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g-deformed Araki-Woods algebras q-Fock space

o (Hg,(-,-)) be a real Hilbert space and {U;}+cr C B(Hr) a strongly
continuous one-parameter group of orthogonal transformations.
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g-deformed Araki-Woods algebras g-Fock space

e (Hg,(-,-)) be a real Hilbert space and {U;}+cr C B(Hr) a strongly
continuous one-parameter group of orthogonal transformations.

@ He := Hr ®r C = Hr + iHg, extend inner product to be C-linear in
second coordinate, and extend {U;}tcr to unitary transformations.

o {U;}tcr has a generator A: A > 0, non-singular, and A’ = U, for all
t € R.

e Examples. (i) Uy =1 and A= 1. (ii):

_ ( cos(tlog ) —sin(tlog )
Ur = < sin(tlogg)\) c05(t|0gg>\) )
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A— 2, 2,
PASAT AN~
2 2
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g-deformed Araki-Woods algebras g-Fock space

(Hg, (-,-)) be a real Hilbert space and {U;}+cr C B(Hgr) a strongly
continuous one-parameter group of orthogonal transformations.

He = Hr ®r C = Hgr + iHg, extend inner product to be C-linear in
second coordinate, and extend {U;}tcr to unitary transformations.
{Ut}ter has a generator A: A > 0, non-singular, and A = U, for all
t € R.

Examples. (i) Ur =1 and A= 1. (ii):

_ ( cos(tlog ) —sin(tlog )
Ur = < sin(tlogg)\) c05(t|0gg>\) )

AMATE At
A— 2 2
A=A )\+§F1 :

Define a new inner product

2
(f,g>U:<1+A_1f,g>, f.g € Hc,

and let H = /chll-Hu.
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g-deformed Araki-Woods algebras q-Fock space

e For —1 < g < 1, the g-Fock space F4(H) is the completion of
CQ® P, H®™ with respect to the inner product

<f1®-~~®fn,g1®-"®gm>u7 = 0p= mqu(ﬂ)HUk;gfr(k
TESy
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g-deformed Araki-Woods algebras g-Fock space

e For —1 < g < 1, the g-Fock space F4(H) is the completion of
CQ® P, H®™ with respect to the inner product

<f1®-~~®fn,g1® ®gm *5n mqu(ﬂ-)H<fkagﬂ'(k
TESy

@ For each f € H, define the left q-creation operator I4(f) € B(Fq(H))
densely by

IQ(f)Q:fa and
4(Fe1® - Qg =fRg X gn

e Its adjoint, the left g-annihilation operator Io(f)* is densely defined by

lo()*Q2 =0, and

ly(f) g1 ® - ®gn—zq (f ey ® V& @ gn
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g-deformed Araki-Woods algebras g-quasi-free states

@ Denote sq(f) = Ig(f) + Ig(f)*, f € H. When g = 0, this is
semicircular.
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g-deformed Araki-Woods algebras g-quasi-free states

@ Denote sq(f) = Ig(f) + Ig(f)*, f € H. When g = 0, this is
semicircular.
@ The g-deformed Araki-Woods algebra is then defined as

Fg(Hr, Ur)" = W*(sq(f): f € Hr) C B(Fq(H)).

For g = 0 we simply write I'(Hg, U;)” and call it the free
Araki-Woods factor.

Brent Nelson (UCLA) Free monotone transport without a trace March 27, 2014

4/2



g-deformed Araki-Woods algebras g-quasi-free states
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@ The g-deformed Araki-Woods algebra is then defined as

Fg(Hr, Ur)" = W*(sq(f): f € Hr) C B(Fq(H)).

For g = 0 we simply write I'(Hg, U;)” and call it the free
Araki-Woods factor.

@ The vector-state corresponding to Q, (= ¢q.u), is faithful and
non-degenerate on [4(Hg, U;)”, and is called a g-quasi-free state, or
a free quasi-free state when g = 0.
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g-deformed Araki-Woods algebras g-quasi-free states

@ Denote sq(f) = Ig(f) + Ig(f)*, f € H. When g = 0, this is
semicircular.
@ The g-deformed Araki-Woods algebra is then defined as

Fg(Hr, Ur)" = W*(sq(f): f € Hr) C B(Fq(H)).

For g = 0 we simply write I'(Hg, U;)” and call it the free
Araki-Woods factor.

@ The vector-state corresponding to Q, (= ¢q.u), is faithful and
non-degenerate on [4(Hg, U;)”, and is called a g-quasi-free state, or
a free quasi-free state when g = 0.

@ The modular automorphism group {of} of ¢ is well known:

2 (sq(€)) Z[A’Z]jksq k), zeC,

where {e;} C Hp is an o.n. basis.
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g-deformed Araki-Woods algebras The state of things

Let N = dim Hg.

q#0
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g-deformed Araki-Woods algebras

The state of things

Let N = dim Hg.
g=0 q#0
[Guionnet, Shlyakhtenko
2013]: for N < oo there
L(Fn) 013)
Ur — 1 is a constant C(N) > 0
e the free group factor so that for |g] < C(N)
with N generators this is isomorphic to L(Fy)
via transport arguments
Up # 1
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the free group factor the g-deformed
with N generators free group factor
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Us #£1

Brent Nelson (UCLA) Free monotone transport without a trace March 27, 2014 5/21



g-deformed Araki-Woods algebras  The state of things

Let N = dim Hg.
q=0 q#0
L(Fn) Mq(Hr)
Ut - 1
the free group factor the g-deformed
with N generators free group factor
I_(HR, Ut)//
Us #£1
free Araki-Woods factor

Brent Nelson (UCLA) Free monotone transport without a trace March 27, 2014 5/21



g-deformed Araki-Woods algebras  The state of things

Let N = dim Hg.

qg=20

q#0

L(Fn)

the free group factor the g-deformed

with N generators

rq(HR)

free group factor

U # 1

[Shlyakhtenko 1997]:
factoriality and type
classification are ob-
tained, latter determined
by spectrum(A)
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g-deformed Araki-Woods algebras

The state of things

Let N = dim Hg.
q=0 q70
L(Fn) Mq(Hr)
Ut - 1
the free group factor the g-deformed
with N generators free group factor
[Hiai 2003]: factoriality
and type classification are
I-(HR, Ut)// . . .
obtained for A with either
U £ 1 o
. infinitely many mutually
free Araki-Woods factor .
orthogonal eigenvectors or no
eigenvectors (i.e. N = 00)
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The state of things

Let N = dim Hg.
q=0 q#0
L(Fn) Mq(Hr)
Ut == 1
the free group factor the g-deformed
with N generators free group factor
[N. 2013]: for N < oo
r(HR, Ut),, there is a constant
U # 1 C(N,U) > 0 so that for
' } . } lal < C(N, U) Tq(Hz, Ue)"”
ree Araki-Woods factor is isomorphic to [(Hz, Us)”
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g-deformed Araki-Woods algebras

The state of things

Let N = dim Hg.
q=0 q#0
L(Fn) Mq(Hr)
Ut == 1
the free group factor the g-deformed
with N generators free group factor
I_(HR, Ut)// rq(HR, Ut)//
1
Ue 7 free Araki-Woods f g-deformed Araki-
ree Araki-VWoods ftactor Woods algebra
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g-deformed Araki-Woods algebras Combinatorics

e Fix an orthonormal basis {e,} of Hp, it will still be a normalized basis
for H but not orthogonal unless Uy = 1.

@ Denote sg(e,) = Xp(= X,Sq)) and want to compute ¢ on monomials
in C ({Xa}).

@ The combinatorics associated to this task makes interesting
transistions as we vary U; and q.
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Suppose Uy =1 for all t € R and g = 0.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.1 (Free group factor; top-left corner)

Suppose Uy =1 for all t € R and g = 0. Wish to compute ¢(X1 X2X;3).
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Example 1.1 (Free group factor; top-left corner)

Suppose Uy =1 for all t € R and g = 0. Wish to compute ¢(X1 X2X;3).
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m 2 2 1 1 n
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Example 1.1 (Free group factor; top-left corner)
Suppose Uy =1 for all t € R and g = 0. Wish to compute ¢(X1 X2X;3).

Draw o . - .
m 2 2 1 1 n

Pair up nodes of the same color and connect them with strings so that
strings do not cross. In this case there are two such diagrams:
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g-deformed Araki-Woods algebras Combinatorics

Example 1.1 (Free group factor; top-left corner)
Suppose Uy =1 for all t € R and g = 0. Wish to compute ¢(X1 X2X;3).

Draw o . - .
m 2 2 1 1 n

Pair up nodes of the same color and connect them with strings so that
strings do not cross. In this case there are two such diagrams:

e

Each such diagram contributes a term of 1 so that p(X1 X2X7) = 2.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.2 (g-deformed free group factor; top-right corner)
Suppose Uy =1 for all t € R and g # 0.

v

Brent Nelson (UCLA) Free monotone transport without a trace March 27, 2014 8/21



g-deformed Araki-Woods algebras Combinatorics

Example 1.2 (g-deformed free group factor; top-right corner)
Suppose U; =1 for all t € R and g # 0. Again we compute (X1 XZX3).

v
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g-deformed Araki-Woods algebras Combinatorics

Example 1.2 (g-deformed free group factor; top-right corner)

Suppose U; =1 for all t € R and g # 0. Again we compute (X1 XZX3).
Same setup as before, but now strings may cross:
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g-deformed Araki-Woods algebras Combinatorics

Example 1.2 (g-deformed free group factor; top-right corner)

Suppose U; =1 for all t € R and g # 0. Again we compute (X1 XZX3).
Same setup as before, but now strings may cross:

A crossing adds a factor of g to the weight of a diagram, so here
P(X1 X0 Xo X3) =2+ q.
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g-deformed Araki-Woods algebras  Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)
Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).

Setup is again the same:
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).

Setup is again the same:
@ L
(T 2 2 1)

However, now pairings can be made regardless of color:
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).
Setup is again the same:

However, now pairings can be made regardless of color:
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).
Setup is again the same:

However, now pairings can be made regardless of color:

When nodes corresponding to the vectors e and e, are connected (form
left to right), the diagram gains a factor of (e;, ex) ;.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.3 (Free Araki-Woods factor; bottom-left corner)

Now let U; be non-trivial and g = 0. We will compute (X1 X2X2X7).
Setup is again the same:

When nodes corresponding to the vectors e and e, are connected (form
left to right), the diagram gains a factor of (e;j, ex) . So here

P(X1 XoXoX1) =14 (e1, &)y (e, 1)y -
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g-deformed Araki-Woods algebras Combinatorics

Example 1.4 (g-deformed Araki-Woods algebra; bottom-right corner)
Finally let U; be non-trivial and g # 0.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.4 (g-deformed Araki-Woods algebra; bottom-right corner)
Finally let U; be non-trivial and g # 0. We again compute (X1 X2X2X1).
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g-deformed Araki-Woods algebras Combinatorics

Example 1.4 (g-deformed Araki-Woods algebra; bottom-right corner)

Finally let U; be non-trivial and g # 0. We again compute (X1 X2X2X1).
The transition to non-zero q is the same as before: strings may cross and

each contributes a factor of g.
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g-deformed Araki-Woods algebras Combinatorics

Example 1.4 (g-deformed Araki-Woods algebra; bottom-right corner)

Finally let U; be non-trivial and g # 0. We again compute (X1 X2X2X1).
The transition to non-zero q is the same as before: strings may cross and
each contributes a factor of g.

N
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g-deformed Araki-Woods algebras Combinatorics

Example 1.4 (g-deformed Araki-Woods algebra; bottom-right corner)

Finally let U; be non-trivial and g # 0. We again compute (X1 X2X2X1).
The transition to non-zero q is the same as before: strings may cross and
each contributes a factor of g.

-
1

1 2 2

So here

P(X1 X2 XoX1) = 14 (e1, &)y (€2, e1)y + q(e1, &)y (e, 1)y -
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Free transport Differential operators

Let N < oo and {U;: t € R} with generator A.

Fix —1 < g <1, and write X; = Xj(q) and ¢ = g y. Denote
P =C(Xi,...,Xn).
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Free transport Differential operators

Let N < oo and {U;: t € R} with generator A.

Fix —1 < g <1, and write X; = Xj(q) and ¢ = g y. Denote

P =C(X1,...,Xn).

For each j =1,..., N we define the o-difference quotient

0j: & — P ® P and the o-cyclic derivative 9;: & — & by

n
2
i ( Xy -+ Xk,) = E —— | Xig o Xi oy @ Xy Xy
I=1 1+A kij

and

z 2
DX+ Xi) = 3 [HA} 7% (K Xe) X X
=1 Jki

respectively.
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Let Qjk = [HLA]

Jjk

«O>» «Fr «Z» « ) .



Free transport Differential operators

Example 2.1

[
Let aj = [H—ALk then

(X1 XoX1) = 111 @ Xo X1 + a1 X1 @ X1 + a1 X1 Xo @ 1,
and

D (X1 XoX1) = 1107 (X X1) + 1207 ,(X1) X1 + 11 X1 Xo.
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Free transport Differential operators

Example 2.1
Let aj = [HLALk then

(X1 XoX1) = 111 @ Xo X1 + a1 X1 @ X1 + a1 X1 Xo @ 1,
and

D (X1 XoX1) = 1107 (X X1) + 1207 ,(X1) X1 + 11 X1 Xo.

Special example:

An easy computation shows Z;V = X;.
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Free transport  The Schwinger-Dyson equation

Let ¢ be a state defined on & and let V € . We say that v satisfies

the Schwinger-Dyson equation with potential V if for each j=1,..., N

W(Z;V - P) =1 @) (9;P)

for all P € &, and we call ¢ the free Gibbs state with potential V,
Y= opv.
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Free transport  The Schwinger-Dyson equation

Let ¢ be a state defined on & and let V € . We say that v satisfies

the Schwinger-Dyson equation with potential V' if for each j=1,..., N

W(Z;V - P) =y @9%(9;P)

for all P € &, and we call ¢ the free Gibbs state with potential V,
Y= opv.

In particular, g ¢ is the free Gibbs state with potential Vo, where Vj is as

above.

Since Z;Vp = Xj, this is immediate from considering the diagrams in our

earlier examples.
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Free transport  The Schwinger-Dyson equation

We collect everything in vector and matrix notation:
X :=(X1,...,Xy) € 2V,
for Pe &
9P = (NP,...,9yP) e 2V,
and for G € 2N we define I5G € Myxn(Z2 @ P°P) by
[75Glix = 0k(Gj)

for each j,k € {1,...,N}.
So the Schwinger-Dyson equation with potential V reads:

YDV -G) =y ¢YP R Tr(_7,G)
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Free transport  The Schwinger-Dyson equation

Theorem 2.2 (N. 2013)

For |q| sufficiently small (depending on N and ||A||) @q,u satisfies the
Schwinger-Dyson equation with a potential V4 € T¢(Hg, Ut)":

Pq,u(DVe#P) = pqu ® voy ® TH 25 P)

N
for all P € C<X1(q), . ,xﬁ,")> .

Moreover, Vo, — Vg as |q| — 0 (with respect to a particular Banach norm).

(1)
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Free transport The Schwinger-Dyson equation

Theorem 2.2 (N. 2013)

For |q| sufficiently small (depending on N and ||A||) @q,u satisfies the
Schwinger-Dyson equation with a potential V4 € T¢(Hg, Ut)":

0o u(DVe#P) = pqu ® 6Ty ® TH_7,P) (1)

N
for all P € C<X1(q), . ,xﬁ,")> .

Moreover, Vo, — Vg as |q| — 0 (with respect to a particular Banach norm).

Theorem 2.3 (Guionnet, Maurel-Segala 2006)

For potentials V sufficiently close to V{ (with respect to particular Banach
norm), the free Gibbs state with potential V is unique.
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Free transport Banach Spaces

For P €¢ & we write

deg P deg P
P=>" Z (Ut odn) X Xj, = > malP),
n=0 ji,....jn=1 n=0
and define
deg P N

1Ple=3" 3 leCu. - in)lR"

n=0 Jlr":./nf]-

and 2R = 71
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Free transport Banach Spaces

For P €¢ & we write

deg P deg P
S SED SIFTRRNAT I b
n=0 ji,....jn=1 n=0

and define
deg P N

1Ple=3" 3 lcGu....n)lR"

n=0 Jl»"':./nf]-

and 2R = 71

Define o-cyclic rearrangements by
p(le o Xjn) = Ufi(Xjn)le e Xy

and define
deg P

Pllreo :i= su ko (70, P
1PIR, nz_; k,,epZHp (ma(P))llr

and @ (Ro) — WII-HR,(,_

Brent Nelson (UCLA) Free monotone transport without a trace March 27, 2014

16 / 21



Free transport Banach Spaces
Denote

P = 2O T (He, U, PR = 2RO (He, U)),

"
)
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Free transport Banach Spaces

Denote
PP = PO AT G(He, Up)l, 2B = 2R AT (U, Up)",
and

PR = (P e PR p(P) = P}.

Vy € 2R for sufficiently small |q|.
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Free transport Banach Spaces

Denote
PP = PO AT G(He, Up)l, 2B = 2R AT (U, Up)",
and

PR = (P e PR p(P) = P}.

Vy € 2R for sufficiently small |q|.
The map

=325 pom
n>1 k=0

is a contraction

P Ly 20
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Free transport Transport

o Classically, transport is a map T: (X, u) — (Z,v) so that T, (u) = v.
Yields a measure-preserving embedding L>°(Z,v) < L*®(X, 1) via
f—foT.
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Free transport Transport

o Classically, transport is a map T: (X, u) — (Z,v) so that T, (u) = v.
Yields a measure-preserving embedding L>°(Z,v) < L*®(X, 1) via
f>foT.

e Given N-tuples Xi,..., Xy € (A, ) and Z1,...,Zy € (B, ) write
X =(X1,...,Xny) and Z = (Z1,...,2Zy) and let ox and ¢z be their
respective joint laws.

@ Transport from ¢x to ¢z is an N-tuple
Yi,..., Yy € W*(Xq,...,Xn) whose joint law with respect to ¢,
Yy, is the same as 17.

e lts existence implies W*(Z1,...,2Zn) — W*(Xy,..., Xy) via
Zj — Y, and the embedding is state preserving.
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Free transport Transport

Theorem 2.4 (N. 2013)

For |V — Vo||r, sufficiently small, there exists
Y1,..., Yy € PR) CT(Hg, U;)" whose law with respect to gy is the
free Gibbs state with potential V.

Moreover, each Y; = G:j(Xl(O)u soc aX/slo)) and

G =(Gi,...,Gy): (PPN — (PN

is invertible.

Consequently, for |q| sufficiently small (depending on N and ||A||) there is
a state preserving isomorphism

rq(HRa Ut)// = (HR7 Ut)
X9 s G(X(O) X
(G_l)k(Xl(q)?- Sq) . X 0)
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Free transport Constructing transport

Define F: L@Eﬁi") — Q”S(;,R’U) by

Fg) =~ W(X + 78) — 1 {(1 + AV#78) #78
m+1

+ Z (1@ %) o Tr (A [ S Tg# JoX

m>1
1)m+1

+ Z ———(p@1)oTr (A*l# PR P A e

m>1

where W =V — V.

1] m)
1] m) 7
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Free transport Constructing transport

Define F: ﬂgiﬁa) — 9”5(0"?’0) by

Fg) =~ W(X + 78) — 1 {(1 + AV#78) #78

m+1
+ X w0 (a2 20X )
m>1
1)m+1 m
+ Y oo T (4% LA e 2],
m>1

where W =V — V.
Then /m,>1F has a fixed point g € 2R2) 4nd setting

Y=X+Y%g

yields Y7, ..., Yy whose law with respect to ¢ is the free Gibbs state with
potential V.
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Free transport Planar tangles

F is equivalent to a planar tangle:

F(g) =~ W(X + 78) — ; (1 + A7) #78
m+1

+ Z (1® %) o Tr (A# [ 7o Dg# F.X~
m>1
-1 m+1
% ,37 (e 1)oTr (A1 [ Fo g FaX
m>1

1] m)

7).
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F is equivalent to

Free transport Planar tangles

a planar tangle:

F(g) =~ W(X + 7g) — ; {(1+ A#78} #78

Brent Nelson (UCLA)

(~1)m

T(1 ® @) o Tr (A# [/agg#/rfxil}n?

(e 1) o Tr (AT [ A gg# X7,
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Free transport Planar tangles

F is equivalent to a planar tangle:

F(g) =~ W(X + 78) — ;11 + AV#78) #7%

m+1 m
I L UGV
m>1
iy 1,lmﬂso®1> Te (A% L oet £ox ).
m>1

where the term in red corresponds to:
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Free transport Planar tangles

F is equivalent to a planar tangle:

Flg) =~ W(X + 78) — ; {(1+ A7) #78
(_1)m+1

(1@ ™) o Tr (A# [ o Te# Fox )"

m>1
+Z(_]'r)r7rn4{l(gp®l) ( 1# [/a@g#/o ] )’

) il =) [
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Free transport Planar tangles

F is equivalent to a planar tangle:

Fg) =~ W(X + 7)  ; {(1+ A% 78} #78
(_ )m+1

T e ) ot (A% [ 2028 £x 7]

m>1
(_1)m+1 » -1 —11m
+ZT(’~P®1)OTr(A # | IoPg# I X7 )7
m>1
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