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WHAT THIS TALK IS ABOUT

Simulation for n = 2000 and U Haar distributed on O(n).




WHAT THIS TALK IS ABOUT

Simulation for n = 30 and U Haar distributed on O(n).

Could a smoothed analysis explain this?

von Neumann & Goldstine (1947), Edelman, Spielman & Teng
(2001).



DEFORMED IID RANDOM MATRICES

Consider the non-hermitian random matrix model

M=oY + A,

where A is an n X n matrix, o > 0 and

with (Xj;)i j>1 iid complex variables

EX; =0, E|X;?=1, E[X;*< oo



EXPERIMENTAL MATHEMATICS




CIRCULANT MATRIX
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OUTLIERS WITH DIAGONAL JORDAN BLOCKS

_ Cn—r 0 _ _ 2
A-( 0 Or>7 r=3, n=>500, o°=1/2.
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OUTLIERS WITH FULL JORDAN BLOCK
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CONVERGENCE OF SPECTRAL DISTRIBUTIONS




THE TWO SPECTRA

If B € M,,(C) has eigenvalues \;(B), ..., \,(B), then

1 n
UB = o ; 6Ak(B)

is the empirical distribution of the eigenvalues.



THE TWO SPECTRA

If B € M,,(C) has eigenvalues \;(B), ..., \,(B), then

1 n
UB = o ; 6Ak(B)

is the empirical distribution of the eigenvalues.

The singular values of B will be denoted by
0<s,(B)<...<s1(B)=|B]-
We get

1
UBB* = E Zési(B)
k=1



CONVERGENCE OF THE SPECTRAL DISTRIBUTIONS

We will consider a sequence A, € M, (C) such that, as n — oo,
[An]l = O(1),
and for all z € C, weakly,
w
H(Ap—2)(Ap—z)* — Vzs

for some probability measure v, on R.



CONVERGENCE OF THE SPECTRAL DISTRIBUTIONS

We will consider a sequence A, € M, (C) such that, as n — oo,
[An[l = O(1),
and for all z € C, weakly,
w
H(Ap—2)(Ap—2)* — Vzs
for some probability measure v, on R.
Example : A, converges in x-moments to an operator a in a

tracial non-commutative probability space (A, T), i.e. for all
€ € {17 *};

1
STH(ASE LAY 5 (.. afk),
n

then v, is the distribution of (a — z)(a — 2)*.



CONVERGENCE OF THE SPECTRAL DISTRIBUTIONS

Recall
M, =ocY, + A,.

Theorem (Sniady (2002), Dozier & Silverstein (2007), Tao & Vu
(2010))

There exists a probability measure 5 on C such that, a.s.
MM, l) ,3 .

For any z € C, there exists a probability measure i, on Ry such
that, a.s.

M(Mn—z)(Mn—z)* i) Hz-



BROWN’S SPECTRAL MEASURE

If A,, converges in x-moments to an operator a. Set
b=occ+a,
where c is a circular element free of a.

Then,

- 1 is the distribution of (b — 2)(b — 2)*,

- B is the Brown’s spectral measure of b, i.e. in D'(C),
o0

= A [ log(Ndu-(N).
™ Jo

Haagerup & Larsen (2000), Biane & Lehner (2001), Bordenave,
Chafai & Caputo (2013), . ...



SUPPORT OF BROWN’S MEASURE

We have

supp(8) = {z € C:0 € supp(vy) /)\ Ydv.(\) > } ,

provided that

supp(8) = {z € C: 0 € supp(p2)}

(holds e.g. if @ is a normal operator, always holds 7).

We will assume that the above formula holds and study the
eigenvalues of M, in C\supp(p).



No OUTLIER



WELL-CONDITIONED MATRIX

Theorem
Let T' C C\supp(B) be a compact set with continuous boundary.

Assume that for all z € I, there exists n > 0 such that
Sn(Ap —2) =n for all n > 1.

Then, a.s. for all n > 1, M, has no eigenvalue in I".

In fact, more is true, for some § > 0 a.s. for all n > 1,
Sp(My, —2z) =6 for all z € T.



WELL-CONDITIONED MATRIX

Take the normal matrix

The support of 3 is an annulus

The singular values of A,, — z are equal to

—zl = 11— |zl].

2imk
n

le




BADLY-CONDITIONED MATRIX

Take the nilpotent matrix
A, = Ny,

Then $ is unchanged but, if |z| < 1, s,(A, — 2)

05

<05




STABLE OUTLIERS




RELATED WORKS

Decompose
A, =A + A

with rank(A”) =r = O(1).
Case A}, = 0 studied in Tao (2013).

If A/ is a Wigner matrix, contained in O’Rourke & Renfrew
(2013).

Finite rank perturbation of the single ring model :
Un,D, V¥ + A,

with D,, > 0 diagonal, U,,V,, independent Haar unitary,
Benaych-Georges € Rochet (2013) and Guionnet-Zeitouni
(2012) for A = 0.



WELL-CONDITIONED DECOMPOSITION

A, =A +A7 with rank(Al)=r=0(1).

Theorem
Let T' € C\supp(p) be a compact set with continuous boundary.

Assume that for all z € T, there exists n > 0 such that
sn(Al—2) = n for all n > 1.

Assume that for some € > 0, for all n. > 1,

det(A, — 2)
det(Al, — 2)

> €.

min
zedl'

Then, a.s. for n > 1, M,, and A,, have the same number of
eigenvalues in I



STABLE OUTLIERS

An eigenvalue 0,, — 6 of A, is a stable outlier if for any 6 > 0,
we can find I' C B(#,9) and € > 0 such that for all n>> 1,

det(A, — 2) -
det(A!, —2)| ~

min
zeol

Counting multiplicities, to each stable outlier of A,, corresponds
bijectively an eigenvalue at distance o(1) in M,,.



DIAGONAL JORDAN BLOCKS

A = (Cor O _ (Cor O (0 0
"—\o o) Lo I 0 —I,
If [z > e/7(1 + |2]),

det(A, — 2)
det(Al, — 2)

05 -
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FuLL JORDAN BLOCK

A (Cor O\ _(Car O) (0 0
"~lo N) o0 I 0 N,—1,)

Again, if [2] > e'/7(1 + |z]), |det(A, — 2)/det(A!, — 2)| > e.

Huge fluctuations : n = 500 is not enough to see the convergence
of the 3 outliers to 0!/



FLUCTUATIONS OF STABLE OUTLIERS




DIAGONAL JORDAN BLOCKS

Assume 6,, — 6 € C\supp(3) and

0,1, O
An_< ; A)
Theorem

Set o = [N~ 1d1/9(/\) Suppose that for some n > 0 andn > 1,
sn(An — 0) > n and ZLTr{(A, — 0)"1(AT — 0)~1} - v

Then, a.s. for n > 1, M, has exactly r eigenvalues (\;)1<i<r in
B(6,n/2),



DIAGONAL JORDAN BLOCKS

Assume 6,, — 6 € C\supp(3) and

0,1, O
An_< ; A)
Theorem

Set o = [N~ 1d1/9(/\) Suppose that for some n > 0 andn > 1,
sn(An — 0) > n and ZLTr{(A, — 0)"1(AT — 0)~1} - v

Then, a.s. for n > 1, M, has exactly r eigenvalues (\;)1<i<r in
B(0,n/2), and

\/ﬁ(()‘l - Hn)a B ()‘7“ - en))
converges in distribution towards the eigenvalues of

V=0X,4+0G € M. (C),

where X, is independent of G with iid gomkgltix Gaussian entries
given by, E|Z;;|* = fo_f and EZ2 =

1—02¢ -



FuLL JORDAN BLOCK

Assume 60,, — 6 € C\supp(f) and
P,J, Pt 0
with || P, — P|| — 0 for some P € GL,(C), and
0, 1
Tn = On 1 = 0,1, + N,



FuLL JORDAN BLOCK

Assume 60,, — 6 € C\supp(f) and

P,J, Pt 0
= ( i)

0
with || P, — P|| — 0 for some P € GL,(C), and
0, 1
Iy = O 1 = 0,1, + N,.
Theorem

Under the previous assumptions, a.s. for n > 1, M,, has exactly
r eigenvalues (\;)1<i<, In B(0,1/2), and

n2 (A = 0n), o (A — 02))
converges in distribution towards the roots of

2" — PV Pe.



FuLL JORDAN BLOCK

For A, =0 and X complex Ginibre contained in
Benaych-Georges & Rochet (2013).

05

054

Forn =500 and r =3, n= /2" ~0.35//



UNSTABLE OUTLIERS




NILPOTENT MATRIX

Take
o1 0 --- 0
0

N, = o 1 - 0= n — enel.

For any |2| <1 —¢,
det(N,, — z)
det(C,, — 2)

s (1—¢)"
S 1=zn] T 1—(1—¢)

=o(1).
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NILPOTENT MATRIX

In the orthonormal bagis of eigenvectors of C),, we get
Cn=U,A U and N, =U,(A +ANHU!
where

2im 2inm

A;L — diag(eT, RN ) and AZ = _fnflT

2inlk

with fo = (e"n /v/n)i<k<n-

A" is a delocalized perturbation of A/



NILPOTENT MATRIX

Theorem
Let A,, = A, + A” be as above, 0 < o < 1 and assume that
P(|Xi;| > t) < exp(—t") for some k> 0. We set

B 1
C1l—zw

p(z,w)

The point process of eigenvalues of M, in B(O, V1—02)
converges weakly to the zeros of the Gaussian analytic function

g(z) on B(0,v/1— 0?) with kernel given by,

2

Ko = 5y



GAUSSIAN ANALYTIC FUNCTIONS

Hough, Krishnapur, Peres, Virdg (2009).

A Gaussian analytic function on I' C C is a random analytic
function g such that for every z1, -+ ,z, in I,

(9(21), "'79(211))

is a centered complex Gaussian vector with Eg(z;)g(z;) = 0.

The distribution of g is characterized by its kernel

K(z,w) = Eg(2)g(w).

Edelman-Kostlan’s formula : the intensity of zeros of g is

1
—Alog K(z, 2).
2m



UNSTABLE OUTLIERS

We have a general convergence result for unstable outliers when
Al is diagonal and for all z € T,
det(A, — 2) 1
——Ll=0|—= ).
det(A! — 2) Vvn




UNSTABLE OUTLIERS

We have a general convergence result for unstable outliers when
Al is diagonal and for all z € T,
1
=o|—=].
Vvn

In the unbounded component of C\supp(f), the above cannot
hold.

det(A, — 2)
det(A! — 2)




UNSTABLE OUTLIERS

We have a general convergence result for unstable outliers when
Al is diagonal and for all z € T,
1
=0 .
Vvn

det(A, — 2)
det(A! — 2)

In the unbounded component of C\supp(f), the above cannot
hold.

For A!, normal with radial limiting ESD par, there is a generic
way to create unstable outliers in the bounded components of

C\supp(3).



LARGE NORM UNSTABLE OUTLIERS




LARGE UNSTABLE OUTLIERS

In the unbounded component of C\supp(f), it is possible to
create unstable outliers when

with [ A2 > V7,

Observed in Rajan & Abbott (2006) and Tao (2011), for Al, =0
and a particular random choice of A/.

We have a general convergence result when A/ diagonal,
A = nvpul, and vl (z — AL) " o, [[unllcos ||vnllso of order

O(1/Vi).



LARGE UNSTABLE OUTLIERS
The eigenvalues in C\B(0,v/1 + ¢2) of M,, when
2im 2inm
Ap = dlag (677"' ,€ ) +\/ﬁfnf1—r

converge vaguely to the zeros of 1 4+ og where g is the Gaussian
analytic function with kernel

o(z, w)? 1

H =5 ith =
(Zaw) 1+ 0-230('27[“))’ w1 ()0(2771)) 1 — 2@
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LARGE UNSTABLE OUTLIERS

Theorem
Assume that P(|X;;| > t) < exp(—t") for some x > 0. Take

Mn - Yn + annu:7

with u, v, = u*v, =0, 0, > \/n and

[unlloos [[on]loc = O(1/v/n).

The point process of eigenvalues of M,, in C\B(0,1) converges
vaguely to the zeros of

9(z) =>_ w="",

k>0

with v, iid complex Gaussian variables with E|vy;|?> = 1 and
Eyp = (EX7))HH



LARGE UNSTABLE OUTLIERS

0 then g is a GAF and its zeros is a determinantal

point process, Peres & Virdg (2005).
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IDEAS OF PROOFS




SILVESTER’S IDENTITY

Following Benach-Georges & Rao (2011) we use the identity, for
P,Q" € M, ,(C), B € GL,(C),

det(B + PQ) = det(B) det(I, + QB~'P).



SILVESTER’S IDENTITY

Following Benach-Georges & Rao (2011) we use the identity, for
P,Q" € M, ,(C), B € GL,(C),

det(B + PQ) = det(B) det(I, + QB~'P).

Set M) = oY, + Al
Rn(2) = (2I, — M)™" and Rl (2) = (21, — A!)~..
For r =1, if A/ = v,u, we get

det(zI,, — M,) .

— o =1 n(2)Un,

det(zI, — M) tnFin(2)0
and

det(zl, — Ayp)

det(zl, — A!)

=1—u' Rl (2)vp.



NOISE COLLAPSING

Recall M), = oY, + Al,, R, (2) = (21, — M})~1

R(2) = (21, — AL)7.

We prove that for any z € C\supp(3),

and

gn(2)
LD

wh Ry (2)vn = ul R (2)v, +

n

Hence,

det(zl, — M,) det(zl, —A,) gn(2)

det(zI, — M!)  det(zl, — AL) /n



ROUCHE’S THEOREM

Let U C C is a bounded open connected set. We endow H(U)
the set of analytic functions on U with the distance

= gllne (k)
d(f,g) = 277 VR
; L+ |If = gllpeex;)

where K is an exhausting sequence of compact subsets of U.
Then H(U) is a complete, separable metric space.



ROUCHE’S THEOREM

Let U C C is a bounded open connected set. We endow H(U)
the set of analytic functions on U with the distance

= gllne (k)
d(f,g) =) 277 .
; L+ |If = gllpeex;)

where K is an exhausting sequence of compact subsets of U.
Then H(U) is a complete, separable metric space.

Lemma

Let f,, be a tight sequence of random analytic functions which
converges weakly to f for the finite dimensional convergence. If
a.s. f # 0 then the point process of zeros of f,, converges weakly
to the point process of zeros of f.



MORE ON NOISE COLLAPSING

Recall M), = oY, + Al,, R,(2) = (21, — M})~! and
Rl (2) = (21, — A!)~1. We prove, for any z € C\supp(3),

W R (2) 0 = R ()0 + g”\/(;) +o (%) .

We expand

Ry =R, + Y (R, Y,)"R,,
k=1
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(i) the series is a.s. convergent in norm precisely when
z € C\supp(p),
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Recall M), = oY, + Al,, R,(2) = (21, — M})~! and
Rl (2) = (21, — A!)~1. We prove, for any z € C\supp(3),

W R (2) 0 = R ()0 + gf/(;) +o (%) .

We expand

Ry =R, + Y (R, Y,)"R,,
k=1

(i) the series is a.s. convergent in norm precisely when
z € C\supp(p),

(ii) a.s. w*P(By, -+, Bk, Y)v — 0 if P is a non trivial
polynomial in Y and B, = O(1).



MORE ON NOISE COLLAPSING

Recall M), = oY, + Al,, R,(2) = (21, — M})~! and
Rl (2) = (21, — A!)~1. We prove, for any z € C\supp(3),

W R (2) 0 = R ()0 + g\"/(;) +o <\/15> .

We expand

Ry =R, + Y (R, Y,)"R,,
k=1

(i) the series is a.s. convergent in norm precisely when
z € C\supp(p),

(ii) a.s. w*P(By, -+, Bk, Y)v — 0 if P is a non trivial
polynomial in Y and B, = O(1).

(iii) for the 1/y/n fluctuation : functional CLT for

2 5 /(Ui R (2)Yn(2))F R, (2)v, + tightness.
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- Inspiring simulations!
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truly surprising.



FINAL COMMENTS

- Inspiring simulations!

- The finite n effects in non-hermitian random matrices are
truly surprising.

- Many situations not covered by our work, e.g.

* eigenvectors,

* og—0,
* A" has large rank,
other polynomials P(Ay,- -, A, Y),

edge behavior,

*

*



THANK YOU FOR YOUR ATTENTION !

Outlier eigenvalues for deformed i.i.d. random matrices, with
Mireille Capitaine - arXiv:1403.6001.



