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Motivations:
@ describe asymptotic distributions of random blocks
@ construct new random matrix models

@ unify concepts of noncommutative independence
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Fundamental results

Q If Y(u,n) is a standard complex Hermitian Gaussian random
matrix, it converges under the trace to a semicircular operator

nlew Y (u,n) - w(u)

under 7(n) = E o Tr(n)
@ If Y(u,n) is a standard complex non-Hermitian Gaussian
random matrix, it converges to a circular operator

lim Y(u,n) — n(u)

n—0

under 7(n) = E o Tr(n).
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Different approaches

O free probability and freeness

@ operator-valued free probability and freeness with
amalgamation

© matricially free probability and matricial freeness
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Voiculescu's asymptotic freeness and generalizations

@ Complex independent Hermitian Gaussian random matrices
converge to a free semicircular family

{Y(u,n):ve U} - {w(u):ve u}

@ Complex independent Non-Hermitian Gaussian random
matrices converge to a free circular family

{Y(u,n):ue U} - {n(u):ve u}

© Generalizations (Dykema, Schlakhtyenko, Hiai-Petz,
Benaych-Georges and others)
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Philosophy

By asymptotic freeness, large random matrix is a free random
variable, so it is natural to

@ decompose it into large blocks
@ look for a concept of ‘matricial’ independence for blocks
© find operatorial realizations for large blocks

@ reduce computations to properties of these operators
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Matricial decomposition

© decompose the set [n] := {1,..., n} into disjoint intervals
[n=Niu...uN,

and set n; = |Nj|,

@ use normalized partial traces
7j(n) = E o Trj(n)

where

Tr;(n)(A) = ;Tr(n)(DjADj)

and Dj is the n; x n; unit matrix embedded in M,(C) at the
right place.
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Matricial decomposition

© decompose random matrices Y (u, n) into independent blocks
S;J(u, n) = D,-Y(u, n)Dj

@ decompose symmetric blocks T; ;(u, n), built from blocks of
the same color:

Slﬁl(u,n) 51_2(u,n) Sl,r(u,n)

S>1(u,n 5_; (u,n
Y (u,n) = 21(tm) - 522 )

5,71(u, n)
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Matricial freeness

In order to define a ‘matricial’ concept of independence,

@ replace families of variables and subalgebras by arrays
{ai,iel} = (aij)ije

{Ai,iel} — (Aij)ije
@ replace one distinguished state in a unital algebra by an array
of states
Y= ((Pi,j)(i,j)eJ

where we set ¢;; = ¢; (state ‘under condition’ j)
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Matricial freeness

The definition of matricial freeness is based on two conditions
@ 'freeness condition’

pijlaiaz...an) =0

where ay € A, _j, n Keryj, j and neighbors come from
different algebras

@ 'matriciality condition’: subalgebras are not unital, but they
have internal units 1;;, such that the unit condition

lijw=w

holds only if w is a ‘reduced word" matricially adapted to (/,)
and otherwise it is zero.
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Some results

The

concept of matricial freeness allows to
unify the main notions of independence

give a unified approach to sums and products of a large class
of independent random matrices

find a unified combinatorial description of limit distributions
(non-crossing colored partitions)

derive explicit formulas for arbitrary mutliplicative convolutions
of Marchenko-Pastur laws

find random matrix models for boolean independence,
monotone independence and s-freeness (noncommutative
independence defined by subordination)

construct a natural random matrix model for free Meixner laws
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Matricially free Fock space of tracial type

By the matricially free Fock space of tracial type we understand

M =P M,

j=1

where each summand is of the form

o0
M =CQe@d P Hip)®...0H,, (un),

m=1 J1 5000 Jm
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Creation operators

Definition
Define matricially free creation operators on M as partial
isometries with the action onto basis vactors

pij(V)Y = e j(u)
pij(u)(eik(s) = eij(u)®eji(s)
pij(u)(ek(s) @w) = e;j(u)@ek(s)@w

for any i,j, k € [r] and u, s € U, where ¢ ,(s) @ w is a basis vector.
Their actions onto the remaining basis vectors give zero.
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Toeplitz-Cuntz-Krieger algebras

One square matrix of creation operators (p; ;) gives an array of
partial isometries satisfying relations

.
Z @i,j@?:i = @i,;pk,f — p; for any k
j=1

r
Z@t,j@ku' =1 for any k
j=1

where g; is the projection onto C2;. The corresponding
C*-algebras are Toeplitz-Cuntz-Krieger algebras .
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Matricially free Gaussians

Arrays of matricially free Gaussians operators

wi () = £/ di (1 () + p75(w)
play the role of matricial semicircular operators

wia(u) wiplu) ... wi,(u)
[w(u)] = w,1(u)  wa2(u)

whl(u)

and generalize semicircular operators. From now on we incorporate

scalaras like 4/d; or more general 1/b; j(u) in the operators.
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Free probability Hermitian version

Theorem [Voiculescu]

If Y(u,n) are Hermitian standard Gaussian independent random
matrices with complex entries, then

lim Y(u,n) =w(u)

n—o0

in the sense of mixed moments under the complete trace 7(n).
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Asymptotic distributions of Hermitian symmetric blocks

Theorem

If Y(u,n) are Hermitian Gaussian independent random matrices
with i.b.i.d. complex entries, then

|im T,"J'(U, n) = @;J(u)

n—0

in the sense of mixed moments under partial traces 7;(n) , where

NN () i =g
WI,J(U) = { wiJ(U) +wiJ(U) if J 7é_]

are symmetrized Gaussian operators.

Romuald Lenczewski Matricial R-circular Systems and Random Matrices



Types of blocks

The symmetric blocks are called
@ balanced if d; > 0 and d; > 0
@ unbalanced if dj =0Ad;>00rdi>0Ad; =0
© evanescent if dj =0and d; =0

where the numbers

lim M =

n—oo Nn

are called asymptotic dimensions .

d; =0
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Special cases

Special cases

In the general formula for mixed moments, we get
Q Tij(u,n) — &jj(u) if block is balanced

@ Tij(u,n) — wjj(u) if block is unbalanced, j =0 A i >0

(u,n)
© Tij(u,n) = wj;(u) if block is unbalanced, j >0 A i =0
(u,n)

Q T;j(u,n) — 0 if block is evanescent
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Free probability non-Hermitian version

Theorem [Voiculescu]

If Y(u,n) are standard complex non-Hermitian Gaussian
independent random matrices, then

lim Y(u,n) = n(u)

n—ao

in the sense of moments under 7(n), where each n(u) is circular.
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Non-Hermitian case

If Y(u,n) are non-Hermitian Gaussian independent random
matrices with i.b.i.d. complex entries, then

lim Tjj(u, n) =n;ij(u)

n—o0

where

nij(u) = 9ij(2u —1) + 57 ;(2u)
are called matricial circular operators and O ;(s) are
symmetrizations of ©; j(s) (two partial isometries for each 7; j(u)).
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Matricial realization of partial isometries

We can identify partial isometries p; ;(u) with

pij(u) = L0.j,u)®e(i,j) € Mi(A)

where
Q the family {£(i,j,u) : i,j € |r],ue U} is a system of *-free
creation operators w.r.t. state ¢ on A
Q (ej;) is a system of matrix units in M,(C)
© V; = ¢ ®1j, where 1) is the state associated with e(j) € C".
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Matricial realization - Hermitian case

Consequently,
wij(u) = i j,u)®eli,j) +£(i,j,u)* ®e(,i)

e = | Bl ®eli]) +g(iju) ®elyi) ifi<]
i Fi,u) ®e(i, i) ifi=j

where

{g(i,j,u):i,je|r],ue u}, {f(i,u) :i€[r],ue U}

are *-free generalized circular and semicircular systems, respectively.
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Matricial realization - non-Hermitian case

We can also identify matricial circular operators with

) = {g(u, u)@e(i,j) +g(j,i,u)®@e(j,i) ifi<j

(iyi,u) @ e(i, i) ifi=J
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Asymptotic realization of blocks

If Y(u,n) are complex Gaussian independent random matrices with
i.b.i.d. entries, then

lim_S;j(u, n) = G j(v)

where
CI,J( ) (I ./’ )®e(’a./)

are called matricial R-circular operators .
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Consider one off-diagonal (;; of the form
Gij = (br+03) ®e(i, )

where i # j and {1, {5 are free creation operators with covariances
~1 and ~,, respectively. We have

V(GG GG ) = (Tl lily) + p(l145050,) = % + 1172

whereas all remaining *-moments of (; ; in the state W; vanish.
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Matricial freeness

The array of *-subalgebras (M; ;) of M,(A), each generated by
{(i,j,u)®e(i,j) - ue u},
with the unit
lij=t(i,j)®e(i,i) +1®e(j,))
where

- 0G0, u)(i,j, u)* i i #
t(IJ):{Zue‘u(JO)(J) ifi:j'

is matricially free with respect to (W;;), where V; ; = ¢ ® 1;.
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Symmetric matricial freeness

Theorem
The array (M, ) of *-subalgebras of M, (A), each generated by

{0, 1) ® e(i, ), £, i, u) @ e(j, 1) : u e u}
and the symmetrized unit

1i,j — ]_®e(l, I) + 1®e(ja.j)a

is symmetrically matricially free with respect to (V; ;).
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Symmetric matricial freeness

Corollary
The array (M, ) of *-subalgebras of M,(A) such that one of the
following cases holds:

@ each M, is generated by {&; j(u) : ue U},
@ each M, is generated by {n; j(u) : ue u},
© each M, is generated by {(;j(u) : ue U},
is symmetrically matricially free with respect to (V).
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Adapted partitions

If ax = ck ® el(ik,jx) € M, (A) for k =1,..., m, where ¢, € A, we
will denote by
NCm(al7 ceey am)

the set of non-crossing partitions of [m] which are adapted to
(e(i, /1), -, €(im,jm)) which means that this tuple is cyclic

.jl = i27.j2 = i37' . '7.jn = il

together with all tuples associated with the blocks of 7. Its subset
consisting of pair partitions will be denoted N'C2, (a1, ..., am).
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For (e(i,j),e(j,i),e(i,j),e(j,i)), where i # j, there are three
non-crossing partitions adapted to it:

{{1,2,3,4}}, {{1,4},{2,3}}, {{1,2},{3,4}}.
In turn, the partitions
{{1,2,5},{3,4}}, {{1,2,3,4,5}} {{1,2,3},{4,5}}

are the only non-crossing partitions adapted to the tuple
(e(i,)),e(, k),e(k,i),e(i,m),e(m,i)), where i # j # k # i # m.
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Combinatorics of mixed *-moments

With the above notations, let a, = Ciﬁ:(ka(uk)' where iy, jx € [r],
ux € U, and €, € {1, x} for j € [m] and m e N. Then

Vi(ar...am) = Z bj(m, f)
weNC2 (a1,.-.,am)

where j is equal to the second index of last matrix unit (associated
with ap,) and f is the unique coloring of 7 adapted to (a1,...,am),

bj(m, f) = | | bj(m, f)
k

with bj(mx) = by, c(o(k)) (U), where c(k), c(o(k)), j are colors
assigned to Ty, its nearest outer block 7,y and to the imaginary
block. In the remaining cases, the moment vanishes.
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Cyclic cumulants

Definition

A family of multilinear functions [ . ;j], where j € [r], of
matricial variables ax = cx ® e(ik, jx) € M,(A) is cyclically
multiplicative over the blocks 7y, ..., 7s of 1 € NCp(a1, ..., am) if

s

Krlal,...,ami q] = H k(mi)[aty .-, am j(k)],
k=1

for any ay, ..., am, where
k(mi)[a1, ... amij(k)] = ks(agy,- - -+ ags:Jgs)

for the block mx = (g1 < ... < qn), where {ks(.;j) :s > 1,j € [r]}
is a family of multilinear functions. If 7 ¢ NCp(a1,...,am), we set
Krlai,...,am:j] = 0 for any j.
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Cyclic cumulants

Definition

By the cyclic cumulants we shall understand the family of
multilinear cyclically multiplicative functionals over the blocks of
non-crossing partitions

T = Krl.1J],
defined by r moment-cumulant formulas

Wj(al...am) = Z Hw[alr"uam;j]a
TENCm(a1,---,am)

where j € [r] and V; = ¢ ® ¥);.
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Take
Ci,j = (i + E;) ®e(i,j) and C;k,j = (eik +h)®e(), i),
where i # j. The non-trivial second order cumulants are
"52(@3‘, CiJ;f) = wj((;fj(i,j) = p(l1l1) =m
K2(<i,j7<.;k,j; i = wi(Ci,jC;k,j) = p(l302) = 72
whereas all higher order cumulants vanish. For instance,
KZ(C;‘,jagi,ﬁC;k,iji,j;j) = wj(C?,jCi,jC:‘iji,j)
- H2(Ci*,j7Ci,j;j)ﬁ2(cl?s,j7<i,j;j)
—HZ(C;Z'a CiJ;j)’<52(CiJ7 Ci*Lj? i)
= MH+mre—1-—mr2=0,
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Cyclic R-transforms

Cyclic R-transforms
Let ¢ := (¢ij) and (* := ((:,-*J-). Cyclic R-transforms of this pair of
arrays are formal power series in z := (z;;) and z* := (z};) of the
form

Recx(z,2%; )

5 €n
- Z Z Z ’1,J17”"<’n’Jn ) ’1xll"'z"mjn7

where i, ..., in,jyJ1,---jn € [r] and €1,... € € {1, %}.
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Cyclic R-transforms of R-circular systems

Theorem

If ¢ := (i) is the square array of matricial R-circular operators
and ¢* := (¢f;), then its cyclic R-transforms are of the form

r
Recx(z,2%:j) = Z(bigziﬂ:jziJ +b; iz iz
i=1

where j € [r], where b;j = r2(&F;, &ijiJ) = K2(8in &1 J)-
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Cyclic R-transforms of single R-circular operators

Theorem

If ¢ := (ij, where i # j, then non-trivial cyclic R-transforms of the
pair {¢,(*} are of the form

Recx(z,2%j) = bz z’J

Recx(z,2%0) = b;;zijz;
and if ( := ¢, then

Recx(z,2%)) = b2z + 214775)
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Cyclic R-transforms of single R-circular operators

Corollary

If bjj = d; for any i, j, then c := Zu ¢ij is circular with respect to
W =37 ;djV; and the corresponding R-transform takes the form

r
RQC* (21, 22) = 2 C/J'RQC* (Z,Z*;j) =120 + 2273,
j=1

where R¢ ¢« (z,z*;j) are the cyclic R-transforms considered above
in which all entries of arrays z and z* are identified with z; and z,
respectively.
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