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Introduction

Summary: categorical Poisson boundary

.Input..

......

...1 C∗-tensor category C with:
irreducible decomposition
conjugates

...2 ‘symmetric’ probability measure µ on the irreducible classes of C

.Output..

......

Poisson boundary P(C;µ), another C∗-tensor category
C∗-tensor functor Π: C → P(C;µ)
(∃µ) Π is equivalence⇔ C is amenable
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Introduction

Summary: categorical Poisson boundary
.Input..

......

...1 rigid semisimple C∗-tensor category C

...2 ‘symmetric’ probability measure µ on the irreducible classes of C

.Output..

......

Poisson boundary P(C;µ), another C∗-tensor category
C∗-tensor functor Π: C → P(C;µ)
(∃µ) Π is equivalence⇔ C is amenable

.Ref...

......

Poisson boundary of:
fusion algebra (Z[IrrC],d) (Hiai–Izumi)⇝ MorP(C;µ)(1,1)
discrete quantum groups (Izumi)⇝ P(RepG, µ) ↔ H∞(Ĝ, µ)
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Introduction

Compact quantum groups

G: compact semisimple Lie group, maximal torus T < G, 0 < q <∞

Φq: Knizhnik–Zamolodchikov associator
Gq: compact quantum group, RepGq ≃ (RepG,Φq)

T < Gq

µ: symmetric probability measure on IrrG ≃ IrrGq
...1 P(RepG;µ) = RepG
...2 P(RepGq;µ) = Rep T

⇝ classification of the quantum groups G′ such that
...1 ∃ categorical equivalence RepG′ ≃ RepGq
...2 representations have the same dimension: dimHπ = dimH′

π
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Introduction

Random walk on discrete groups

...1 Γ: discrete group

...2 µ: (generating, symmetric) probability measure on Γ

Markov operator: Pµ on ℓ∞Γ:

(Pµf)(g) =
∑
h∈G

µ(h)f(gh)

Harmonic functions H∞(Γ;µ) = {f ∈ ℓ∞Γ | Pµf = f}
Product structure on H∞(Γ;µ):

f0 · f1 = w∗- lim
n→∞

Pnµ(f0f1)

Poisson boundary ∂µΓ = Spec(H∞(Γ;µ))
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C∗-tensor category

C∗-tensor category

.Definition (C∗-tensor category)..

......

Category C with:
...1 Banach norm and involution on the morphism sets

the C∗-identity ∥T∗T∥ = ∥T∥2 = ∥T T∗∥ for T ∈ C(X,Y)
...2 ‘tensor product’ functor C× C → C, (X,Y) 7→ X⊗ Y
...3 ‘tensor unit’ object 1C ∈ C
...4 associativity isomorphisms ϕX,Y,Z : X⊗ (Y⊗ Z) → (X⊗ Y)⊗ Z

.Semisimplicity..

......Objects in C admit irreducible decomposition⇔ dimC(X,Y) <∞
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C∗-tensor category

C∗-tensor functor
.Definition (C∗-tensor functor)..

......

C, C′: C∗-tensor categories
A C∗-tensor functor F : C → C′ is a pair (F, η):
...1 C∗-functor F : C → C′: F(T∗) = F(T)∗
...2 natural isomorphism η : F(X⊗ Y) → F(X)⊗ F(Y)

satisfying compatibility with tensor units & associativity
isomorphisms.
.Example (twists for quantum groups)..

......

Φ ∈ LG⊗ LG⊗ LG associator for RepG (3-cocycle on Ĝ)
η ∈ LG⊗ LG twist for Φ: η12(∆̂⊗ ι)(η)(ι⊗ ∆̂)(η∗)η∗23 = Φ

⇝ C∗-tensor functor (Id, η) : RepG → (RepG,Φ)
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C∗-tensor category

C∗-tensor functors and actions
.Example..

......

Discrete group Γ, measurable Γ-space Γ ↷ X
C∗-tensor category CΓ↷X

...1 objects Γ, morphisms CΓ↷X(g,h) = L∞(X)δg,h...2 monoidal structure:
f0 ∈ C(g,g), f1 ∈ (h,h) ⇒ f0 ⊗ f1 = f0(x)f1(g−1x) ∈ C(gh,gh)

C∗-tensor functor CΓ → CΓ↷X
“cocycle action”⇔ general C∗-tensor functor CΓ → C

.Example..

......

G: compact quantum group
Tensor functors RepG → C

⇔ braided commutative Yetter–Drinfeld G-algebras
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C∗-tensor category

Conjugate objects
.Definition (Conjugate objects)..

......

Given C∗-tensor category C and X ∈ ObjC, we say Y ∈ ObjC is a
conjugate of X if ∃R ∈ C(1C,Y⊗ X), R̄ ∈ C(1C,X⊗ Y) s.t.

(R̄∗ ⊗ ι)(ι⊗ R) = ιX, (R∗ ⊗ ι)(ι⊗ R̄) = ιY.

d(X) = min(R,R̄) ∥R∥∥R̄∥ is called the intrinsic dimension of X

Objects in C have conjugates & 1C ∈ C is irreducible⇝
d(X⊗ Y) = d(X)d(Y), d(X⊕ Y) = d(X) + d(Y).
any object have irreducible decomposition

.Example..

......C = RepGq: d(X) = TrX(qρ), quantum dimension of X ∈ C
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Poisson boundary

Amenability of monoidal categories

C: semisimple (∃ irreducible decomposition) C∗-tensor category
the Hilbert space ℓ2 IrrC from the irreducible classes IrrC
ΓX: ‘fusion’ operator ΓXδU =

∑
V : IrrCmult(V,X× U)δV

C has a dimension function d ⇒ ∥ΓX∥ ≤ d(X)
.Definition..

......
A rigid semisimple C∗-tensor category C is amenable if ∥ΓX∥ = d(X)
(intrinsic dimension) for any X ∈ C
.Example..

......
G: compact quantum group⇝ RepG is amenable⇔ G is of
coamenable Kac type (no Gq!)
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Poisson boundary

Dual category
C: C∗-tensor category, X ∈ C
⇝ functor ι⊗ X : C → C,Y → Y⊗ X

The ‘dual’ category Ĉ:
...1 Start from the objects of C, with enlarge morphism sets

Ĉ(X,Y) = Natb(ι⊗ X, ι⊗ Y) ≃ ℓ∞U : IrrCC(U⊗ X,U⊗ Y)

uniformly bounded natural transformations
...2 Take subobject completion (projections in Ĉ(X,X) define
subobjects of X)

...3 Monoidal structure

ϕ⊗ ιW = (ϕU ⊗ ιW)U, ιW ⊗ ϕ = (ϕU⊗W)U, ϕ⊗ ψ = (ϕ⊗ ι)(ι⊗ ψ)
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Poisson boundary

Categorical Poisson boundary

C: C∗-tensor category with conjugates & irreducible unit
(⇒ irreducible decomposition of arbitrary objects)
...1 Partial trace:

trZ⊗ι : C(Z⊗ X,Z⊗ Y) → C(X,Y), T 7→ (R∗
Z ⊗ ιY)(ιZ̄ ⊗ T)(RZ ⊗ ιX)

...2 CP map on Ĉ(X,Y): (trZ⊗ι)(ϕ) = (trZ⊗ι)(ϕZ⊗U)U

.Definition..

......

µ: probability measure on IrrC
...1 Markov operator on Ĉ(X,Y): Pµ =

∑
U µ(U)(trU⊗ι)

...2 Harmonic family: (ηX)X ∈ Natb(ι⊗ U, ι⊗ V) s.t. Pµη = η
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Poisson boundary

Categorical Poisson boundary, cont.

Categorical Poisson boundary P(C, µ):
Start from the objects in C
MorP(C,µ)(U,V) = {harmonic family (ηX)X ∈ Natb(ι⊗ U, ι⊗ V)}
Composition in P(C, µ): (ξ · η)X = limn→∞ Pnµ(ξη)X
Take the subobject completion
‘Same’ monoidal structure as Ĉ

Tensor functor Π: C → P(C;µ), X 7→ (ιU ⊗ X)U “constant family”
.Example..

......

...1 Γ discrete group⇒ P(CΓ;µ) = CΓ↷∂µΓ

...2 G compact quantum group
⇒ (RepG → P(RepG;µ)) ↔ YD-G-algebra H∞(Ĝ;µ)
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Poisson boundary

Amenability and Poisson boundary

.Theorem (Neshveyev–Y.)..

......

C: C∗-tensor category with conjugates and irreducible unit
C is amenable⇔ ∃ prob. measure µ on IrrC such that Π: C → P(C;µ)
is an equivalence of C∗-tensor categories.

Key construction: with V = suppµ,
...1 N(n)

X = C(V⊗n ⊗ X,V⊗n ⊗ X) has a state ω(n) = trX Pnµ.
...2 Put NX = limn(N(n)

X , ω(n)) as a von Neumann algebra.
...3 We have MorP(C;µ)(X,X) = NX ∩N′

1. (cf. Longo–Roberts,
Hayashi–Yamagami)

⇒: Use the universality of (R, R̄) in C ⇒ C(X,X) ⊂ MorP(C;µ)(X,X) is
‘dense’.
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Poisson boundary

Amenability and Poisson boundary, cont.
.Theorem (Neshveyev–Y.)..

......

C: C∗-tensor category with conjugates and irreducible unit
C is amenable if and only if there is a probability measure µ on IrrC
such that Π: C → P(C;µ) is equivalence of C∗-tensor categories.

⇐: In general we have

limH(N(n)
X |N(n)

1 ) ≤ 2 log ∥ΓX∥ ≤ − lim logλ(N(n)
X ,N1).

From the assumption we get extremality of N1 ⊂ NX from C = P(C;µ).
Looking at the matricial inclusions N(n)

1 ⊂ N(n)
X , we get the equality

limH(N(n)
X |N(n)

1 ) = H(NX|N1) = − logλ(NX,N1)

= − lim logλ(N(n)
X ,N(n)

1 ) = 2 logd(X).
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