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Left inverse of ®.

Definition.
Coefficient stripping is the map

J:{uwePy| Var(u) > 0} - P, Fu(2) = 2 — B — Gy (2),

where 5 = m(u), v = Var(u).

J strips off the first pair of Jacobi parameters.

Michael Anshelevich Free convolution semigroups and coefficient stripping



Warm-up: Boolean convolution semigroups.

A Boolean convolution semigroup
{u®t:t =0}

is determined by

z— Fyot =t(z — F,).

Then

(tB + t7G e (2)) = 2 = Fuei(2) = t(z — Fu(2)) = t(B + G jp(2))

and so
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Free convolution semigroups.

Denoting ¢, (z) = Fljl(z) — z, a free convolution semigroup
{pe - t =0}

is determined by
P (2) = tppu(2).
Free convolution semigroups with finite variance are in bijection
with canonical triples
{(B,7:p): BER,y>0,pe P} {(B,0,-) : BeR}
via (Maassen)
O (2) = Bt +9tG,(2).
For F—!, not F.
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Stripping a free convolution semigroup.

Proposition. (A)

If {u:} is a free convolution semigroup with finite positive vari-
ance,

J[w] = pEF,

where o3, is the semicircle law with mean 3 and variance .

Proof. Will prove for mean zero, variance one.
Recall the Belinschi-Nica transformations
WLl
]Bt[/lf] — (,U/(H't)) l+t’

for which B; = B, the Boolean-to-free Bercovici-Pata bijection.
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Stripping a free convolution semigroup.

Belinschi and Nica proved that
Bi[@[p]] = ¢[pEH].

Note that the Maassen representation ¢, (z) = G,(z) says

= B[@[p]].
So
B, 1[u] = ®[pEH ],
,U/t — @[pgt]wt’
and

Jm] = pE o™,
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Inverse coefficient stripping.

What about inverse coefficient stripping?

For what i, is
Jp] = pE o

for other 7 € ZD®?
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More notation.

Definition. (Bozejko, Speicher)
Define ¢ , via

(pp 0 Fu)(2) + F(z) = .

A two-state free convolution semigroup is a family
{(fue, pe) = t = 0} such that

Piivpe = Wiis P = WPy

Definition. (Lenczewski, Nica)

The subordination distribution 1 [Hv is the unique probability
measure such that

G#,,(z) = GV(FMEEV(Z))-

Michael Anshelevich Free convolution semigroups and coefficient stripping




Inverse coefficient stripping I.

Proposition.
Let p € P and r € ZD®. Denote

He = TL[Eﬁa

fir = O[pE T

Then {(f, pt) : t = 0} form a two-state free convolution semi-
group and

J[fi] = pET™.

The converse is not true.

Reason: p [ ™ may “make sense” even if 7 ¢ ZDHY,
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Examples.

Example.
If =vHET, then

P H Pat Y s Pt G

Example. (A, Belinschi)

Suppose 7 is supported in a small neighborhood of 0, so that .-
is small outside of the unit disk. Bercovici, Voiculescu =

o B positive for ¢ < 1.

But also for ¢ > 1.
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Examples.

7 need not even be positive.

Example.

Free Binomial distributions distributions: v, positive for v > 1,
defined as linear functionals for 0 < v < 1.

Uy 1/"/2 = Vyi4s-
Let
p=v.: c=1.
T=vy,:0<y <1l

Then
pPHEM = Veynyt: CHat =1

This is positive for all ¢ > 0, while 7 is not.
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Inverse coefficient stripping Il.

Theorem. (A)
Let p, 7 € P such that 7 [H € ZD™=. Then

pETY
is well-defined (positive) for all ¢ > 0. Denote
Ht = (T (H ﬁ)tv

fie = e[pE T

Then {(f, ) : t = 0} form a two-state free convolution semi-
group and

Jfi] = pEA .
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Subordination.

Question.
Suppose p @A is positive for all ¢ > 0.

Does this imply that 7 [B ' € ZD*?

Equivalently, does this imply that /5 = is subordinate to F; for
all ¢t > 07?
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Partial converse.

Theorem. (A)

Let {(f, pt) : t = 0} be a two-state free convolution semigroup of
compactly supported measures. Then there exist p,w € P and
p > 0 such that

J(fir] = pH E/p)

Here 7 = w(1/7) need not be positive.
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Partial converse.

Proof. Compactly supported measures = linear functionals.
Algebraic argument =

J[pi:] = pE 7E for 7 linear, unital, not necessarily positive,
Var(7) = Var(u) > 0.

Then Bercovici, Voiculescu =
there exists a p > 0 such that Dl/\/ﬁT is positive

= 74P is positive.
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Additional examples.

Example.
Let 1, be a general free convolution semigroup. Then

J[ﬁ] = [t
where {(1i:, u¢)} are the (distributions of) two-state free Brownian
motions.
Example.

Recall that for v > 0, J[u] = p(rfy.
What if v = 0, ag = 65?7 Answer: J[i] = pEH Iz,

where {(fi,0s:)} are the generalized Boolean semigroups from
(A, Miotkowski).
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Two-state free Meixner distributions.

A, Miotkowski = {(fi, 1)} form a two-state free convolution
semigroup, where

N N(Bt, b+ Bt, b+ Bt, b+ B, )

FE™ B, eaqt, ctat, e+t

and
Bt, b+ pt, b+ pt, ...
He vt, c+~t, ¢+, ’

Then

I < (B0t st bepr
a C+at, c+t, c+t, ...}

Michael Anshelevich Free convolution semigroups and coefficient stripping



Two-state free Meixner distributions.

T ~ b+ pt, b+pt, b+ pt, ...
a C+at, c+t, c+at, ...}

so J[fi;] = pE T, where
- (5 b, b, b, )

p~ 1|~
Cc, ¢ ¢ ¢ ...

(B BFb=b Bb=b B+b-D ...
v, Yy+c¢—¢ y+c—¢ ~y+c—2¢ ...)

and
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Two-state free Meixner distributions.

(B BHb=b, BHb=b B+b—D ...
v, v+c¢—¢ y+c—¢ ~v+c—¢, ’

where

¢=0, ~v>0.
So:
m Forc>7¢ reZID%.
mForc=¢—~,7eP.

m For c < & — v, 7 is not a positive functional. But 727 is
positive for p = (¢ — ¢)/7.
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