′ ) )−m . Hence Schur’s lemma implies: ‖A_P A^∗_P ′ ‖ ≤ N^{k′−k2} ( 1 + N^{−k}dist(I_{k,n}, I_k′_{,n}′ ) )−m . These estimates on A_P A^∗_P ′ give for fixed P ∈ P^′: ∑ P^′∈P^′,|I_P ′ |≤|I_P | ‖A_P A^∗_P ′ ‖N^{k′−k2}

≤ ∑ P^′∈P_P N^{k′−k}(1 + N^{−k}dist(I_{k,n}, I_k′_{,n}′ ))^{−m}

≤ C + C ∫ IR ∑ P^′∈P_P N^{−k}(1 + N^{−k}dist(I_{k,n}, x))^{−m}1_I′_P dx .

Here we have approximated dist(I_{k,n}, I_k′_{,n}′ ) by dist(I_{k,n}, x) for each x ∈ I_k′_{,n}′ . This is inaccurate only if dist(I_{k,n}, I_k′_{,n}′ ) < |I_k′_{,n}′ |. By the N-adic structure this happens only if I_{k,n} and I_k′_{,n}′ are neighbouring intervals. Hence there are at most two intervals I_k′_{,n}′ for which this happens. The corresponding terms however can easily be estimated by a constant C. This justifies the previous calculation.

We claim that the intervals I_P ′ whith P^′ ∈ P_P are pairwise disjoint. To see this assume to the contrary that I_P ′ ⊂ I_P ′′ for two such intervals. Then we can assume that the tree T^{′′} corresponding to P^{′′} has been selected first. Moreover we conclude ω_{1,P} ′′ ⊂ ω_{1,P} ′ , because ω_{1,P} ⊂ ω_{1,P} ′ ∩ ω_{1,P} ′′ and k^′ ≤ k^{′′}. Hence T^{′′} ∪ {P^′} is a tree, a contradiction to the maximality of T^{′′}. Hence we can estimate the previously displayed expression by: C + C ∫ IR N^{−k}(1 + N^{−k}dist(I_{k,n}, x))^{−m} dx ≤ C This gives ∑ P ∈P^′ ‖A_P f_1‖^2 2 ≤ C ‖f_1‖^2 ∑ P ∈P^′ ‖A_P f_1‖^2 ,

which proves the desired estimate since f_1 was normalized.

The estimate (2.76) for the set of those trees T in T^1_μ such that P_T satisfies inequality (2.22) is proved in the same way, using that the function N^kU_{α1ξ}(U_{−α1ξ}ϕ_{1,k,l})^′ satisfies the same estimates as the function ϕ_{1,k,l}. This completes the discussion of the set T^1_μ.

We consider the set T^4_μ. Fix a ȷ ∈ {2, 3} and let T^′ be the set of those trees T ∈ T^4_μ such that the element P_T satisfies inequality (2.26). We proceed as in the previous case. The only changes concern the kernel estimates, which become: |K(x, y)| ≤ C ( (1_{Ik,n} ∗ D^1_N k−κ φ^∗)(x) ) ( D^1_N k−κ φ^∗(y − x) ) ( (1_{Ik′,n′} ∗ D^1_{N k}′_{−κ} φ^∗)(y) ) .

∫ |K(x, y)| dx ≤ C ∫ ( (1_{Ik,n} ∗ D^1_N k−κ φ^∗)(y) ) ( (1_{Ik′,n′} ∗ D^1_{N k}′_{−κ} φ^∗)(y) ) dy ≤ C(1 + N^{κ−k}dist(I_{k,n}, I_k′_{,n}′ ))^{−m} , ∫ |K(x, y)| dy ≤ C ( (1_{Ik′,n′} ∗ D^1_N k−κ φ^∗)(x) ) ( (1_{Ik,n} ∗ D^1_N k−κ φ^∗)(y) ) ≤ C min(1, N^{k′−k+κ})(1 + N^{κ−k}dist(I_{k,n}, I_k′_{,n}′ ))^{−m} . Hence: ‖A_P A^∗_P ′ ‖ ≤ min(1, N^{k′−k+κ2} )(1 + N^{κ−k}dist(I_{k,n}, I_k′_{,n}′ ))^{−m} , and: ∑ P^′∈P^′,|I_P ′ |≤|I_P | ‖A_P A^∗_P ′ ‖N^{k′−k2} ≤ C + C ∫ IR ∑ P ∈P_P N^{κ2 −k}(1 + N^{κ−k}dist(I_{k,n}, x))^{−m}1_{Ik′,n′} (x) dx ≤ C . With these estimates one can argue as in the previous case. This completes the discussion of the set T^4_μ.

We consider the set T^7_μ. Fix a ȷ ∈ {2, 3} and a k̃ ∈ {−1, 0, 1, 2, 3, 4} and let T^′ be the set of those trees T ∈ T^7_μ such that inequality (2.29) is satisfied for this particular ȷ and k̃. Define for T ∈ T′: A_T f(x) := φ^∗_{1,kT ,nT} ψ^∗_{1,kT} (f ∗ ϕ_{1,kT ,l}) . We proceed as in the previous cases. The only changes concern the argument that for fixed T ∈ T^′ the intervals I_T ′ with T^′ ∈ T^′, |I_T ′ | < |I_T |, A_T A^∗_T ′ ≠ 0 are pairwise disjoint. Assume to the contrary that I_T ′ ⊂ I_T ′′ for two such intervals. We can assume that the tree T^{′′} has been selected before the tree T^′. We conclude from A_T A^∗_T ′ ≠ 0 that ω_{kT ,T} ∩ ω_{kT ′ ,T} ′ ≠ ∅ because we have suppD^∞_α−1_ȷ ^ϕ̃_{ȷ,kT +}~_{k,T} ⊂ ω_{kT ,T} . Likewise we have ω_{kT ,T} ∩ ω_{kT ′′ ,T} ′′ ≠ ∅, and we conclude from k_T ′ , k_T ′′ ≥ k_T that 3ω_{kT ′ ,T} ′ ∩ 3ω_{kT ′′ ,T} ′′ ≠ ∅. Since k_T ′′ ≥ k_T ′ , we have ω_{kT ′′ ,T} ′′ ⊂ 8ω_{kT ′ ,T} ′ . There exists a P ∈ T^′ with 8ω_{kT ′ ,T} ′ ⊂ ω_{ȷ,P} because (k_T ′ , n_T ′ ) ∈ T̃^′. Hence ξ_T ′′ ∈ ω_{ȷ,P} , which implies that T^{′′} ∪ {P } is a tree. This is a contradiction to the maximality of T^{′′}. This completes the discussion of the set T^′. The cases involving inequalities (2.30) and (2.31) do not require any new ideas. This completes the discussion of the set T^7_μ.

2.10 Counting the trees, part 2

Let T^′ be the set of trees in T^3_μ which satisfy (2.24).

For T ∈ T^′ define T^{min} to be the set of all P ∈ T such that I_P is minimal in {I_P ′ : P^′ ∈ T } with respect to set inclusion. We have with (2.24) and the right hand side of (2.75): ∑ P ∈T \T^{min} ‖ ‖ ‖ϕ^∗_{1,k,n}ψ^∗_{1,k}(f_1 ∗ ϕ_{1,k}) ‖ ‖ ‖ 2 2 ≥ 5|I_T |2^{2μ} − ∑ P ∈T^{min}

|I_P |2^{2(μ+1)} .

This is greater or equal |I_T |2^{2μ} because I_P ∩ I_P ′ = ∅ for any P ≠ P^′ ∈ T^{min}.

Define T^{red} := T \ T^{min}. Let P^′ be the union of the sets T^{red} as T runs through T^′. For each P ∈ P^′ define: A_P f(x) := φ^∗_{1,k,n}ψ^∗_{1,k} (f_1 ∗ ϕ_{1,k,l}) . Again it suffices to prove: ∑ P ∈P^′ ‖A_P f_1‖^2 ≤ C .

We have ∑ P ∈P^′ ‖A_P f_1‖^2 2 ≤ ‖f_1‖^2 ‖ ‖ ‖ ‖ ‖ ∑ P ∈P^′ A^∗_P A_P f_1 ‖ ‖ ‖ ‖ ‖ 2

2 = ‖f_1‖^2 ∑ P,P^′∈P^′:|I^′_P |=|I_P | ‖A_P f_1‖_2 ‖A_P A^∗_P ′ ‖ ‖A_P ′ f_1‖_2 (2.77)

+2 ‖f_1‖^2 ∑ P,P^′∈P^′:|I^′_P |<|I_P | ‖A_P f_1‖_2 ‖A_P A^∗_P ′ ‖ ‖A_P ′ f_1‖_2 . (2.78)

We consider the first summand (2.77). By symmetry it suffices to consider the sum over those pairs (P, P^′) which satisfy ‖A_P ′ f_1‖_2 ≤ ‖A_P f_1‖_2, hence we have to estimate

‖f_1‖^2 ∑ P ∈P^′ ‖A_P f_1‖^2 ∑ P^′∈P^′:|I^′_P |=|I_P | ‖A_P A^∗_P ′ ‖ . As before we have A_P A^∗_P ′ ≠ 0 only if ω_{1,P} ∩ ω_{1,P} ′ is nonempty. Since |I_P | = |I_P ′ |, this implies ω_{1,P} = ω_{1,P} ′ . This implies that the intervals I_P ′ with if P^′ ∈ P^′, |I^′_P | = |I_P |, and A_P A^∗_P ′ are pairwise disjoint. Hence we can estimate the previously displayed expression by the arguments of the previous section. We turn to the second summand (2.78). We have ∑ P,P^′∈P^′:|I_P ′ |<|I_P | ‖A_P f_1‖_2 ‖A_P A^∗_P ′ ‖ ‖A_P ′ f_1‖_2

≤ ∑ T ∈T^′ ∑ P ∈T^{red}

‖A_P f_1‖^2 1 2 ∑ P ∈T^{red} ∑ P^′∈P^′:|I_P ′ |<|I_P | ‖A_P A^∗_P ′ ‖ ‖A_P ′ f_1‖_2 2 1 2

≤ C ∑ T ∈T^′ ∑ P ∈T^{red}

‖A_P f_1‖^2 ∑ P ∈T^{red} ∑ P^′∈P^′:|I_P ′ |<|I_P | ‖A_P A^∗_P ′ ‖ N^k ′−k T 2 2 1 2

Fix a T ∈ T^′, P ∈ T^{red} and let P_P be the set of P^′ ∈ P^′ which satisfy |I_P ′ | < |I_P | and A_P A^∗_P ≠ 0. We claim that the intervals I_P ′ with P^′ ∈ P_P are pairwise disjoint. To see this, assume to the contrary that I_P ′ ∩ I_P ′′ for two different elements P^′, P^{′′} ∈ P_P . Observe that P^′ ≠ P^{′′} and ω_{1,P} ′ ∩ ω_{1,P} ′′ ≠ ∅ imply |I_P ′ | < |I_P ′′ |. Moreover, ω_{1,P} ′′ is a strict subset of ω_{1,P} ′ , and therefore ω_{ȷ,P} ′′ ⊂ ω_{1,P} ′ , which implies ω_{ȷ,P} ′ > ω_{ȷ,P} ′′ . Hence ξ_T ′ > ξ_T ′′ , where T^′, T^{′′} ∈ T^′ are the trees which contain P^′ and P^{′′}. We conclude that T^{′′} has been selected before T^′. Pick P^{min} ∈ T^{′min} such that I_P min ⊂ I_P ′ . We successively observe that ω_{ȷ,P} min contains ω_{ȷ,P} ′ , ω_{1,P} ′ , and ω_{ȷ,P} ′′ . Hence P^{min} qualifies to be in the tree T^{′′}, a contradiction to the maximality of T^{′′}.

Next we claim that any P^′ ∈ P_P satisfies I_P ′ ∩ I_T = ∅. Assume to the contrary that I_P ′ ⊂ I_T for some P^′ ∈ P_P . Following the previous arguments we conclude that the tree T has been selected before T^′, where T^′ ∈ T^′ is the tree containing P^′. Then any element P^{min} ∈ T^{′min} which satisfies I_P min ⊂ I_P ′ qualifies to be in the tree T , which gives a contradiction to the maximality of T .

Hence we have, using the estimates for ‖A_P A^∗_P ′ ‖ from the previous section: ∑ P^′∈P^′,|I_P ′ |<|I_P | ‖A_P A^∗_P ′ ‖N^k ′−k T 2

≤ C ∫ IR ∑ P^′∈P_P N^{−kT −k2} (1 + N^{−k}dist(I_{k,n}, I_k′_{,n}′ ))^{−m}1_I′_P dx

≤ C ∫ (I_T )^c N^{−kT −k2} (1 + N^{−k}dist(I_{k,n}, x))^{−m} dx ≤ CN^{k−kT2} ( 1 + N^{−k}dist(I_{k,n}, (I_T )^c) )−m . In this calculation we have neglected the difficulty coming from those I_k′_{,n}′ which are adjacent to I_T . However, the necessary modifications are easy and left to the reader. This gives: ∑ P ∈T ∑ P^′∈P^′:|I^′_P |<|I_P | ‖A_P A^∗_P ′ ‖ N^k ′−k T 2 2

≤ C ∫ IR ∑ P ∈T N^{−kT} ( 1 + N^{−k}dist(I_{k,n}, (I_T )^c) )−m 1_{Ik,n} (x) dx ≤ C ∑ k≤k_T N^{k−kT} ∫ I_T N^{−k} ( 1 + N^{−k}dist(x, (I_T )^c) )−m dx ≤ C . As before this gives the desired estimate for the set T^′. Similarly one estimates the trees satisfying inequality (2.25). This completes the discussion of the set T^3_μ.

The set T^2_μ is estimated similarly.

We turn to the set T^5_μ. For each tree T let T^{even} be the set of (k, n, l) ∈ T with k even, and let T^{odd} be T \ T^{even}. Fix ȷ ∈ {2, 3} and z ∈ Z and let T^′ be the set of all trees in T^5_μ which satisfy the inequality: ∑ (k,n,l)∈T^{even} ‖ ‖ ‖φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k} ( f_ȷ ∗ (ϕ_{ȷ,k,l} − λ_{ȷ,k}ϕ̃_{ȷ,k,T} ) ∗ θ^+_{ȷ,k+z,T} )‖ ‖ 2 2 ≥ 2^{−1}2^{− z2} 2^{2μ}|I| . (2.79)

We can assume z ≥ 0 because the left hand side of this inequality would vanish otherwise. We will prove ∑ T ∈T^′ |I_T | ≤ C2^{2μ}2^{− z4} . (2.80)

The same proof will apply if we replace T^{even} by T^{odd} in (2.79). Therefore this proves the appropriate bound for T^5_μ.

We define P^′ to be the union of the sets T^{even} as T runs through T^′. For P ∈ P^′ we define A_P f := φ^∗_{ȷ,k,n}ψ^∗_{ȷ,k}(f_ȷ ∗ (ϕ_{ȷ,k,T} − λ_{ȷ,k,T} ϕ̃_{ȷ,k,T} ) ∗ θ^+_{ȷ,k+z,T} ) , where T is the tree in T^′ which satisfies P ∈ T^{even}. Observe that for each P ∈ P^′ we have

‖A_P f_ȷ‖_2 ≤ 2^{− z4} 2^{2(μ+1)}|I_P |^{12}

because otherwise the set {P } itself would be a tree with size greater of equal μ + 1, a contradiction.

As before we consider for fixed T ∈ T^′ and P ∈ T^{even} the sets

P̃_P = {P^′ ∈ P^′ : |I_{P ′} | = |I_P |, A_P A^∗_{P ′} ≠ 0} ,

P_P = {P^′ ∈ P^′ : |I_P ′ | < |I_P |, A_P A^∗_P ′ ≠ 0} .

Observe that A_P A^∗_P ′ ≠ 0 again implies ω_{ȷ,P} ∩ ω_{ȷ,P} ′ ≠ ∅. Hence we conclude as before that we have I_P ′ ∩ I_P ′′ = ∅ for any two different elements P^′, P^{′′} ∈ P̃_P .

Next, we claim that the intervals I_P ′ with P^′ ∈ P_P are pairwise disjoint. Assume to the contrary that I_P ′ ⊂ I_P ′′ are not disjoint for two different elements P^′, P^{′′} ∈ P_P . Again we conclude from ω_{ȷ,P} ′ ∩ω_{ȷ,P} ′′ ≠ ∅ that I_P ′ is strictly contained in I_P ′′ . Observe that A_P A^∗_P ′ ≠ 0 implies that the supports of ^θ^+_{ȷ,k+z,T} and ^θ^+_{ȷ,k}′_{+z,T} ′ have nonempty intersection. Observe that the size of the support of ^θ^+_{ȷ,k+z,T} is at most 4ϵ^2α_ȷN^{−k−z}, the distance from the support of θ^+_{ȷ,k+z,T} to α_ȷξ_T is at least^1_4 ϵ^2α_ȷN^{−k−z−1}, and ξ_T lies below supp(D^∞_α−1_ȷ θ^+_{ȷ,k+z,T} ). Hence we conclude from k^′ + 2 ≤ k^{′′} ≤ k that ξ_T ′ < ξ_T ′′ . Here T^′ and T^{′′} are the trees in T^′ which contain P^′ and P^{′′}. Hence the tree T^{′′} has been selected before the tree T^′. Moreover we easily see that ξ_T ′′ is contained in ω_{ȷ,P} ′ , hence P^′ qualifies to be in the tree T^{′′}, a contradiction to the maximality of T^{′′}.

Finally, one can show by similar arguments that I_P ′ ∩ I_T = ∅ for any P^′ ∈ P_P . Hence the geometric situation is as in the argument for T^3_μ.

In order to estimate ‖A_P A^∗_P ′ ‖ we calculate with (2.35) for the integral kernel K of this operator: |K(x, y)| ≤ CN^{−2z} ( (1_{Ik,n} ∗ D^1_N k−κ φ^∗)(x) ) ( D^1_N k−κ+z φ^∗(y − x) ) ( (1_{Ik′,n′} ∗ D^1_{N k}′_{−κ} φ^∗)(y) ) . ∫ |K(x, y)| dx ≤ CN^{−2z} ( (1_{Ik,n} ∗ D^1_N k−κ+z φ^∗)(y) ) ( (1_{Ik′,n′} ∗ D^1_{N k}′_{−κ} φ^∗)(y) )

≤ CN^{−2z} min(1, N^{κ−z}) ( 1 + N^{κ−k−z}dist(I_{k,n}, I_k′_{,n}′ ) )−m , ∫ |K(x, y)| dy ≤ CN^{−2z} ( (1_{Ik′,n′} ∗ D^1_N k−κ+z φ^∗)(x) ) ( (1_{Ik,n} ∗ D^1_N k−κ φ^∗)(y) )

≤ CN^{−2z} min(1, N^{k′−k+κ−z}) ( 1 + N^{κ−k−z}dist(I_{k,n}, I_k′_{,n}′ ) )−m . This gives: ∑ P^′∈P^′,|I_P ′ |<|I_P | ‖A_P A^∗_P ′ ‖N^k ′−k T 2

≤ CN^{−2z} ∑ P^′∈P_P N^{k′} N^{−k−kT2} N^{κ−z}(1 + N^{κ−k−z}dist(I_{k,n}, I_k′_{,n}′ ))^{−m} ≤ CN^{−2z} ∫ (I_T )^c N^{k−kT2} N^{κ−k−z}(1 + N^{κ−k−z}dist(I_{k,n}, x))^{−m} dx

≤ CN^{−2z}N^{k−kT2} ( 1 + N^{κ−k−z}dist(I_{k,n}, (I_T )^c) )−m , and: ∑ P ∈T ∑ P^′∈P^′:|I^′_P |<|I_P | ‖A_P A^∗_P ′ ‖ N^k ′−k T 2 2

≤ CN^{−4z} ∑ k≤k_T N^{k−kT} ∫ I_T N^{−k} ( 1 + N^{κ−k−z}dist(x, (I_T )^c) )−m dx ≤ CN^{−3z} . This proves the desired estimate for T^′ and completes the discussion of the set T^5_μ. The set T^6_μ is estimated similarly.

Also the sets T^8_μ and T^9_μ are estimated with the above arguments, with modifications as in the case of T^7_μ.

2.11 Counting the trees, part 3

It remains to estimate the set T^{10}_μ . Fix a ȷ ∈ {2, 3} and a k̃ ∈ {−1, 0, 1, 2, 3, 4} and let T^′ be the set of all trees in T^{10}_μ which satisfy inequality (2.34) for this particular pair ȷ, k^′.

Let Q be the set of all triples (k, J, T ) with T ∈ T^′, k ∈ Z, and J ∈ Δ_{k−κ,T} . We write Q for (k, J, T ) and Q^′ for (k^′, J^′, T^′). For each Q ∈ Q define A_Qf(x) := ρ_{k−κ,J} ( f ∗ ϕ̃_{ȷ,k+}~_{k,T} ) . By inequality (2.34) we have ∑ (k,J,T )∈Q ‖A_Qf_ȷ‖^2 ≥ 2^{2μ} ∑ T ∈T^′ |I_T | . For μ̃ ∈ Z let Q_{μ̃} be the set of all triples (k, J, T ) ∈ Q with

2^{μ̃}|J|^{12} ≤ ‖A_Qf_ȷ‖_2 < 2^{μ̃+1}|J|^{12} .

Then we have ∑ μ̃<μ−5 ∑ (k,J,T )∈Q_{μ̃} ‖A_Qf_ȷ‖^2

≤ ∑ μ̃<μ−5 ∑ (k,J,T )∈Q_{μ̃} 2^{2μ̃+2}|J| ≤ ∑ μ̃<μ−5 ∑ T ∈T^′ 2^{2μ̃+2}|I_T | ≤ 2^{2μ−1} ∑ T ∈T^′ |I_T | . Here we have used that the intervals J ∈ Δ_{k,T} are pairwise disjoint and contained in I_T .

Moreover by the arguments in Lemma 2.6.1 there is a universal μ̃_0 such that Q_{μ̃} = ∅ for μ̃ ≥ μ̃_0. Hence we have ∑ μ−4≤μ̃<μ̃_0 ∑ (k,J,T )∈Q_{μ̃} ‖A_Qf_ȷ‖ ≥ C2^{2μ} ∑ T ∈T^′ |I_T | . Hence it suffices to prove for fixed μ̃ that ∑ (k,J,T )∈Q_{μ̃} ‖A_Qf_ȷ‖^2 ≤ C . By the calculations of the last sections the square of the left hand side is bounded by ≤ C ‖f_ȷ‖^2 ∑ Q∈Q_{μ̃} ‖A_Qf_ȷ‖^2 ∑ Q^′∈Q_{μ̃}:|J^′|≤|J| ‖ ‖A_QA^∗_Q′ ‖ ‖ N^{k′−k2} . We have to estimate the norm of A_QA^∗_Q′ . The integral kernel of this operator is K(x, y) = ρ_{k−κ,J} (x) ( ϕ̃_{ȷ,k+k̃,T} ∗ ˇ̃ϕ_{ȷ,k′+k̃,T ′} ) (x − y)ρ_{k−κ,J}(y) . First we observe that A_QA^∗_Q′ = 0 if ω_{k,T} ∩ ω_k′_{,T} ′ = ∅, since then the supports of ^ϕ̃_{ȷ,k+}~_{k,T} and ^ϕ̃_{ȷ,k}′_+~_{k,T} ′ are disjoint. Now we estimate the kernel K pointwise by |K(x, y)| ≤ C ( (1_J ∗ D^1_N k−κ φ^∗)(x) ) ( D^1_N k−κ φ^∗(y − x) ) ( (1_J′ ∗ D^1_{N k}′_{−κ} φ^∗)(y) ) . An application of Schur’s lemma as before gives: ‖A_QA^∗_Q′ ‖ ≤ N^{k′−k2} ( 1 + N^{κ−k}dist(J, J^′) )−m . These estimates on A_P A^∗_P ′ give for fixed Q ∈ Q_{μ̃}: ∑ Q^′∈Q^′,|J^′|≤|J| ‖A_QA^∗_Q′ ‖N^{k′−k2} ≤ C ∫ IR ∑ Q^′∈Q_{μ̃},|J^′|≤|J|,ω_{k,T} ∩ω_k′_{,T} ′ ≠∅ N^{κ−k}(1 + N^{κ−k}dist(J, x))^{−m}1_J′ dx . Let Q^′, Q^{′′} ∈ Q_{μ̃} such that |J^′|, |J^{′′}| ≤ |J|, and ω_k′_{,T} ′ and ω_k′′_{,T} ′′ have nonempty intersection with ω_{k,T} . Since k^′, k^{′′} ≤ k, we have 3ω_k′_{,T} ′ ∩ 3ω_k′′_{,T} ′′ ≠ ∅. We want to prove that J^′ ∩ J^{′′} = ∅. Assume the contrary. Then we necessarily have J^′ = J^{′′}. Since Q^′ ≠ Q^{′′}, we have T^′ ≠ T^{′′} and we can assume that T^{′′} has been selected first. Pick n such that J ∈ I_k′_{+1,n}, then (k^′ + 1, n) ∈ T̃^′ and (k^′ + 1, n) ∈ T̃^{′′}. There exist P ∈ T^′ such that I_P ⊂ I_k′_{+1,n} and 8ω_k′_{+1,T} ′ ⊂ ω_{ȷ,P} . Then also ω_k′′_{+1,T} ′′ ⊂ ω_{ȷ,P} ′ , hence P qualifies to be in the tree T^{′′}, a contradiction to the maximality of T^{′′}. Hence J^′ ≠ J^{′′}. Hence the previously displayed expression is bounded by C. This completes the discussion of the set T^{10}_μ .

This also completes the proof of Lemma 2.9.1, and hence the proof of Lemma 2.3.1 and of Theorem 2.1.1.

Bibliography

[1] Barrionuevo J., Lacey M. A Weak Type Orthogonality Principle. Preprint, [1997] [2] Calderon A. P., Commutators of singular integral operators. Proc. Natl. Acad. Sci.

USA, Vol. 53, pp. 1092-1099, [1977] [3] Calderon A. P., Cauchy integrals on Lipschitz curves and related operators. Proc.

Natl. Acad. Sci. USA, Vol. 74, pp. 1324-1327, [1977] [4] Calderon A. P., Zygmund A., A note on the interpolation of linear operators. Studia Math. 12, pp. 194-204, [1951] [5] Carleson L., On convergence and growth of partial sums of Fourier series. Acta Math.

116, pp. 135-157 . [1966] [6] Coifman R. R., McIntosh A., Meyer Y. L’integrale de Cauchy sur les courbes lipschitziennes. Ann. of Math. 116, pp 361-387, [1982] [7] Fefferman C., Pointwise convergence of Fourier series. Ann. Math. 98, pp. 551-571 .

[1973] [8] Janson S., On interpolation of multi-linear operators. in: Cwikel, Peetre, Sagher, and Wallin (Eds.), Function Spaces and Applications, Proceedings, Lund 1986 Springer LNM 1302, [1988] [9] Kolmogorov, A. Sur les fonctions harmoniques conjuguées e les sèries de Fourier.

Fund. Math. 7, pp 23-28, [1925] [10] Lacey M., Thiele C., L^p estimates on the bilinear Hilbert transform for 2 < p < ∞.

Ann. Math. 146, pp. 693-724, [1997] [11] Lacey M., Thiele C., L^p- Estimates for the Bilinear Hilbert Transform. Proc. Natl.

Acad. Sci. USA, Vol. 94, pp. 33-35, [1997] [12] Lacey M., Thiele C., On Calderon’s conjecture. To appear in Ann. Math. [13] Lacey M., Thiele C., On Calderon’s conjecture. Proc. Natl. Acad. Sci. USA, Vol. 95, pp. 4828-4830, [1998] [14] Meyer Y., Coifman R. R., Opérateurs multilinéaire. Hermann, Paris, [1991]

[15] Riesz M., Sur les fonctions conjuguées . Math. Z. 27, pp. 218-244, [1927] [16] Stein E. M., Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton University Press, Princeton, [1993]