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Introduction

Topology might be called the theory of space, not just the usual Euclidean space R? in which
we appear to live, but those far more bizarre and abstract. A space starts with a set on which you
wish to place some notion of points being “near” to each other, without necessary actually having
a notion of distance like Euclidean space. This notion is a called a topology, and a set together
with a topology is called a topological space.

The definition of a topology is rather simple: it is a collection of subsets known as its open
sets satisfying certain axioms. In Euclidean space, the open sets consist of the union of open
balls about points. The axioms required of a topology aim to make the definition of a continuous
function between topological spaces reasonable. In topology, a function is said to be continuous if
the inverse image of every open set is open. This matches with the usual definition of continuity
of maps between Euclidean spaces.

The key objects in the study of topology, or more specifically its foundational branch known as
point-set topology that is our focus, are topological spaces and continuous functions. Among the
topological spaces considered are the spaces found in multivariable calculus: R”, spheres, tori, and
other real manifolds (which are spaces that look locally like R"). Some might say that topology
aims to study geometric objects while essentially forgetting about geometry: that is, in topology,
a circle and a square are in some sense viewed as the same thing, because there exists a bijection
from the square to the circle that is both continuous and has a continuous inverse. To a topologist,
any collection of points, all separated from each other, is a perfectly good space too.

Consider for instance the topological space R?, i.e., the plane. Around every point in the plane
are centered discs without their boundaries: these are open sets. The open sets in R? are arbitrary
unions of these open disks. Suppose f: R?> — R? sends x to y. To say that f is continuous at x
is to say that given an open disk B centered at y, the inverse image f~!(B) contains an open ball
centered at x. Then f is continuous if it is continuous at every point. But looking closely at the
definition of a continuous function between topological spaces, one sees that this is in fact the
same definition: f is continuous if and only if f~!(U) is open for every open set U in R?. The key
point here is that any open set U contains an open disk about any point that it contains.

There are several key notions that will arise in our study of point-set topology, among them
separability, closure, connectedness, and compactness.

e Spaces can have rather strange topologies. For instance, on any set X, one could put the
“trivial” topology that the only open sets are & and X. The only continuous functions
from this space X to any other space are constant. In topological terms, this space is
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6 INTRODUCTION

highly inseparable, and so we often put requirements on our spaces that prevent this, e.g.,
that the space be what is known as Hausdorff. A space is Hausdorff if given any two
distinct points, one can find open sets containing each point that do not intersect each
other. In some sense, this means we can separate the two points from each other. Any
space with the trivial topology and at least two elements cannot be Hausdorff.

e As for closure, we should define what it means for a set to be closed, which is exactly
to say that its complement will be open. In R?, a closed disk, i.e., a disk including its
boundary, is closed. And in fact, that brings us quickly to the notion of closure of a set,
which is to say the smallest closed set containing a given set. In R?, the closure of an
open disk is the closed disk that is the open disk and its boundary.

e A space is connected if it is not a disjoint union of two nonempty open sets, which is to
say it has no nonzero subsets which are both open and closed. Then R? is connected,
but inside it, the union of open disks of radius 1 about 0 and 2 is not. Some spaces are
highly disconnected: for instance, for any set X, we may put on it the “discrete” topology,
whereby every subset is open. With this topology, every open set is also closed, and so
every point is what is known as a connected component. The whole space itself is then
called totally disconnected.

e In R2, a set is compact if it is closed and bounded, the latter meaning that the whole set
is contained within a large enough disk about the origin. In fact, the abstract definition is
rather different: it says that a space is compact if whenever it is a union of some collection
of open sets, only finitely many of these open sets are needed. To see why these might
be the same, try thinking about a closed interval [a,b] in R. Cover it by a union of open
intervals, and since each has some finite length, only finitely many of them are needed to
cover.

Among the most important of topological spaces are metric spaces, which are sets with a
distance function satisfying the triangle inequality. We define a topology on a metric space by
again considering the open balls of varying radius about a point and defining an arbitrary open set
to be a union of these. When we consider this underlying topological space, we may then forget
about the metric. So, one should consider a metric space as being more than just a topological
space: i.e., it has a notion of distance that a topological space itself does not. This notion of
distance is crucial for many applications in analysis, but it is also useful to have the flexibility to
work with spaces that have no natural metric. A topological space that has a metric that gives rise
to the original topology is called metrizable.

Toward the end of these notes, we will turn from point-set topology to the very beginnings of
algebraic topology, which motivated many of the latter definitions. In particular, we shall explain
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the notion of homotopy, which allows one to transform one space into another. From the perspec-
tive of homotopy theory, two spaces are homotopic if one can be continuously transformed into
another. From the perspective of homotopy, a closed disk in R? is just a point, in that it its radius
can be shrunk at a continuous rate until it becomes a point. This perspective is, for instance, quite
useful for classifying compact surfaces by how many “holes” they have: a sphere and a torus are
topologically different as they are not homotopic. The first object of abstract algebra that can be
used to measure this difference is known as the fundamental group, and it consists of “homotopy
classes” of loops on a space beginning and ending at a fixed point. For instance, the fundamental
group of a circle is just the integers, with the integer determined by how many times a loop wraps
around the circle and in what direction.






CHAPTER 1

Topological spaces

1.1. Topologies
We begin by defining topological spaces.
DEFINITION 1.1.1. A topology on a set X is a set .7 of subsets of X such that
i. the empty set & and the set X are contained in .7,
ii. if 7 is a subset of .7, then Jycy U € 7, and
iii. if Uy,...,U, €  forsomen > 1,thenU;N---NU, € .

In other words, a topology .7 is a collection of subsets of X containing &, X and which is
closed under arbitrary unions and finite intersections.

DEFINITION 1.1.2. A topological space is a pair (X,.7) consisting of a set X and a topology
T onX.
DEFINITION 1.1.3. Let X be a set.

a. The discrete topology on X is the topology equal to the set of all subsets (i.e., the power set)
of X. We say that a topological space X is discrete if its topology is the discrete topology on X.

b. The trivial topology on X is the topology {&, X }.

DEFINITION 1.1.4. Let (X,.7) be a topological space. A subset U of a topological space X is
called open if U € 7.

TERMINOLOGY 1.1.5. We often omit the notation of a topology .7 on a topological space X
and simply refer to X as a topological space when its topology .7 is understood. At times, we
say that a topological space X is endowed with (or has) a topology 7. We sometimes refer to a
topological space more simply as a space.

DEFINITION 1.1.6. An element of a topological space X is called a point of X.

EXAMPLE 1.1.7. A topological space X has the discrete topology if and only if every subset
of X is open.
EXAMPLES 1.1.8.

a. Let X = {a,b} be a two-point set. Then there are 4 distinct topologies on X, all equal to
{2,X}US, where S is some subset of {{a},{b}}.

9



10 1. TOPOLOGICAL SPACES

b. Let X = {a,b,c} be a three-point set. Then {&,{a},{b},X} is not a topology on X, as it
is not closed under unions, while {&,{a,b},{a,c},X} is not a topology on X, as it is not closed
under finite intersections.

DEFINITION 1.1.9. A set X has a topology under which a nonempty subset U is open if and
only if its complement X —U = {x € X | x ¢ U} is finite. This topology is known as the finite
complement topology on X.

EXAMPLE 1.1.10. The Euclidean topology on R is the unique topology under which a set is
open if it is a union of open intervals. This is a topology as both & and R are open intervals, any
union of unions of open intervals is a union of open intervals, and any finite intersection of open
intervals is an open interval (which, as the reader will check, implies that any finite intersection of
unions of open intervals is a union of open intervals).

DEFINITION 1.1.11. If .7 and .7 are topologies on a set X with .7 C .7, we say that .7 is
finer (or stronger) than .7, and .7 is coarser (or weaker) than .7’ If, in addition, .7 # .7/, we say
that .7 is strictly finer (or strictly stronger) than .7, and .7 is strictly coarser (or strictly weaker)
than .7,

REMARK 1.1.12. We think of a topology with more open sets as being finer in that we think
of open sets as separating points from each other, so a topology with more open sets is more
“fine-grained”, in a sense. The discrete topology is the finest topology on any set, while the trivial
topology is the coarsest.

REMARK 1.1.13. The terminology of a “finer” topology including one that may be the same
is in some sense unfortunate, but it is the most standard usage.

EXAMPLE 1.1.14. Consider the three-point set X = {a,b,c} with topologies .7 = {&,X},
D ={2,{a}, X}, 73 ={9,{a},{b},{a,b},X}, and J; the discrete topology. Then 7, is
strictly finer than .7; for each 1 <i < 3. If we set .7 = {&,{a},{a,b},{a,c}, X}, then T} is
strictly finer than 7] and % and strictly coarser than .7 but has no such relation with .73.

DEFINITION 1.1.15. An open neighborhood of a point x in a topological space X is an open
set containing x. We say that an open neighborhood V of x is an open neighborhood of V in a
subset A if V is contained in A.

LEMMA 1.1.16. A subset U of a topological space X is open if and only if every point of U
has an open neighborhood in U.

PROOF. If U is open and x € U, then U is an open neighborhood of x in U. Conversely, if
every point x of a subset U of X has an open neighborhood V, in U, then U = |J, ¢y Vi, so U is
open as a union of open sets in X. U

At times, we may wish to speak of closed neighborhoods, in which case the following defini-
tion is useful.
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DEFINITION 1.1.17. A neighborhood of a point x in a topological space X is any subset of X
containing an open neighborhood of x.

PROPOSITION 1.1.18. A set of subsets .7 of X is a topology on X if and only if &,X € 7, the
set 7 is closed under arbitrary unions, and for all Uy,...,U, € F withn > 1 and x € (N}, U,
there exists an open neighborhood of x contained in (", U,.

PROOF. Suppose thatUy,...,U, € .7 forsomen > 1,and set W =\, U;. If 7 is a topology,
then W is open, so we may take W to be the open neighborhood of the proposition. If on the
other hand we have that for each x € W, there exists an open neighborhood V; of x in W, then
W = Uew Vx is an element of .7 if .7 is closed under unions. Thus, .7 is a topology under the
conditions of the proposition. U

NOTATION 1.1.19. Given a set X and a subset A, we write A€ for the complement X —A of A
when X is understood.

DEFINITION 1.1.20. A subset A of a topological space X is closed, or a closed subset of X, if
its complement X — A is a open.

EXAMPLES 1.1.21.

a. Every subset of a discrete space is closed.
b. The only closed subsets of a space X with the trivial topology are & and X.

c. In R with its Euclidean topology, closed intervals are closed subsets, as are their finite
unions. Some but not all infinite unions of closed intervals are also closed: e.g., the set Z of
integers inside R is an infinite union of closed intervals of length zero that is closed.

PROPOSITION 1.1.22. Let X be a set. A set T of subsets of X forms topology on X if and only
if the set € = {U |U € T} has the properties that it contains & and X, intersections of elements
of € are contained in €, and finite unions of elements of € are contained in 6.

PROOF. Let .7 be a set of subsets of X and % be the set of complements of elements of .7.
We have @ = X¢ and X = X¢, so @,X € € if and only if @, X € 7. We have

c
(0 -
AE? Ae?

so € is closed under intersections if and only if .7 is closed under unions. If Ay,... A, € € for
some n > 1, then

n ¢ n
i=1 i=1

so ¢ is closed under finite unions if and only if .7 is closed under finite intersections. Thus, .7 is
a topology if and only if ¢ satisfies the conditions of the proposition. U
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1.2. Subspaces

DEFINITION 1.2.1. Let (X,.7) be a topological space and A be a subset of X. The subspace
topology on A is the set 7y = {UNA | U € .7} of subsets of A.

DEFINITION 1.2.2. A topological space A with underlying set a subset of a topological space
X is called a subspace if its topology is the subspace topology from X.

We verify that the subspace topology on a topological space is in fact a topology.

PROPOSITION 1.2.3. Let X be a topological space and A be a subset of X. Then the subspace
topology on A is a topology on A.

PROOF. Let .7 denote the topology on X and .74 the subspace topology on A. We have
F=0NAe€ Jypand A =XNA € T, so I satisfies property (i) of a topology.
If v C 74, then for each V € ¥, there exists Uy € .7 with V = Uy NA. We then have

Uv= U(UVﬂA):(U Uv)mAeﬂA

vey vey vey

since Jyey Uy € 7 as 7 is a topology. Thus, .74 satisfies property (ii) of a topology.
Ifvy,....V, € 7 for some n > 1, then V; = U;NA for some U; € .7 for 1 <i <n. We then
have

n n n
Vi=[UiNA) = (ﬂ U,-) NA € T,
i=1 i=1 i=1
since (', U; € .7 as .7 is a topology. Thus, .74 satisfies property (iii) of a topology. U
The subspace topology on an open subset of a topological space is a subset of the topology on
the space.

PROPOSITION 1.2.4. If X is a topological space and U is an open subset of X, then the sub-
space topology on U is the set of open subsets of X that are contained in U.

PROOF. If V is an open subset of U, then V. =W NU for some open subset W of X, so V is
open in X as an intersection of two of its open subsets. Conversely, if V is an open subset of X
contained in U, then V =V NU, so V is open in U as well. O

EXAMPLES 1.2.5.

a. Every subspace of a discrete space X is discrete.

b. The subspace topology on an open interval (a,b) € R with a < b consists of & and all unions
of open intervals (a',b’) witha < d’ < b’ <b.

c. Consider the four-point set X = {a, b, c¢,d} with the topology {&,{a},{b},{a,b},X}. Then
the subspace topology on {a,b} is the discrete topology, while the subspace topology on {c,d} is
the trivial topology.
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The reader may check the following lemma.

LEMMA 1.2.6. Let A be a closed subset of a topological space X. Then the closed sets of A
under the subspace topology are exactly the intersections of closed subsets of X with A.

TERMINOLOGY 1.2.7. An open (resp., closed) subset of a topological space X, when endowed
with the subspace topology, is called an open (resp., closed) subspace of X.

1.3. Bases

DEFINITION 1.3.1. A subset % of a topology .7 on a topological space X is said to be a base,
or basis, for the topology .7 on X if every open set U € .7 is a (possibly empty) union of elements
of A.

EXAMPLE 1.3.2. The set of open intervals in R is a base for the Euclidean topology on R.

EXAMPLE 1.3.3. If X is a set with the discrete topology, then the set {{x} | x € X} is a base of
the topology on X.

DEFINITION 1.3.4. We say that a set . of subsets of X covers a subset A of X if A C (Jgc & S,
and .7 is a cover of A if . covers A.

THEOREM 1.3.5. Let X be a set, and let B be a set of subsets of X such that

i. A covers X and

ii. foreveryU,V € B andx € UNV, there exists W € B withx e W and W CUNV.

Then the collection

9:{U U]‘Kg%’}

Ue?
of arbitrary unions of elements of A is a topology on X, and A is a base for the topology 7 .
Moreover, if X is a topological space and P is a base of open sets in X, then 7 is the topology on
X.

PROOF. If .7 is a topology, then % will by definition be a base, so we need only verify that 7
is a topology. Note that & is the empty union of elements of % and X € .7 by property (i) of A.
We also have that .7 is closed under arbitrary unions, as its elements are just the arbitrary unions
of elements of 4. To check that .7 is closed under finite intersections, it suffices by recursion to
show that it is closed under intersections of two elements, so let U}, U, € 7. Any x € Uy NU,
lies in the intersection of some V| € 4 contained in U; and some V, € & contained in U,. So, by
property (ii) of A, there exists W € & with

xeWCviny, CU NU,.

Since # C 7, we have W € .7 as well. By Proposition 1.1.18, the set .7 is a topology on X.
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If X is a topological space with topology .7’ and 4 is a base of open sets in X, then both .7
above and the topology .7 are the set of unions of elements of 4, the first by definition of .7, and
the second by definition of a base, so .7 = .7". O

DEFINITION 1.3.6. The topology 7 on a set X given by arbitrary unions of elements of a set
of subsets A of X satisfying the two conditions of Theorem 1.3.5 is called the fopology generated
by the base 2. We say that A generates the topology .7 .

We may now easily define the Euclidean topology on R”.

EXAMPLE 1.3.7. The Euclidean topology on R" is the topology generated by the base consist-
ing of open balls in R" of finite radius. To see this is a topology, one need only note that around
any point inside any nonempty intersection of two open balls, there exists another open ball.

DEFINITION 1.3.8. Let X be a topological space. A base of open neighborhoods of a point x
is a set A, of open neighborhoods of x such that for every open neighborhood U of x in X, there
exists V € A, with V C U. An element of #, is said to be a basic open neighborhood of x.

LEMMA 1.3.9. Let X be a topological space, and for each x € X, let %, be a base of open
neighborhoods of x. Then % = \J,cx Py is a base for the topology on X.

PROOF. Since each %, is nonempty, we have X = Jyc»U. If U € %, and V € %, for some
x,y € X and z € U NV, then there exists W € Z, with W CUNV. By Theorem 1.3.5, % is a base
for a topology -7’ on X. We have .7’ C .7 since every set in 4 is open and .7 is closed under
unions. We claim that .7 is in fact the original topology 7.

Let W € 7. For x € W, since Ay is a base of open neighborhoods of x, there exists U, € %,
with U, CW. Then W € 7' by Lemma 1.1.16. Thus 7 = 7. O

EXAMPLE 1.3.10. In R", the set of open balls centered at a point x forms a base of open
neighborhoods of x.

In fact, any set of subsets of X with union X gives rise to a topology on X.

DEFINITION 1.3.11. A set . of open subsets of a topological space X is called a subbase, or
subbasis, for the topology on X if every proper open set in X is a union of finite intersections of
elements of ..

The following is an simple consequence of Theorem 1.3.5.

PROPOSITION 1.3.12. Let .¥ be a set of subsets of X. Let 9 be the set consisting of X and
all finite intersections of elements of .. Then A is a base for a topology on X for which . is a
subbase.

EXAMPLE 1.3.13. The set of all intervals (a,) and (—eo,b) with a,b € R is a subbase for the
Euclidean topology on R.



1.4. CLOSURE 15

1.4. Closure

There is a smallest closed set containing a given subset of a topological space, known as its
closure.

DEFINITION 1.4.1. The closure A of a subset A of a topological space X is the intersection of
all closed subsets of X containing A.

LEMMA 1.4.2. The closure A of a subset A of X is the smallest closed subset of X containing
A in the sense that A is closed and contains A and, if B is a closed subset of X with A C B, then
ACB.

PROOF. First, we remark that A is closed as an intersection of closed sets and contains A, as
all of these closed sets contain A. Moreover, if B is closed and contains A, then B contains the
intersection A of all closed sets containing A, since B is one of the sets over which the intersection
1s taken. U

EXAMPLE 1.4.3. The closure of an open interval (a,b) in R is the closed interval [a,b], as
la,b] is a closed set containing (a,b), and none of (a,b), |a,b), and (a,b] is closed.

We have the following alternative characterization of the closure.

PROPOSITION 1.4.4. Let A be a subset of a topological space X. Then x € A if and only if
every (open) neighborhood of x in X has nonempty intersection with A.

PROOF. We have x € A if and only if x € B for all closed sets B containing A. The latter holds
if and only if x ¢ U for all open sets U C A°. And this holds if and only if every open set U
containing x is not contained in A¢, hence has nonempty intersection with A. U

EXAMPLE 1.4.5. If x € (a,b), then clearly every open neighborhood of x intersects (a,b), in
particular in x. Any open interval of the form (a — €,a+ €) intersects (a,b) in {a+ 98 |0 < d < €}.
Similarly, any interval (b — &,b+ €) intersects (a,b) in {b— 6 | 0 < < €}. On the other hand,
if x > b or x < a, then there exists a sufficiently small interval centered at x that does not intersect
(a,b). Since every open neighborhood of a point in R contains an open interval (centered at the
point), Proposition 1.4.4 again tells us that the closure of (a,b) is [a,b].

DEFINITION 1.4.6. A subset A of a topological space X is dense in X if A = X.

EXAMPLE 1.4.7. The rational numbers Q are dense in R with its Euclidean topology. That
is, every open interval containing a real number contains a rational number, being that the interval
has finite nonzero length.

We also have the notion of an interior of a set.

DEFINITION 1.4.8. The interior A° of a subset A of a topological space X is the union of all
open sets of X contained in A.
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Note that A° = (A°)¢ by its definition. We then have the following as a consequence of
Lemma 1.4.2.

LEMMA 1.4.9. The interior of a subset A of a topological space X is the largest open subset
of X contained in A.

We also have a notion of boundary.

DEFINITION 1.4.10. The boundary dA of a subset A of X is the complement of the interior A°
of A in the closure A.

EXAMPLE 1.4.11. In R, the closure of an open interval (a,b) with a,b € R and a < b is the
closed interval [a, b], and the interior of [a,b] is (a,b). The boundary of (a,b), or |a,b], is {a} U{b}.

EXAMPLE 1.4.12. In R”, the closure of the open ball of radius € about a point x is the closed
ball of radius € about the point x, while the boundary is the sphere of radius € centered at x.

EXAMPLE 1.4.13. If X has the trivial topology, then the closure of any nonempty subset A is
X, while the interior of A is empty unless A = X. So, any nonempty, proper subset A of X has
boundary X, whereas the boundary of X is empty.

EXAMPLE 1.4.14. Consider the three-point set X = {a, b, c} with topology
T ={@,{a},{a,b},{a,c},X}.

The closed sets of .7 are &, {b}, {c}, {b,c}, and X. Thus, the closure of {a} is X, while {b} and
{c} are closed.

REMARK 1.4.15. The taking of subspaces can change interiors and closures. For instance, the
interior of the closed interval [a,b] with a < b in R is (a,b), but its interior in [a,b] is [a, b], since
[a,b] is open in [a,b].

1.5. Limit points

DEFINITION 1.5.1. A point x in a topological space X is called a limit point of a subset A of X
if every (open) neighborhood of x intersects A in a point other than x.

The following is a corollary of Proposition 1.4.4.

LEMMA 1.5.2. The closure of a subset A of a topological space X is the union of A and the set
of its limit points.

PROOF. By Proposition 1.4.4, if x € A, then every open neighborhood of x intersects A. If
x & A, these intersections cannot contain x, so x is a limit point. U

Since closed sets are their own closures, we have the following.

COROLLARY 1.5.3. Any closed subset A of a topological space contains all of its limit points.
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REMARK 1.5.4. In Proposition 1.4.4, we may replace the condition on every open neighbor-
hood with the same condition restricted to open neighborhoods in any base.

One might ask how the notion of a limit point compares to the notion of points to which
sequences converge. For this, we need the following definition.

DEFINITION 1.5.5. A sequence (x,),> of points of a topological space X converges to a point
x € X if for every open neighborhood U of x, there exists N > 1 such that x, € U for all n > N.
The point x is said to be a limit of the sequence x,,.

REMARK 1.5.6. By definition, a limit of a convergent sequence (x,),>1 that is not eventually
constant is a limit point of the set {x, | n > 1}. However, the latter set may have more then one
limit point even if (x,),>; converges.

EXAMPLE 1.5.7. If X has the trivial topology, then every sequence in X converges to every
point of X.

To avoid such pathologies as in the previous example, it is useful to put the following condition
on a space.

DEFINITION 1.5.8. A topological space X is called is Hausdorffis for every two distinct points
a,b € X, there exist open neighborhoods U of a and V of b suchthat UNV = &.

More briefly, X is Hausdorff if every two distinct points of X have disjoint neighborhoods. In
Hausdorff spaces, points are closed.

LEMMA 1.5.9. In a Hausdorff space X, every singleton set {x} for x € X is closed.

PROOF. If x € X and a € X with x # a, then there exists an open neighborhood U, of a not
containing x. As the union of all such open sets U, is the complement of {x}, the set {x} is
closed. U

The property of being Hausdorff is stronger than that of points being closed, however.

EXAMPLE 1.5.10. In an infinite set X with the finite complement topology, points are closed
as the complement of open sets. However, any two nonempty open sets in X intersect in all but
finitely many elements of X, so X is not Hausdorff. Moreover, every non-repeating sequence
(xn)n>1in X converges to every point of X, as the reader should check using the fact that open sets
have finite complements.

Even better, in Hausdorff spaces, every convergent sequence has a unique limit.
PROPOSITION 1.5.11. Every convergent sequence in a Hausdorff space has a unique limit.

PROOF. If x € X is a limit of a convergent sequence (x,),>; in a Hausdorff space X, then for
any y € X — {x}, we have have disjoint open neighborhoods U of x and V of y. For sufficiently large
n, the point x,, are all in U, hence not in V, and therefore y is not a limit point of the sequence. [l
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The following is immediate from the definitions.
LEMMA 1.5.12. Every subspace of a Hausdorff space is Hausdorff.
The following characterization of the Hausdorff property is often useful.

LEMMA 1.5.13. A topological space X is Hausdorff if and only if for every two distinct points
x,y € X, there exists an open neighborhood U of x with y ¢ U.

PROOF. Letx and y be distinct points of X. We have disjoint open neighborhoods U and V of x
and y, respectively, if and only if we have an open neighborhood U of x and a closed neighborhood
A containing U and not containing y. That is, we simply take A and V' to be complements of each
other. But such an A exists if and only if we can take it to be the closure U, which is contained in
any such A, being the smallest closed set containing U'. U

1.6. Metric spaces

Metric spaces, and the open balls inside of them, provide fundamental examples of topological
spaces. We review the definition here.

DEFINITION 1.6.1. A metric on a set X is a functiond: X x X — R>( such that for all a,b,c €
X, one has

i. d(a,b) =0if and only if a = b,
ii. d(a,b) =d(b,a), and
iii. d(a,c) <d(a,b)+d(b,c).

TERMINOLOGY 1.6.2. For a set X, the condition d(a,c) < d(a,b)+d(b,c) ond: X x X —
R>o for all a,b,c € X is called the triangle inequality.

DEFINITION 1.6.3. A pair (X,d) consisting of a set X and a metric d on X is called a metric
space.

NOTATION 1.6.4. When the metric d on a metric space (X,d) is understood, we often write X
for the metric space.

EXAMPLE 1.6.5. The set R” is a metric space for the distance function d: R" x R" — R>(

defined by the Euclidean metric
n
d(x,y) = Z(xi —yi)?
i=1

for x = (x;)?_, and y = (y;)"_,. We remark that any three points x, y, and z form the vertices of
a triangle, and the distances between them are the lengths of the sides, so the triangle inequality
reduces to the usual triangle inequality of Euclidean geometry.
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DEFINITION 1.6.6. In a metric space (X,d), the open ball of radius € > 0 about a point (or
with center) x € X is the set
B(x,e) ={ye X |d(x,y) < €}.
The closed ball of radius € is

B(x,e) ={y€e X |d(x,y) < e}.

PROPOSITION 1.6.7. The set of open balls in a metric space X forms a base of a topology on
X, and the set of open balls with center x is a base of open neighborhoods of x in this topology.

PROOF. Clearly, the union of open balls in a metric space is X, so by Theorem 1.3.5, it suffices
to show that for any two open balls U = B(x,€) and V = B(y,d) in X and any pointz € UNV,
there exists an open ball containing z and contained in U NV. For this, choose any positive real
number

p < min{g —d(X,Z),(S _d(y,Z)}
Then B(z,p) C U NV by the triangle inequality. That is, if d(z,w) < p, then
d(w,x) <d(w,z)+d(z,x) < p+d(x,z) <€,
and similarly d(w,y) < d(w,z) +d(z,y) < 8. Thus the set of open balls in X form a base.
If x € X and U is any open neighborhood of x, then it contains some basic open neighborhood

B(y,€) of x, i.e., with d(x,y) < €. Then B(x,€ —d(x,y)) C U as in the above argument, so the balls
centered at x form a base of open neighborhoods of x. U

DEFINITION 1.6.8. The metric topology on a set X induced by a metric d on X is the topology
on X generated by the set of open balls under d.

LEMMA 1.6.9. Let X be a metric space. Then every closed ball B(x,€) is closed in the metric
topology.

PROOF. It suffices to show that the complement of B(x,€) is open. If y ¢ B(x,€), then § =
d(x,y) —& >0, and B(y, §) and B(x, €) are disjoint by the triangle inequality. That is, if z € B(y, §),
then d(x,z) + 6 > d(x,z) +d(z,y) > d(x,y), so d(x,z) > €. Thus, z & B(x,€). O

Two different metrics on a set X can have the same metric topology. Take the following
example.

EXAMPLE 1.6.10. Consider the Euclidean metric d on R" and the box metric d’ on R" defined
by
d'(x,y) = max{|x; —y;| | 1 <i<n}
for x = (x;)"_,,y = (yi)_, € R". The reader should check that d’(x,y) is in fact a metric.
We have bases B(x, €) and B'(x, €) of open balls about a point x with respect to these respective
metrics. For any y € R", we have

(xi—yi)2 < nmax{|x; —yi]2 |1 <i<n},

-

max{\xi—yilz |1 <i<n}<
1

1
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S0
B(x,€) C B'(x,€) C B(x,/n¢)

for all € > 0. Thus, the two metric topologies coincide.

We will often consider a metric space as a topological space endowed with the metric topology.
We can then examine the topological properties of metric spaces.

PROPOSITION 1.6.11. Metric spaces are Hausdorff.

PROOF. Let X be a metric space, and suppose that x,y € X are distinct points. Let € = %a’ (x,y).
Then B(x, &) and B(y, €) are disjoint by the triangle inequality. O

DEFINITION 1.6.12. A topological space (X,.7) is metrizable if there exists a metric d on X
such that the metric topology induced by d is the topology .7 on X.

The following is a direct corollary of Proposition 1.6.11.
COROLLARY 1.6.13. If X is a metrizable topological space, then X is Hausdorff.
Discrete spaces are metric spaces as well.

DEFINITION 1.6.14. Let X be a set. The discrete metric d on X is defined by
1 ifx#y
d(x,y) = .
0 ifx=y.
We have the following.

LEMMA 1.6.15. The discrete metric on a set X is a metric, and the topology induced by this
metric is the discrete topology.

PROOF. That d is a metric is straightforward. Since B(x, ) = {x} for all x € X, singleton sets
are open in this topology, so X is discrete. U

The following example shows that even metric spaces can defy our intuition from Euclidean
geometry.

EXAMPLE 1.6.16. While in any metric space, the closure of the open ball B(x, €) is contained
in the closed ball B(x, €), the closure of B(x, €) can in fact be smaller. For instance, if (X,d) is a
metric space with the discrete metric d, then the set B(x, 1) = {x} is both open and closed (as are
all subsets of X), while B(x,1) = X.

DEFINITION 1.6.17. A subset A of a metric space X is bounded if there exists N > 0 such that
d(x,y) <N for all x,y € A.

This notion of boundedness is not a topological one.
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LEMMA 1.6.18. If (X,d) is a metric space, then the function d': X x X — Rx( given by
2'(x,y) = min{d(x,y), 1}

is a metric on X, and the metric topologies on X from d and d' are the same.

PROOF. Letx,y,z € X. If d(x,y) < 1, then
d'(x,y) =d(x,y) < min{d(x,2) +d(z,y),1 +d(z,y),d(x,2) + 1,1 + 1} =d'(x,2) +d'(z,),

by the triangle inequality for the first of the terms in the set and the fact that d(x,y) < 1 for the
others. If d(x,y) > 1, then

d'(x,y) =1 <min{d(x,z) +d(z,y),1 +d(z,y),d(x,z) + 1,1+ 1} =d'(x,2) +d'(z,y)

by the triangle inequality for the first term in the set (in that 1 < d(x,y) < d(x,z) +d(z,y)) and the
fact that the other terms are clearly at least one. Thus, d’ satisfies the triangle inequality, and it
clearly satisfies the other two conditions for being a metric.

The open balls of radius less than 1 form a base of any metric topology, as any open ball
contains one of these. Since these sets of open balls coincide for d and d’, these metrics induce the
same topology on X. O]

EXAMPLE 1.6.19. Under the Euclidean metric, R is not bounded, but it is with respect to the
metric d’(x,y) = min{|x —y|,1} on R. Nevertheless, both of these metrics induces the Euclidean
topology.

Sequences in metric spaces behave as one might expect.

PROPOSITION 1.6.20. Let (X,d) be a metric space. A sequence (x,),>1 in X converges to
a € X if and only if lim, . d(a,x,) = 0.

PROOF. If U is an open neighborhood of a, then U contains some open ball B(a,¢). If
lim,,_,ed(a,x,) = 0, then there exists N > 1 such that d(a,x,) < € for all n > N, so x, € U.
Conversely, if (x,),>1 converges to a, then for any &, there exists N > 1 such that x,, € B(a, €) for
n > N, which is to say d(a,x,) < €. Thus, the limit lim,_,..d(a,x,) is 0. O

PROPOSITION 1.6.21. Let X be a metrizable space, let A C X, and let x € X. Then x € A if and
only if it is the limit of a convergent sequence of elements of A.

PROOF. We need only see that any x € A is such a limit. Fix a metric 4 on X so that we may
consider open balls in X. If x € A, then for any n > 1, there exists x, € B(x, 1) N A by definition of

1
n

A. Then the x,, converge to x by Proposition 1.6.20. U






CHAPTER 2

Continuous functions

2.1. Continuous functions

In this section, X and Y will denote topological spaces.

DEFINITION 2.1.1. A function f: X — Y is said to be continuous if f~'(V) is open for every
open subset V of Y.

DEFINITION 2.1.2. We say that f: X — Y between topological spaces is continuous at a
point x € X (or continuous at x) if for every open neighborhood V of f(x), there exists an open
neighborhood U of x such that f(U) C V.

REMARK 2.1.3. As every open subset is a union of open neighborhoods of its points, a function
is continuous if and only if it is continuous at every point.

We can check continuity on basis elements of Y.

PROPOSITION 2.1.4. Let Bx and By be fixed bases of the topologies on X and Y, respectively.
Let f: X — Y be a function.

a. A function f: X — Y is continuous if and only if f~'(V) is open in X for all V € By.

b. A function f: X — Y is continuous at x € X if and only if for every basic open neighborhood
V € By of f(x), there exists a basic open neighborhood U € Bx of x with f(U) CV,

PROOF. If f is continuous, then f~!(V) is open for all V € %y by definition. Conversely,
suppose f~!(V) is open for all V € %By. As By is a base, for any open subset W of Y, there exists
€ C By suchthat W = Jy o V. Then f~ (W) = Uyey £ (V), so f~1(W) is open as a union of
open sets. Thus, we have proven part (a).

If f is continuous at x € X and V is a basic open neighborhood of f(x), then f~!(V') contains
an open neighborhood of x, and such an open neighborhood contains a basic open neighborhood
of x. Conversely, if for every V € %y with f(x) € V, the set f~!(V) contains a (basic) open
neighborhood of x, then for any open neighborhood W of f(x), we have that W contains some
such V. Thus, f is continuous at x. O

Here is the fundamental example, which states that a map between metric spaces is continuous
with respect to their metric topologies if and only if it is continuous in the usual sense.

23
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PROPOSITION 2.1.5. Let X and Y be metric spaces, which we endow with their metric topolo-

gies. A function f: X — Y is continuous if and only if for every x € X and € € R+, there exists
0 € Rog such that f(B(x,0)) C B(f(x),€).

PROOF. The sets Xy and HBy of open balls of positive radius in X and Y, respectively, are
bases for the metric topologies on X and Y. The result is therefore a direct consequence of the
equivalence of Proposition 2.1.4(b). U

We give a few more examples.

EXAMPLES 2.1.6.
a. If X is discrete, then any map f: X — Y is continuous.
b. If Y has the trivial topology, then any map f: X — Y is continuous.

c. If the set X has two topologies Jx and .7y with .7y finer than Jx and f is continuous for
Jx, then f is continuous for ..

d. If Y has two topologies %y and .7 with .7} finer than Jy and f is continuous for .7}/, then
it is continuous for 9%

e. As a special case of the two latter examples, the identity map idy : X — X given by idyx (x) =
x is continuous with potentially different topologies on the domain and codomain if and only if the
topology of the domain is finer than the topology on the codomain.

We can also express continuity in terms of closed sets and closures.

LEMMA 2.1.7. A function f: X — Y is continuous if and only iff_l(B) is closed for every
closed subset B of Y.

PROOF. We have f~!(B) = X — f~1(B), so f~!(B) is closed if and only if f~!(B) is open.
The result follows since B¢ runs over the open sets of Y as B runs over the closed sets. U

PROPOSITION 2.1.8. A function f: X — Y is continuous if and only if for every A C X, we

have f(A) C f(A).

PROOF. If f is continuous and A’ = f~1(f(A)), then A’ is closed and A C f~1(f(A)) C A/, so

A CA’. Thus
FA) S fA) = F(7H(F(A) € f(A).

Conversely, suppose that f(A) C f(A) for all A. Take B to be a closed subset of ¥, and set
A= f~!(B). Then f(A) C B, and if x € A, then f(x) € f(A) C B. In other words, A C f~!(B) = A,
so f~1(B) is closed. Therefore, f is continuous. O

EXAMPLES 2.1.9.

a. Constant functions are continuous.
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b. The inclusion map 14 : A — X of a subspace A of a space X is continuous. That is, if V is
open in X, then 1! (V) = ANV is open in A in the subspace topology.

c. A composition of continuous maps is continuous.
d. If f: X — Y is a continuous function, then its restriction f|4 to any subset A of X given by
fla(a) = f(a) for all a € A is continuous for the subspace topology on A, since f|4 = fo1s. (We

say that f restricts to g = f|4 on A, that f extends g to X, and that f is an extension of g from A to
X.)

e. If f: X — Y is a continuous function, then the map g: X — f(X) is continuous for g(x) =
f(x) for all x € X, where f(X) is endowed with the subspace topology from Y. If V C f(X) is
open, then V = U N f(X) for some open subset U of ¥, so g~ (V) = f~1(U) is open.

DEFINITION 2.1.10. An open cover of a subset A of a topological space X is a collection %/
of open subsets of X that covers A.

LEMMA 2.1.11. A function f: X — Y is continuous if and only if there is an open cover U of
X such that f|y is continuous for allU € % .

PROOF. We have seen that each f|y is continuous if f is. On the other hand, suppose f|y is
continuous for all U € %. If V C Y is an open subset, then f~!(V)NU = f\l_jl(V) is open. Thus

~vy=U v
74
is open, so f is continuous. U

LEMMA 2.1.12. If f: X — Y is a function, A and B are closed subspaces of X such that
AUB =X, and f|a and f|p are continuous, then f is continuous.

PROOF. Let C C Y be closed. Then f~1(C) = f|,'(C) Uf|51(C), and (f|a)~(C) is closed in
A and (f|g)~'(C) is closed in B. Since A and B are closed in X, the latter two inverse images are
closed in X, so f~!(C) is closed as a union of two closed sets. Ul

DEFINITION 2.1.13. A function f: X — Y is a homeomorphism if it is a continuous bijection
and its inverse is continuous as well.

DEFINITION 2.1.14. Two spaces X and Y are homeomorphic if there exists a homeomorphism
f:X—Y.

We leave the following for the reader to verify.

LEMMA 2.1.15. The relation ~ on any set of topological spaces given by X ~Y if X is home-
omorphic to Y is an equivalence relation.

EXAMPLES 2.1.16.
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a. The function f: R — R given by f(x) = x> is a homeomorphism, as it is continuous with
continuous inverse f~!(x) = X173,

b. The function f: (0,1) — R~ given by f(x) = % is a homeomorphism (where (0, 1) has
the subspace topology from R).

DEFINITION 2.1.17. A function f: X — Y is an embedding if it is a homeomorphism onto its
image f(X) with the subspace topology from Y.

DEFINITION 2.1.18. A function f: X — Y is an open map, or open, if f(U) is open for every
open subset U of X. A function f: X — Y is a closed map, or closed, if f(U) is closed for every
closed subset U of X.

REMARK 2.1.19. If f: X — Y is a bijection, then f is open if and only if f is closed.

By definition, homeomorphisms are open maps; that is, they are the continuous, open bijec-
tions. However, in general, continuous bijections may not be open.

EXAMPLES 2.1.20.
a. Let f: S' — R? be the natural embedding, where

S'={(x,y) eR?| K> +y* =1}
Then S is open in itself, but £(S') = S! is not open in R?.

b. Let X be a set with two topologies .7 and .7’ with .7’ strictly finer than .7. Then the
identity map f: X — X with the domain having the topology .7’ and the codomain having the
topology .7 is continuous, but its inverse f~! is not, so f is not an open map. On the other hand,
£~ is an open map.

We next consider the behavior of continuous functions and sequences.

PROPOSITION 2.1.21. Let f: X — Y be a function. If f is continuous, then for every sequence
(xn)n>1 in X that converges to a point x € X, the sequence (f(x,))n>1 converges to f(x). If X is
a metrizable space such that for every sequence (x,),>1 in X that converges to some x € X, then
(f(xn))n>1 converges to f(x), then f is continuous.

PROOF. Suppose that f is continuous. Let (x,),>1 be a sequence in X converging to x. Let
V be an open neighborhood of f(x) in Y. Then f~!(V) is an open neighborhood of x € X, so
contains all x,, for n > N for some N > 1. Thus f(x,) € V for all such n > N, and therefore the
sequence of f(x,) converges to f(x).

Now let be X metrizable, and suppose that whenever (x,),>1 converges to x € X, the sequence
(f(xn))n>1 converges to f(x). Let A be a subset of X and x € A. It suffices by Proposition 2.1.8
to show that f(x) € f(A). For this, we need only exhibit a sequence (x,),>; in A converging to
x. Then f(x) is the limit of the f(x,). But such a sequence exists by the metrizability of X and
Proposition 1.6.21. U
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DEFINITION 2.1.22. Let (f,),>1 be a sequence of functions from a set X to a metric space Y
with metric dy. The sequence (f;),>1 converges uniformly to f: X — Y if for every € > O there
exists an integer N > 1 such that dy (f(x), f,(x)) < € foralln > N and x € X.

REMARK 2.1.23. If Y is a metrizable topological space, then the notion of uniform conver-
gence of a sequence is independent of the choice of metric on dy yielding the topology.

PROPOSITION 2.1.24. Let X be a topological space and Y be a metrizable space. Let (fy)n>1
be a sequence of continuous functions f,,: X — Y that converges uniformly to a function f: X —Y.
Then f is continuous.

PROOF. Let £ > 0 and a € X. Choose N > 1 such that dy (f,(x), f(x)) < § for all n > N and
x € X. By the continuity of fy, we can find an open neighborhood U of a such that if x € U, then
dy(fn(a), fn(x)) < 5. For such x € X, we then have

dy(f(a),f(x)) < dy(f(a), fn(a)) +dy(fi(a), fn(x)) +dy (fv(x), f(x)) <e.

2.2. Product spaces

PROPOSITION 2.2.1. Let I be an indexing set, and for each i € I, let X; be a topological space.
Then the set 2 of product sets [1i_, U; with each U; open in X; and U; = X; for all but finitely many
i € I forms a base of a topology on X = [];c; Xi.

PROOF. Let U =T];c;U; and V =[], V; be two sets in . Then

<HU,~> N <Hw> =[Iwinv,

iel iel icl
each U;NV; is open in X;, and all but finitely many U; NV; equal X;. Thus U NV € A. Since X € #
as well, it follows that 44 is a base. ]

DEFINITION 2.2.2. Let I be an indexing set, and for each i € I, let X; be a topological space.
The product topology on X is the topology generated by the base of sets [[;; U; with each U; open
in X; and all but finitely many U; = X;.

REMARK 2.2.3. The product topology on a finite product [T}, X; of topological spaces X, ..., X,
with n > 1 has a base []?_, U; of open sets with U; open in X; for 1 <i < n. Le., the condition that
all but finitely many U; be X; is vacuous, since {1,...,n} is a finite set.

DEFINITION 2.2.4. Let I be an indexing set, and for each i € I, let X; be a topological space.
The jth projection map w;: [l;c; Xi — X for j € I is the function defined by 7;((x;)ics) = x; for
(xi)ier € [Tier Xi-

The following proposition explains the seemingly strange choice of the product topology on
X.
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PROPOSITION 2.2.5. Let I be an indexing set, and for each i € I, let X; be a topological space.
The product topology on X = [1;c; X; is the coarsest topology on X such that each projection map
mi: X — X;j with j € I is continuous.

PROOF. Let iy,...,i, € I be elements for some n > 1, and for 1 < k < n, let U;, C X;, be an
open subset. Then
n
REACARIIN
k=1 iel
with V; = X; unless i € {iy,...,i,} and V; open in X; if so. The collection of sets 71:1-_l (Uj) with j €T
and U; C X therefore forms a subbase for the product topology on X. In other words, the product
topology is the coarsest topology such that these sets are open in X, which is to say such that every
Tj is continuous. U

PROPOSITION 2.2.6. Let X be a topological space, let Y; be topological spaces for each i in an
indexing set I, and endow Y = [];¢; Y: with the product topology. A function f = (fi)ie;: X = Y is
continuous if and only if each f;: X — Y; is continuous.

PROOF. If f is continuous, then each f; = m; o f is continuous, where 7;: ¥ — Y; is the pro-
jection map in the i-coordinate. Conversely, suppose that each f; is continuous. For J be a finite
subset of /1, and for each j € J, let V; be an open subset of Y;. Let V = [];c; V; where we set V; =Y;
fori € I—J. Then

S =V =01 V),
i€l jeJ
which is open as a finite intersection of open sets. Therefore f is continuous. U

PROPOSITION 2.2.7. Let I be an indexing set, and let X; be a Hausdorff topological space for
eachic I. Then X = [];c; X; is Hausdorff in the product topology.

PROOEF. Let x = (x;)ie; and y = (y;);es be distinct elements of X, and let j € I be such that
xj #yj. Let U; and V; be disjoint open neighborhoods of x; and y;. Then U = EII(U ;) and
V= 71:j_1 (V;) are open in X in the product topology, and U NV = . O

REMARK 2.2.8. From our definition of the product topology on a direct product X = [[;c; X;
of topological spaces, it is not hard to see that if J is any finite subset of / and U is any open subset
of [[ s Xj in the product topology, then W = U x [];c;_; X is open in X. However, not every open
subset need have this form.

For instance, consider R! = [,; R for any infinite set 7. Consider its open subsets

Vj = {(Xi)iel | Xj € (07 1)}

for j € I. Then the union V = {J;¢;V; is open in X but is not a product of the stated form, since
it consists of all tuples with at least one coordinate in (0,1). To see this, consider an open set
W = U x R~/ of the above form, where U is an open set of R’ (in the coordinates corresponding
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to J, and R~/ is the product of R in all coordinates in I —J). If W C V| then since no condition is
imposed on the ith coordinates of elements of W for i ¢ J, we must have W C |J;,; V;. Take any
i € I —J, and note that the element of V which is O in all coordinates but the ith and % in the ith
coordinate is not in W. Thus W # V.

REMARK 2.2.9. Just to speak of an element of an arbitrary product A = [[;c;A; for an un-
countable set / and nonempty sets A;, we run into the issue of needing to make uncountably many
choices. If we cannot, we may not be able to say that that A contains a single element! That one
can in fact do this is equivalent to an axiom of set theory, called the axiom of choice. It states
that, given a collection of disjoint sets {A; | i € I} for some indexing set /, there exists a function
f11—T11,;Ai to the disjoint union of the sets A; such that f(i) € A; for each i € I. In other words,
we can pick one element from each set A;.

There is a more simply described topology on a product that agrees with the product topology
for finite products but is rather finer for infinite products. It might constitute a first guess at a
natural topology on the product.

DEFINITION 2.2.10. Let X; be a topological space for each i in an indexing set /, and set
X =T[le; Xi- The box topology on X is the topology generated by the base consisting of products
[Lic; Ui of open sets U; C X; foreachi € I.

REMARK 2.2.11. Suppose that X is an infinite product of spaces that do not have the trivial
topology. Then the box topology on X is strictly finer than the product topology.

PROPOSITION 2.2.12. Let I be an indexing set. Let X; be a topological space and let A; be a
subset of X; for each i € I. The closure of A = [];c;A; in the box or product topology on [|;c; X is

[Lici A

PROOF. If a = (a;)ies € [1;c; Xi and U = [];; U; is an open neighborhood of a in the product
(i.e., all but finitely many U; = X;) or box topologies, then U NA = [];c;(U; NA;) is nonempty if
and only if each U; N A; is nonempty. So, if a € A; for all i € I, then a lies in the closure of [];c;A;.
Conversely, if a lies in the latter closure for all possible choices of U, thena € A; foreachi€ 1. [

The following tells us when a product of maps is continuous.

PROPOSITION 2.2.13. For each i in an indexing set I, let f;: X; — Y; be a function between
topological spaces. Set X =[lic; Xi andY =[lic;Yi and f = (fi)icr: X — Y. Then f is continuous
with respect to the product (resp., box) topology on X and Y if and only if each f; is continuous.

PROOF. Let J be a finite subset of /, and let V; be open in Y; for each j € J. Let V = [];; Vi
where V; = X; fori € I —J. Then £~ (V) = [1;¢; £ (Vi) is open if and only if fj_l (V;) is open for
every j € J. Thus in the product topology, f is continuous if and only if each f; is continuous. In
the box topology, we may simply replace J by [ in the above argument. U
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EXAMPLE 2.2.14. Consider R/ = [];c;R. The metric topology for the uniform metric given
by
d(xay) = Sup{min{|xi _yi‘a 1} ‘ 1€ I}?
is called the uniform topology. The reason for the name is as follows: the space of functions
f:I—Rfromaset] toRisin bijection with R’ via the map which takes a function f to (f(i))ic;.

A sequence of functions (f),>; with f,: I — R converges uniformly to some f: I — R if and
only if the corresponding sequence in R’ converges to (f(i));e; in the uniform topology.

EXAMPLE 2.2.15. If I is finite, the product, uniform, and box topologies on R/ are all simply
the Euclidean topology. If [ is infinite, then the box topology is strictly finer than the uniform
topology, which is strictly finer than the product topology, as we next explain.

The product topology on R/ has a basis of open neighborhoods of 0 consisting of a product Pe
of open intervals (—¢, €) in finitely many coordinates and R in the others. The uniform topology
has a basis of open balls B, = B(€,0) of radius € < 1. We have B C P, but B¢ contains no Ps. The
box topology has a basis of open neighborhoods consisting of products of open intervals centered
at 0 of lengths depending on the coordinates. Inside B¢, we have the product of open intervals
(=5, %) in every coordinate, which is open in the box topology. On the other hand, a product of
open intervals centered at 0 the infinimum of the lengths of which is 0 contains no Be.

PROPOSITION 2.2.16. Let J be an indexing set. If J is infinite, then R’ with the box topology is
not metrizable. The space R’ with the product topology is metrizable if and only if J is countable.

PROOE. For the first statement, it suffices to consider the case that J is countable, which we
can then take to be the set of positive integers. Consider the subset U = RJ>0 of R’ in the box
topology. The 0 € U, as the reader can check. However, if (a,),>1 is a sequence in U and a, , is
its mth coordinate, then the product [];;_, (—ann,an) is an open neighborhood of 0 that does not
contain any a,. By Proposition 1.6.21, the space R’ with the box topology is not metrizable.

Now, take the product topology on R’ with J uncountable, and consider the set

A ={(x})jes | xj =1 for all but finitely many j € J}.

Then 0 € A, since any product of open intervals (—¢, €) in finitely many coordinates and R in the
others clearly intersects A. On other other hand, if (a,) n>1 18 a sequence in A, let  be the subset of
J consisting of those j € J such that the j-coordinate of some a, is not 1. This is a countable set,
so J # 1. But then there exists j € J such that the j-coordinate of a, is 1 for all n > 1, which means
in particular the neighborhood of O that is R in all coordinates but the j-coordinate and (—%, %) in
the j-coordinate does not contain any a,,.

For the product topology on R’ with J = Z>1, the reader may check that we have a metric d

defined by
d(xay) = SUP{%min“xn—}%’» 1} ’ n Z 1}
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2.3. Quotient spaces

Recall that we say that a function f: X — Y is surjective (or a surjection) if f(X) =Y.

DEFINITION 2.3.1. A quotient map mw: X — Y of topological spaces X and Y is a surjection
such that a subset V of Y is open if and only if 7~!(V') is open in X.

The following is easily verified.

LEMMA 2.3.2. A surjective map w: X — Y is a quotient map if and only if a subset B of Y is
closed if and only if #='(B) is closed in X.

EXAMPLES 2.3.3. Let X be a topological space.
a. The identity map idy : X — X is a quotient map.
b. Any constant map from a nonempty X is a quotient map onto its singleton image.

c. Let X = [];c; Xi be a product of topological spaces. Then the projection maps 7;: X — X;
are quotient maps, as the reader can check.

EXAMPLE 2.3.4. Let S! denote the unit open circle in C. Consider the map f: R — S' given
by f(x) = e*™*. Then f is a quotient map.

The product map F: R? — S! x S! given by F(x,y) = (f(x), f(y)) is a quotient map as well,
realizing a torus (which has the shape of the surface of a donut) as a quotient of the plane. In fact,
if we restrict this function to the square X = [0, 1]?, the resulting map F: X — S' x S! is also a
quotient map. It satisfies F(0,y) = F(1,y) and F(x,0) = F(x, 1) for all x,y € [0, 1]. In particular,

F(0,0) = F(1,0) = F(0,1) = F(1,1) = (1,1).

One may think of the quotient map as identifying the left and right sides of the square with each
other and the top and bottom sides of the square with each other, which in the process identifies
the four corners with each other.

The following example illustrates that quotient maps need not be open maps.

EXAMPLE 2.3.5. Let X be the subspace of R? consisting of points with y-coordinate 0 or 1.
A subset of X is open if and only if its intersection with each of the two lines in X is open in the
Euclidean topology.

Define f: X — R by

x ify=0
fxy) =
&) |x| ify=1.
Then f is a quotient map. Let U be the open subset of X consisting of those (x,y) with y =1, or
with y=0and x = 0. Then f(U) = [0,0), so f is not open.
Now consider the restriction f|;;: U — R. Itis a continuous surjection. However, f|;!([0,0)) =
{(x,1) | x € R}, but [0, o) is not open, so f|y is not a quotient map.
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LEMMA 2.3.6. Let X be a topological space, and let w: X — Y be a surjective function onto
a set Y. There exists a unique topology on Y such that & is a quotient map.

PROOF. The set of subsets of ¥ such that 7! (V) is open is easily seen to be a topology on
Y, since 7! commutes with the taking of intersections and unions. Moreover, this is the only
topology such that 7 is a quotient map, since 7 being a quotient map means exactly that the V C Y
such that 77! (V) is open are the open sets. O

Given Lemma 2.3.6, we may make the following definition.

DEFINITION 2.3.7. Let X be a topological space and 7w: X — Y a surjective function to a set
Y. The quotient topology on Y is the unique topology on Y such that 7 is a quotient map.

DEFINITION 2.3.8. If m: X — Y is a quotient map between topological spaces, then Y is said
to be a quotient space of X.

EXAMPLE 2.3.9. Let Y = {a,b} be the two-point set. Consider the function f: R — Y given
by f(x) =aif x <0and f(x) = b if x > 0. The quotient topology on Y is contains the sets @, {a}
and {a,b} but not {b}, as f~!(b) is not open. Then Y is not Hausdorff, though R is.

PROPOSITION 2.3.10. Let w: X — Y be a quotient map. Let B be a subset of Y and A =
7~ Y(B). Consider the map p: A — w(A) given by p(a) = 7(a) for a € A.

a. If A is open or closed in X, then p is a quotient map.

b. If  is open or closed, then p is a quotient map.

PROOF. By definition, p is continuous and surjective. If V is a subset of £(A), then p~!(V) =
n~1(V) is open (resp., closed) in X if and only if V is open (resp., closed) in X. If A is open (resp.,
closed) in X, then p~!(V') is open (resp., closed) in X if and only if p~!(V) is open (resp., closed)
in A, and therefore, p is a quotient map. Thus, we have part a.

As for part b, suppose that 7 is open. If V C B is such that p~!(V) is open in A, then 7= (V) =
p~ (V) = UNA for some open U in X, and

V=n(n"Y(V))=rUNA) =nU)NB,

the last step as 771 (A) = B. Since 7 is open, 7(U) is open in ¥, and therefore 71(U) N B is open in
B under the subspace topology. That is, V is open in B, so p is a quotient map. The argument in the
case that 7 is closed proceeds in the same manner, replacing “open” by “closed” everywhere. [J

The quotient map has a certain universality property, as expressed in the following theorem.

THEOREM 2.3.11. Let t: X — Y be a quotient map, and let f: X — Z be any continuous map
such that f is constant on ©~'({y}) for all y € Y. Then there exists a unique function g: Y — Z
such that f = gom, and g is continuous.
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PROOEF. The function g is determined by g(y) = f(x) where 7(x) =y, which is well-defined by
the constancy of f on the nonempty set 7! ({y}). Let W be open in Z, and note that 7! (g1 (W)) =
f~Y(W). The set f~! (W) is open in X, so as 7 is a quotient map, g~ ! (W) is open in Y. Thus, g is
continuous. U

EXAMPLE 2.3.12. Let X be a topological space, and let A be a subset. Let X /A = (X —A) 11 {x}
as sets, and define w: X — X /A by

(x) =

x ifxeX-—-A
* ifa€A.

We give Y the quotient topology. This is the space given by collapsing A to a point. It may not
be Hausdorff even if X is: for instance, if we take X = R and A = (0,0), then 0 is in every open
neighborhood of x in Y. However, Y will be Hausdorff if for every x ¢ A, there exist disjoint open
sets U containing x and V' containing A.

EXAMPLE 2.3.13. Let X be a topological space. The cone C(X) on X is the quotient space of
(the cylinder) X x [0, 1] in which we collapse X x {0} to a point. If X = S!, this is homeomorphic
to a cone in R3, e.g.,

D= {(rx,ry,r) | r€[0,1], (x,y) € '},
where S! is the unit circle in R?. Here, the homeomorphism D — C(S!) takes (rx,ry,r) to the
image of ((x,y),r) € X x [0,1] in C(S").

2.4. Disjoint unions

To give maps to a direct product of sets is to give a collection of maps to the individual sets,
and if these sets are topological spaces, then with the product topology, we have seen in Proposi-
tion 2.2.13 that to give a continuous map to the product of topological spaces is to give a collection
of continuous maps to the individual spaces. However, to give a function from a product of sets
to a set is not the same as given a collection of maps from the individual set to the set. One might
ask if there’s another set that does this, and the answer is yes, the disjoint union. In fact, when the
individual sets are topological spaces, we can put a topology on the disjoint union so that we can
make the same connection with continuous maps.

DEFINITION 2.4.1. The disjoint union of a collection {A; | i € I'} of sets is the set | |
contains the A; as mutually disjoint subsets and is equal to the union (J;c; A;.

REMARK 2.4.2. To give a function f: [],.;A; — B from a disjoint union of sets A; to a set B

is exactly to give a collection of maps f;: A; — B. These satisfy fi(a;) = f(a;) foralli € I, so f
determines the f; and conversely.

DEFINITION 2.4.3. Let {X; | i € I} be a collection of topological spaces. The disjoint union
[1;c; Xi of the spaces X; is the topological space with underlying set indicated disjoint union and
with the topology under which a subset U is open if and only if U N X; is open for all i € .
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REMARK 2.4.4. Under this definition, we have continuous inclusion maps t;: X; — ]_[l-e 2.6
given by 1;(a;) = a; for a; € X;.

PROPOSITION 2.4.5. Let f;: X; — Y be a collection of functions from topological spaces X; to

a topological space Y. The map f: |]..;X; — Y that restricts to f; on X; for all i is continuous if

icl
and only if every f; is continuous.

PROOF. Let V be an open subset of Y. Then f~'(V)NX; = £ (V), so f~1(V) is open if and
only if fl._1 (V) is open for all i. O

LEMMA 2.4.6. Let X =]
open and closed in X.

ic1Xi be a disjoint union of topological spaces X;. Then each X; is
PROOF. We have X;NX; =@ ifi # jand X;NX; = X;, so X; is open in X. As for its complement,
we have
x-xi= U X,
Jel—{j}
which is open as a union of open sets. U

EXAMPLE 2.4.7. Any union A of the two parallel lines in the plane R? is homeomorphic to
RITR.

This example generalizes considerably.

LEMMA 2.4.8. Let {A; | i € I} be a collection of subspaces of a space X. Then the continuous
map [[,c;Ai — X with restriction to A; the embedding of A; as a subspace of X is a homeomor-
phism if the A; are mutually disjoint with union X and every A; is open (and therefore closed) in
X.

PROOF. The continuous map f in the statement is onto if and only if (J;c;A; = X and is one-
to-one if and only if A;NA; = @ for all i # j. If f is open, then every X; is open in X (and then
closed as well, since A; is the complement of the union of the A; for j # i). Conversely, if every
A; is both open and closed in X and U is open in [[;;A;, then f(U) = U;;(UNA;) is open as a
union of open sets. O

Lemma 2.4.8 justifies the following terminology.

TERMINOLOGY 2.4.9. If X is a topological space and {A; | i € I} is a collection of disjoint
open subsets with union X, then we say that X is the disjoint union of the subspaces A; and write
X = ig/A;.

EXAMPLES 2.4.10.

a. The subspace X = {(x,y) € R? | y € {0,1}} of R? is the disjoint union of the lines y = 0
and y = 1 in the plane.

b. Any discrete spaces is the disjoint union of its singleton subsets.
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EXAMPLE 2.4.11. Let {X; | i € I} be a collection of topological spaces, and choose x; € X; for
each i € I. We have a quotient of X = [ [;.; X; given by collapsing the subset A = {x; |i€ I} toa
point. This will be a Hausdorff space if X is. This space is called a one-point union of the spaces
X;. In the case, for instance, that X = S'ITS'IT---I1S', we get a finite collection of circles joined
at a point.






CHAPTER 3

Connected and compact spaces

3.1. Connectedness and path connectedness

DEFINITION 3.1.1. A topological space X is connected if it is not a disjoint union of any two
nonempty open subspaces. Otherwise, X is said to be disconnected.

LEMMA 3.1.2. A topological space X is connected if its only subsets that are both open and
closed are & and X.

PROOF. If A is a subset of X that is both open and closed, then so is A, and then X = AILA°.
Conversely, if X = U I1V with U and V nonempty and open in X, then U and V are also closed. [l

ExAMPLE 3.1.3. Topological spaces with one element are always connected, but discrete topo-
logical spaces with more than one element are disconnected.

EXAMPLE 3.1.4. The union (—e,0) N (0,0) of intervals in R is disconnected as a subspace of
R, as both (—e0,0) and (0,0) are open and closed in the subspace topology. However, R itself is
connected.

REMARK 3.1.5. If X is the disjoint union of subspaces A and B, then A and B are their own
closures, so A and B contain no limit points of each other. In fact, if A and B are any two disjoint
subsets of X with union X such that A contains no limit points of B and vice-versa, then A and B
are open and closed in X.

LEMMA 3.1.6. If X = U 11V for subspaces U and V, and A is a connected subset of X, then
either A CU orACV.

PROOF. We have that ANU and ANV are open and closed in A, so A is the disjoint union of
these intersections. If A is connected, this forces one of the ANU and ANV to be empty, and then
the other is A. O

PROPOSITION 3.1.7. The closure of a connected subset of a topological space is connected.

PROOF. Let X be a topological space and A a connected subset. Suppose that A = U 11V for
disjoint subspaces U and V in X. By Lemma 3.1.6, we have that A is contained in either U or V:
without loss of generality, we suppose A C U. As U is closed, we have that A C U as well, and
therefore V = @. 0

We also have the following statements.

37
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PROPOSITION 3.1.8. The image of a connected space under a continuous map is connected.

PROOF. Suppose X is connected and f: X — Y is continuous. If Y is the disjoint union of
(open) subspaces U and V, then X is the union of the disjoint open subsets f~1(U) and f~1(V),
hence equal to their disjoint union as topological spaces. U

PROPOSITION 3.1.9. Let X = (J;c;Ai for a collection of connected subsets A; of X fori € I,
and suppose that (;c;A; is nonempty. Then X is connected.

PROOF. Let a € (;c;A;. If X = U L1V for subspaces U and V, then without loss of generality
we may suppose a € U. Since A; is connected and contains a, we must then have A; C U for all
iel, forcingV = o. J

The following is an immediate corollary of Proposition 3.1.9.

COROLLARY 3.1.10. The union of all connected subsets of a topological space X that contain
a given point x € X is connected.

PROPOSITION 3.1.11. The relation on a topological space X given by x ~y for x,y € X if y
lies in the connected component of x is an equivalence relation on X.

PROOF. Clearly ~ is reflexive. For symmetry, it’s enough show that for x,y € X, the connected
components A of x and B of y are either equal or disjoint. Suppose that z € ANB. Then AUB
is connected by Proposition 3.1.9, but in that A (resp., B) is the largest connected subset of X
containing x (resp., y), we must have A = AN B = B. Finally, if x ~ y and y ~ z for x,y,z € X, then
we’ve just seen that x and y have the same connected component, as do y and z, so x and z do as
well. O

By Corollary 3.1.10, we can always find a largest connected subset containing a given point.

DEFINITION 3.1.12. A connected component of a topological space X is a connected subset
of X that is not properly contained in any larger connected subset of X. The connected component
of a point x € X is the unique connected component of X containing x.

LEMMA 3.1.13. A space X is the union of its distinct connected components, which are closed
and disjoint. If every connected component of X is open, then X is the disjoint union of them. In
particular, if X has only finitely many connected components, then it X is the disjoint union of its
connected components.

PROOF. We know that X is the union of its connected components, which are disjoint by
Proposition 3.1.11. It follows from Proposition 3.1.7 that connected components are closed, being
the largest connected subsets containing a given point. The second statement follows from the
definition of a disjoint union of topological spaces. If X has finitely many connected components,
then any union of all but one of them is closed, and then they are all open as complements of these
unions. U
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EXAMPLE 3.1.14. Consider the subspace A = {0} U {rll |n> 1} of R. Every {}l} is both open
and closed in A, so is a connected component (in that it is connected). The set {0} is also then a
connected component, being that it is not contained in any larger connected subset. However, it is
closed but not open, so A is not the disjoint union of its connected components.

EXAMPLE 3.1.15. Consider QQ as a subspace of R. It is disconnected as Q is the union of
its intersections with the intervals (—oo, ) and (7,0), for instance (as 7 is irrational). In fact,
since there exists an irrational number between any two distinct rational numbers, the connected
components of (Q are just its singleton subsets.

REMARK 3.1.16. The property of being in the same connected component gives an equiva-
lence relation on the points of a topological space, and the connected components are the equiva-
lence classes.

DEFINITION 3.1.17. A topological space is said to be fotally disconnected if its connected
components are its singleton subsets.

EXAMPLE 3.1.18. Let A = {0, 1} with the discrete topology, and consider X =[],._; A with
the product topology. Given any two distinct points x = (x,),>1 and y = (y,),>1 in X, there exists
n > 1 such that x,, # y,. Letting 7, denote the nth projection map, we have that U = &, ! (x,) and
V =7, !(y,) are disjoint basic open sets in X with union X, so X = UIIV, and x and y lie in
distinct connected components. Thus, X is totally disconnected.

DEFINITION 3.1.19. A path 7y from a point x to a point y in a topological space X is a con-
tinuous function y: [0, 1] — X such that ¥(0) = x and y(1) = y. The points x and y are called the
endpoints of y: in particular, x is its initial endpoint and y is its final endpoint.

DEFINITION 3.1.20. Let X be a topological space.

a. We say that two points x and y in a topological space X can be connected by a path if there
exists a path ¥ from x to y.

b. We say that a topological space X is path connected if every two points x and y can be
connected by a path.

c. The path component of a point x € X is the set of all points y € X such that x and y are
connected by a path.

REMARK 3.1.21. The relation of there exists a path from a point x to a point y on a topological
space X is an equivalence relation on a topological space X. Thus, X is a disjoint union of its path
components.

PROPOSITION 3.1.22. Every path connected space is connected.

PROOF. Let X be a path connected space. Suppose that X is a disjoint union of nonempty open
subspaces U and V, and let x € X and y € Y. Let v be a path from x to y, and let A = ¥([0, 1]).
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Then A is the disjoint union of the nonempty sets ANU and ANV, so A is disconnected, but it is
the image of a connected space under a continuous function. U

EXAMPLE 3.1.23. Consider the subset A = {(x,sin(1)) | 0 <x < 1} of R%. We have A =
AU{(0,y) | =1 <y < 1}. Note that A is connected as a subspace of R? since A is. On the other
hand, A is not path connected. Actually, this is easily reduced to proving that the topologist’s sine
curve B=AU{(0,0)} C A is connected, but not path connected. Let us explain this.

Suppose that y is a path from (0,0) to (1,sin(1)) on B. We may assume without loss of
generality that y(¢) # (0,0) for ¢ > 0. By definition, lim,_,o+ ¥(¢) = (0,0). On the other hand, for
every € > 0, there exists an x < € such that sin(%) = 1. By the continuity of ¥, for every 6 > 0,
there then exists < & such that the second coordinate of y(r) equals 1. But this contradicts that
limy o+ ’}/<t> = (070>'

3.2. Compactness

DEFINITION 3.2.1. Let % be a cover of a subset A of a topological space X. A subcover of
% is a a subset of 7 that covers A.

DEFINITION 3.2.2. A topological space X is compact if every open cover of X has a finite
subcover.

EXAMPLES 3.2.3.

a. Any finite topological space is compact.
b. Any topological space with the trivial topology is compact.

c. The real line R is not compact, since the collection of open intervals of length 1 is an open
cover with no finite subcover.

d. The interval (0, 1] is not compact, since the connection of intervals (g, 1] with € > 0 has no
finite subcover.

PROPOSITION 3.2.4. Any closed interval in R is compact.

PROOF. As all closed intervals of finite length are homeomorphic, we can and will consider
the interval [0, 1]. Let % be an open cover of [0, 1], and let A be the subset of [0, 1] consisting of
those x such that [0,x] has a finite subcover by elements in % . Let b be the supremum of of the
elements of A. If b < 1, then let U be an element %/ containing b. Since U contains an interval
(b —€,b+ &) for some € > 0 with b+ & < 1, we can find a finite subcover ¥ of [0,5 — §] inside
% . Ten ¥ U{U} is a finite subcover of [0,b+ £] in % . This means that b+ § € A, contradicting
the fact that b is the supremum of all elements of A. Thus b = 1, and therefore % has a finite
subcover. O

Let’s establish a few basic statements regarding compact spaces.
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LEMMA 3.2.5. A subspace A of a topological space X is compact if and only if every open
cover of A in X has a finite subcover.

PROOF. Given an open cover ¥ of A by open sets in A, we can find a set % of open sets in
X covering A such that ¥ = {ANU | U € % }. Conversely, given a collection % of open sets
in X covering A, we may define a cover 7 of A by open sets in A by taking intersections with
A as in the latter formula. Any (finite) subset % of % covers A if and only if the (finite) subset
{ANU |A € €} of ¥ covers A. O

PROPOSITION 3.2.6. Every closed subset of a compact space is compact.

PROOF. Let X be compact, and let A C X be closed. Let % be an open cover of A in X. Then
% U{A°} is an open cover of X, so it has a finite subcover ¥. If A° € ¥, then ¥ — {A“} is an
open cover of A in X, and otherwise, ¥ is an open cover of A in X. U

LEMMA 3.2.7. Let A be a compact subset of a Hausdorff space, and let x € A°. Then there
exist disjoint open sets U andV with A CU and x €V.

PROOF. For each a € A, choose open disjoint neighborhoods U, of a and V,, of x in X. The
collection {U, | a € A} is an open cover of A, and it has a finite subcover, say by Uy, ,...,U,,. Then
U=U",U,; and V =, V,, are the desired open subsets of X. O

PROPOSITION 3.2.8. Every compact subset of a Hausdorff space is closed.

PROOF. Let X be Hausdorff, and let A C X be compact. By Lemma 3.2.7, for each x € A,
there exists an open neighborhood V; of x in A°. The union of the V; is A, so A€ is open, and thus
A is closed. U

PROPOSITION 3.2.9. Let f: X — Y be a continuous map. If X is compact, then so is the image
of f.

PROOF. Let ¥ be an open cover of f(X)inY. Then % = {f~1(V) |V € ¥} is an open cover
of X. Since X is compact, it has a finite subcover { f~1(V}),..., f~1(V,)} with each V; € ¥, and
then {Vy,...,V, } is an open cover of f(X). O

We have seen that continuous bijections need not be homeomorphisms. However, continuous
bijections from compact spaces are.

THEOREM 3.2.10. Let f: X — Y be a continuous surjection. If X is compact and Y is Haus-
dorff, then f is closed and a quotient map.

PROOF. To see that f is a quotient map, we may show that B C Y is closed if f~!(B) is closed.
Since f is continuous and surjective, we may write B = f(f~'(B)), so it suffices to show that f is
a closed map.

Let A be a closed set in X, which is necessarily compact. As f is continuous, its image f(A) is
compact as well. As Y is Hausdorff, we then have that f(A) is closed. U
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COROLLARY 3.2.11. Every continuous bijection from a compact space to a Hausdorff space
is a homeomorphism.

We next prove that a finite product of compact spaces is compact. First, we require the follow-
ing lemma.

LEMMA 3.2.12. Let X and Y be topological spaces, and suppose that X is compact. For any
y €Y and open set W in X XY containing X x {y}, there exists an open neighborhoodV of y in Y
such that X xV CW.

PROOF. For each x € X, let U, be an open neighborhood of x in X and V, be an open neighbor-
hood of y in Y such that U, x V,, C W, which exist since (x,y) € W and W is open. The collection

{U | x € X} covers X so has a finite subcover, say consisting of Uy, ,...,Uy,. If we setV = (/| Vy,,
then V is an open neighborhood of y in Y, and since each U,, x V is contained in W, so is their
union X x V. O

THEOREM 3.2.13. Let Xy, ..., X, be compact spaces for some n > 1. Then []}_, X; is compact.

PROOF. It suffices by recursion to consider the case n = 2, so the product of compact spaces
X and Y. Let # be an open covering of X x Y. For any y € Y, the set X x {y} is compact, being
homeomorphic to X via the projection map, and so there exist Z,...,Z,, € # that together cover
X x{y}. Set W, = ;L Z;. We then have by Lemma 3.2.12 that there exists an open neighborhood
of V,, of y such that X x V;, C W,. The collection {V, | y € Y} then covers Y, and it has a finite
subcover as Y is compact. But then X x Y is covered by the finitely many W), and each of these is
in turn a union of finitely many sets in . Thus, # has a finite subcover. U

PROPOSITION 3.2.14. A subspace of R" is compact if and only if it is closed and bounded.

PROOF. Fix a subset A of R"”. We may consider the cover of A by all open balls in R" of radius
1. If A is unbounded, then it cannot have a finite subcover, since the union of any finite number of
balls of radius 1 is bounded. Therefore, only bounded subsets can be compact.

Now suppose that A is bounded. It is then contained in a direct product of closed intervals,
which is compact as a finite product of compact sets. If A is also closed, then it is compact by
Proposition 3.2.6. On the other hand, if A is not closed, then it cannot be compact by Proposi-
tion 3.2.8. U

We give another criterion for a topological space to be compact.

DEFINITION 3.2.15. A collection <7 of subsets of X is said to have the finite intersection
property, or FIP, if for every n > 1 and Ay,...,A, € </, we have that (_ A; is nonempty.

THEOREM 3.2.16. A topological space X is compact if and only if every collection <7 of closed
subsets of X having the finite intersection property satisfies (\yc s A is nonempty.
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PROOF. Let o7 be a collection of closed subsets of X with the finite intersection property.
Then % = {A° | A € &/} is a collection of open subsets of X with the property that no finite subset
of % covers X. If X is compact, this forces % not to cover X, which is exactly to say that the
intersection of elements of .7 is nonempty.

Conversely, if X is not compact, there exists an open cover %/ of X which has no finite sub-
cover, which is to say that the collection &7 = {U“ | U € % } of closed sets has the finite intersection
property but has empty intersection. U

Let us give an example of the use of this theorem.

THEOREM 3.2.17. Let X be a nonempty compact Hausdorff space with no singleton open sets.
Then X is uncountable.

PROOF. If X is finite Hausdorff, then it is discrete, so has singleton open sets. So, suppose
by way of contradiction that X is countably infinite. Label its points x; for i > 1. Let X = Uy,
which is an open neighborhood of x;. By Lemma 1.5.13, we may recursively let U; be an open
neighborhood of x;; | contained in U;_; with x; ¢ U, foreachi > 1.

The intersection of any finite subcollection of {U; | i > 1} is some U, for n > 1 since these U;
are nested. Since x,, 11 € Uy, this collection satisfies the FIP. In particular, the collection {U; | i > 1}
of closed sets does as well. Now, X being compact, we then have that ()2, U; is nonempty. At the
same time, since x; ¢ U, this intersection does not contain any of the points of X = {x; | i > 1},
providing the desired contradiction. U

We can use this to give a proof of the uncountability of the real numbers.
COROLLARY 3.2.18. The set of real numbers is uncountable.

PROOF. By Theorem 3.2.17, the interval [0, 1] is uncountable, and therefore so is R. U

3.3. Sequential and limit point compactness

We next introduce related notions to compactness.

DEFINITION 3.3.1. A space X is said to be limit point compact if every infinite subset of X has
a limit point.

PROPOSITION 3.3.2. Compact spaces are limit point compact.

PROOF. Let X be a compact space, and let A be a subset without a limit point. Then A is
necessarily closed. Moreover, for each a € A, there exists an open set U, containing a and no other
point of A. Then X has an open cover by {U, | a € A} U{A“}. Since X has a finite subcover,

A is contained in a finite union of sets U, ...,U,,, which implies that A = {ay,...,a,}, so A is
finite. -

DEFINITION 3.3.3. A space X is said to be sequentially compact if every sequence in X has a
convergent subsequence.
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The following is fairly immediate from the definitions.
PROPOSITION 3.3.4. Sequentially compact spaces are limit point compact.

PROOF. Let A be an infinite set in X, and let (a,),>1 be a sequence of distinct elements in A.
It has a convergent subsequence, say with limit a. Then every neighborhood of a contains some
point of the subsequence not equal to a. Thus, a is a limit point of A. U

To be limit point compact is a weaker notion than being either compact or sequentially com-
pact.

EXAMPLE 3.3.5. Let Y = {a, b} the the two-point space with the trivial topology, and consider
X =7 x Y, where Z has the discrete topology. Then any open neighborhood of a point (n,a) in
X contains (n,b) and conversely, so every nonempty set in X has a limit point. In particular, X is
limit point compact. However, X is not compact, and it is covered by the disjoint open sets {n} x Y
with n € Z. Tt is also not sequentially compact, as the sequence of points (n,a) has no convergent
subsequence.

In general, neither compactness nor sequential compactness implies the other. However, for
metric spaces, all three of these notions of compactness are equivalent, as we shall show.

DEFINITION 3.3.6. Let A be a bounded subset of a metric space X. The diameter of A is the
supremum of the distances between points in A.

DEFINITION 3.3.7. Let % be an open cover of a space X. Its Lebesgue number is the supre-
mum of all € > 0 such that every subset A of X of diameter less than € is contained in an element
of % , if such an ¢ exists, and otherwise, we say % has infinite Lebesgue number.

LEMMA 3.3.8. Let X be a sequentially compact metric space. Then every open cover of X has
finite Lebesgue number.

PROOF. Suppose that some open cover % of X has infinite Lebesgue number. For each n > 1,
there exists a subset A, of X of diameter less than % not contained in any element of %/. For each
such A, choose x, € A,. The sequence (x,),>1 has a convergent subsequence (xp, )i>1, say with
limit x. Let U € % be an open neighborhood of x, and let B(x,d) be an open ball inside of it. Let
k be sufficiently large such that n—lk < g and d(x,x,,) < g. By the triangle inequality, we then have
Ay, € B(x,08) C U, providing the desired contradiction. O

DEFINITION 3.3.9. We say that a metric space X is fotally bounded if for every € > 0, there
exists a finite cover of X by open balls of radius €.

LEMMA 3.3.10. Every sequentially compact metric space is totally bounded.

PROOF. Let X be a metric space, and suppose that € > 0 is such that X cannot be covered by
finitely many balls of radius €. Choose x| € X and then recursively choose x;, in the complement of
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U?:_ll B(x;,€). The sequence (x,),> satisfies d(x,;,x,) > € for all m > n, and consequently it can-
not have a convergent subsequence (since every convergent subsequence is necessarily Cauchy).
Thus, X not sequentially compact. U

THEOREM 3.3.11. Let X be a metrizable space. Then the following are equivalent:

i. X is compact,

ii. X is limit point compact,

iii. X is sequentially compact.

PROOF. Let X be a limit point compact space. Let (x,),>1 be a sequence in X. If the set
A ={x, | n> 1} of values of the sequence is finite, then (x,),> has a constant, hence convergent,
subsequence. Otherwise, A is infinite, so has a limit point x € X. Inductively, we have that every
ball among the B(x, %) for k > 1 contains some x,, with ny > ny_; if k > 2. The sequence (xp, )i>1
then converges to x. Thus, X is sequentially compact.

Now suppose that X is sequentially compact, and let %7 be an open cover of X. Let € > 0 be
such that every subset of diameter less than € is contained in an element of %/. Choose a finite
open cover of X by open balls of radius % and note that they have diameter at most % hence

are each contained in some element of %/. Then % has a finite subcover by these elements, and
therefore X is compact. U

3.4. Tychonoff’s theorem

We briefly recall a few notions from set theory. In particular, recall that a relation on a set X
is a subset of X x X, and if R is such a relation, we often write aRb to denote (a,b) € R. We have
already used the notion of an equivalence relation earlier in the notes without comment. Another
useful sort of relation is known as a partial ordering.

DEFINITION 3.4.1. A partial ordering on a set X is a relation < on X that satisfies the follow-
ing properties.

1. (reflexivity) For all x € X, we have x < x.

ii. (antisymmetry) If x,y € X satisfy x <y and y < x, then x = y.

iii. (transitivity) If x,y,z € X satisfy x <yand y < z, then x < z.

A set X together with a partial ordering < is referred to as a partially ordered set.

DEFINITION 3.4.2. A total ordering on a set X is a partial ordering < such that for all x,y € X,
one has either x <y or y < x. In this case, X together with < is called a totally ordered set.

EXAMPLES 3.4.3.

a. The relation < on R is a total ordering, as is >.

b. The relation < on R is not a partial ordering, as it is not reflexive.
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c. The relation C on the set of subsets #x of any set X, which is known as the power set of
X, is a partial ordering. It is not a total ordering if X contains more than one element.

d. The relation = is a partial ordering on any set.
Given a partial ordering < on a set X, we can speak of minimal and maximal elements of X.

DEFINITION 3.4.4. Let X be a set with a partial ordering <.

a. A minimal element in X (under <) is an element x € X such that if z € X and z < x, then
Z=2xX.

b. A maximal element y € X is an element such that if z € X and y < z, then z = y.

Minimal and maximal elements need not exist, and when they exist, they need not be unique.
Here are some examples.

EXAMPLES 3.4.5.

a. The set R has no minimal or maximal elements under <.

b. The interval [0, 1) in R has the minimal element O but no maximal element under <.

c. The power set &x of X has the minimal element & and maximal element X under C.

d. Under = on X, every element is both minimal and maximal.

e. Consider the set S C &x of nonempty subsets of a set X, with the partial ordering C. The

minimal elements of § are exactly the singleton sets in X.

One can ask for a condition under which maximal (or minimal) elements exist. To phrase such
a condition, we need two more notions.

DEFINITION 3.4.6. Let X be a set with a partial ordering <. A chain in X is a subset of X that
is totally ordered under <.

DEFINITION 3.4.7. Let X be a set with a partial ordering <. Let A be a subset of X. An upper
bound on A under < is an element x € X such that a < x for all a € A.

EXAMPLES 3.4.8.

a. The subset [0, 1) of R has an upper bound 1 € R under <. In fact, any element x > 1 is an
upper bound for [0, 1). The subset [0, 1] has the same upper bounds.

b. The subset Q of R has no upper bound under <.

We now come to Zorn’s lemma, which is equivalent to the axiom of choice. We omit the proof
of this fact.

THEOREM 3.4.9 (Zorn’s lemma). Let X be a nonempty set with a partial ordering <, and
suppose that every chain in X has an upper bound. Then X contains a maximal element.



3.4. TYCHONOFF'S THEOREM 47
We use Zorn’s lemma to prove the following.

THEOREM 3.4.10 (Alexander subbase theorem). A space X is compact if and only if there
exists a subbase . for its topology such that every open cover of X by elements of . has a finite
subcover.

PROOF. Suppose that X is not compact, and let .# be a subbase of X. We need to show that
. contains an open cover % that does not have a finite subcover.

Let Q be the set of all open covers of X that have no finite subcover, and note that Q # & by
the noncompactness of X. Let 4 be a chain in Q, and let #" = |Jy ¢ 7 be the union of all covers
in €. Any finite collection of elements of 7, being each contained in some element of %, are all
contained in the largest such element #" under inclusion. Being that #" has no finite subcover, such
a finite collection cannot cover X, so # has no finite subcover, which is to say that %" € Q. Thus,
every chain in Q has an upper bound, and so by Zorn’s lemma, Q has a maximal element ./ .

Now consider the subset ZZ = .’ N.# of .. Being a subset of .#, no finite subset of %
covers .7 . We claim that % covers X, which will finish the proof. Let x € X, let U € .# with
xeU. LetVy,....,V, €. be such that x ¢ Vi N ---NV, C U, which exist as . is a subbase.
If V; ¢ # for all 1 <i<n, we can find by the maximality of .# finite subsets .4; of .Z such
that the collections .4, N {V;} cover X. Then A4 = {J!_, .4 and V; N...NV, together cover X, so
N U{U} C A covers X as well, contradicting the fact that .# has no finite subcover. Thus, there
exists i such that V; € %, and V; contains x by definition. Thus % is a cover of X. O

THEOREM 3.4.11 (Tychonoff’s theorem). Any product of compact spaces is compact under
the product topology.

PROOF. Let {X; | i € I'} be a collection of compact spaces, and let X = [[;c; X;. For each i € I,
let .7; be the topology on X;, and let

S =z ' (U) |U; € T},
icl
where 7;: X — X; is the ith projection map. Then .7 is a subbase for the topology on X. We
claim that every open cover of X by elements in .% has a finite subcover, which by the Alexander
subbase theorem will finish the proof.
Let # C .¥ be an open cover of X. Then

v =\{m 'U) | Ui € %)
iel
for some collections %; of open sets in X; for each i € I. If no %; covers X;, then for each i € I,
we may by the axiom of choice find x; € X; such that x; ¢ Uy.c Ui. Set x = (x;)ie;. Then x ¢ U
for any U € %, for any such U has the form U = ﬂi_l (U;) for some U; € %; for some i € I, and
x; = m;(x) ¢ U;. Thus there exists i € I such that %; covers X;. It has a finite subcover ¥/, and the
finite set {z; | (V) | V € ¥} then covers X. O
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3.5. Local connectedness and compactness

Local properties of a space are those which happen within a small enough neighborhood of a
point. Here are the definitions of local connectedness and local compactness.

DEFINITION 3.5.1. A topological space X is called locally connected at x € X if every neigh-
borhood of x contains a connected open neighborhood of x. A topological space is called locally
connected if it is locally connected at each of its points.

PROPOSITION 3.5.2. A topological space X is locally connected if and only if every connected
component of every open set in X is open in X.

PROOF. Suppose X is locally connected. Let U be open in X, and let A be a connected com-
ponent of U. If x € A, then there is a connected open neighborhood V of x that is contained in U,
and V is contained in A by its connectedness. Since x was arbitrary, A is open.

Conversely, suppose that all connected components of open sets in X are open in X. Letx € X,
and let V be an open neighborhood of x. Let A be the connected component of x in V. Note that A
is open by assumption, so it is a neighborhood of x. Thus, X is locally connected. U

EXAMPLE 3.5.3. Let X =[]_,{0,1} with the product topology, as in Example 3.1.18. Its
basic open sets have the form Hﬁlvzl Ui x [T =~ +1{O, 1}, which are in particular infinite. As its
connected components of X are singletons, X is not locally connected.

We mention in passing that we have a similar notion of local path connectedness.

DEFINITION 3.5.4. A topological space X is called locally path connected at x € X if every
neighborhood of x contains a path connected open neighborhood of x. A topological space is called
locally path connected if it is locally path connected at each of its points.

Of course, locally path connected spaces are locally connected, but the converse does not hold
in general.

DEFINITION 3.5.5. A topological space X is said to be locally compact at x € X if x has a
compact neighborhood. A topological space is locally compact if it is locally compact at all of its
points.

Compact spaces are of course locally compact, as are many other spaces.

EXAMPLE 3.5.6. The space R" is locally compact, since every closed ball of positive radius
about a point is compact. However, []"_; R is not locally compact, since its basic open sets all
have closure that is a product of finitely many closed intervals with infinitely many copies of R,
and these are not compact as R is not.

DEFINITION 3.5.7. A compactification of a topological space X is a pair (¥, 1) consisting of a
compact topological space Y and an embedding 1t of X in Y.
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REMARK 3.5.8. We may view X as a subspace of a compactification Y via identifying it with its
homeomorphic image. Two compactifications Y and Z of a space X are then said to be equivalent
if there exists a homeomorphism f: Y — Z that restricts to the identity map on X. This gives an
equivalence relation on the compactifications of X.

Topological spaces can be compactified by adding in a single point.

THEOREM 3.5.9. Let X be a topological space. The set Y containing X and one additional
element called o has a topology consisting of the open sets in X and the complements Y — A of
closed, compact subsets A of X. Moreover, Y is a compact space under this topology, and any
other compactification Z of X with Z — X a singleton set is equivalent to Y .

PROOF. Note that arbitrary intersections of closed, compact subsets A of X are closed, and
then compact, and the union of an open subset U of X and the complement ¥ — A of a closed,
compact subset A of X is the complement in Y of a smaller closed, and then compact, subset of
X. It follows that the collection .7 of open sets defined in the theorem is closed under arbitrary
unions. Similarly, finite unions of closed, compact subsets of X are closed and compact, and the
intersection of U and Y — A as above is an open subset of X. Hence, .7 is closed under arbitrary
intersections, so .7 is a topology.

Given an open cover ¥ of Y, we may choose an element in it of the form ¥ — A with A closed,
compact in X, as such a set is needed to cover e. Then ¥ — {¥Y — A} is an open cover of A, which
has a finite subcover as A is compact, so ¥ has a finite subcover as well. Thus, Y is compact.

Finally, for any other space Y’ as in the theorem, with o its additional point, is in canonical
bijection with ¥ via the map f: ¥ — Y’ such that f(x) = x for x € X and f(c0) = oo’. If V is open
inY and ' ¢ Y’, then f(V) =V is open in X, hence in Y’. If V is an open neighborhood of oo in
Y, then its complement A is closed, hence compact in Y, and of course also contained in X. Then
f(V) =Y — f(A) is the complement of a compact, closed subset of X, so is open in Y’ as well.
Thus, f is continuous, and then f —1 is continuous too, as we did not distinguish Y and Y’. O

DEFINITION 3.5.10. For a space X, the compact space of Theorem 3.5.9 is called the one-point
compactification of X.

PROPOSITION 3.5.11. A topological space X is locally compact and Hausdorff if and only if
its one-point compactification is Hausdorff.

PROOF. Let Y be the one-point compactification of X. Suppose that X is locally compact and
Hausdorff. To show that Y is Hausdorff, it suffices to consider some x € X and o. Since X is
locally compact, we can find a compact neighborhood A of x, which then contains some open
neighborhood U. Then U is disjoint from the open neighborhood Y — A of co.

If X is not Hausdorff, then there exist points u#,v € X not contained in disjoint open sets in
X. No two complements of compact sets in X are disjoint, since they contain the added point oo.
Moreover, if u ¢ A and v € V for a compact subset A of X and an open set V in X, then the open
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complement X — A contains # and is not disjoint from V, so ¥ — A is not disjoint from v either.
Thus, u and v are not contained in disjoint open subsets of ¥, and Y is not Hausdorff.

If X is not locally compact, then it is not locally compact at e. Given an open neighborhood
Y —A of e, where A is closed in X and compact, and an open neighborhood U of x in X, we cannot
have U C A, since if this were the case, then U C A would be a compact neighborhood of x. Thus,
Y is again not Hausdorff. 0

REMARK 3.5.12. The one-point compactification of a locally compact Hausdorff space X has
the property of being a quotient space of each Hausdorff compactification of X via the unique
surjection that is the identity on X.

EXAMPLE 3.5.13. The one-point compactification of R” is homeomorphic to S”. To see this,
view S" as the unit sphere centered at oo = (0,...,0,1) € R*"!, This is realized via the embedding
R" — §" sending x = (x1, ... ,x,) to the unique point in S” — {co} on the line between (xy,...,x,,0)
and oo.

Our definition of local compactness differs from our definition of local connectedness, as we
only ask for a compact neighborhood, not one contained in an arbitrarily small neighborhood. For
Hausdorff spaces, these notions are the same.

PROPOSITION 3.5.14. A Hausdorff space X is locally compact if and only if every open neigh-
borhood U of a point x € X contains a compact neighborhood A with A C U.

PROOF. As the other direction is immediate, we may suppose that X is locally compact. Let
U be open in X, and let x € U. Let Y be the one-point compactification of X, which is compact
Hausdorff since X is locally compact Hausdorff. Let A =Y — U, which is closed in Y, hence com-
pact. By Lemma 3.2.7, we may find an open neighborhood V of x and an open set W containing A
that are disjoint. The closure of V in Y is compact and disjoint from A, so is contained in U.  [J

COROLLARY 3.5.15. Any open or closed subspace of a locally compact Hausdorff space is
locally compact.

PROOF. Let X be locally compact Hausdorff. If A is closed in X and a € A, then there is a
compact neighborhood C of a in X, and C N A is then a compact neighborhood of @ in A. If U is
open in X and x € U, then by Proposition 3.5.14, we can find a compact neighborhood B of x in
U. O

COROLLARY 3.5.16. A Hausdorff space X is locally compact if and only if it is homeomorphic
to an open subspace of a compact Hausdorff space.

PROOF. If X is locally compact but not compact, take its one-point compactification, in which
X is open. If X is open in a compact Hausdorff space, then it is locally compact by Corollary 3.5.15.
U
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DEFINITION 3.5.17. A map f: X — Y of topological spaces is said to be a local homeomor-
phism if it is continuous, open, and for each x € X, there exists an open neighborhood U of x such
that the restriction of f to U is a homeomorphism onto its image.

EXAMPLE 3.5.18. The inclusion map of an open set in a topological space is a local homeo-
morphism.

EXAMPLE 3.5.19. The map f: R — S' given by f(x) = (cosx,sinx) is a local homeomor-

phism, as is its restriction to any open interval. Note that there is, however, no local homeomor-
phism g: ST — R.






CHAPTER 4

Countability and separation axioms

4.1. Countability axioms

DEFINITION 4.1.1. A topological space X is said to be first-countable if every point of X has
a countable basis of open neighborhoods.

EXAMPLE 4.1.2. If X is a metrizable space, then X is first-countable. For instance, if d is a
metric on X, then x € X has the countable basis {B(x, 1) | n > 1} of open neighborhoods.

PROPOSITION 4.1.3. Let A be a subset of a first-countable topological space X. Then A is the
set of limits of convergent sequences in A.

PROOF. If there exists a sequence (a,),>1 in A with limit x € X, then every neighborhood of x
contains all a, for n sufficiently large, so x € A by definition. Conversely, if x € A and {U, | n > 1}
is a basis of open neighborhoods of x, then we may pick a, € ANU, for each n > 1, and the
sequence (ay),>1 has limit x. O

PROPOSITION 4.1.4. Let X be a first-countable space. Let x € X. If f: X — Y is a func-
tion such that for every convergent sequence (x,),>1 in X with limit x, the sequence (f(x,))n>1
converges to f(x), then f is continuous at x.

PROOF. Let V be an open set in Y, let x € f~!(V), and let {U, | n > 1} be a countable basis
of open neighborhoods of x. If f~!(V) does not contain an open neighborhood of x, then it cannot
contain any U,. Assume this, and for each n > 1, choose x,, € U, such that x,, ¢ f~!(V). Then
the sequence (x,),>; converges to x, and by assumption, (f(x,)),>1 converges to f(x). Therefore,
there exists N > 1 such that f(x,) € V for all n > N, so x,, € £~ (V) for such n, contradicting our
assumption. O

DEFINITION 4.1.5. A topological space X is second-countable if X has a countable base for
its topology.

EXAMPLE 4.1.6. The space R” is second-countable, since it has the base {B(x, %) lxeQ", k>
1}.

EXAMPLE 4.1.7. The space X = [];—; R is second-countable in the product topology but not

in the uniform topology. In the product topology, we can take the countable base consisting of
products
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with a;,b; € Q and a; < b; for 1 <i <N for some N > 0.
In the uniform topology, we have the uncountable discrete subspace

A= {(an)n>1|an €{0,1}}.

every two points being distance 1 apart in the uniform metric. For any base of X, the open balls
of radius % about the points of A would each contain an element of the base, which is therefore
uncountable. In particular, metrizable spaces are not necessarily second-countable.

DEFINITION 4.1.8. A topological space X is Lindeldf if every open cover of X has a countable
subcover.

PROPOSITION 4.1.9. Second-countable spaces are Lindeldf.

PROOF. Let % be an open cover of X, and let # = {B,, | n > 1} be a countable base of X. Let
S be the set of positive integers n such that B, is contained in an element of U. For each n € S, let
U, € % with B, C U,. We claim that {U, | n € S} covers X.

If x € X, then x € U for some U € % . Since B, is a base for the topology on X, there exists
n > 1 such that x € B,, C U. By definition of S, we then have n € §, and so x € U,,. Thus, we have
proven the claim. U

Recall that a subset A of a topological space is X is dense if A = X.
DEFINITION 4.1.10. A topological space X is separable if it has a countable dense subset.
PROPOSITION 4.1.11. Second-countable spaces are separable.

PROOF. Let = {U, | n > 1} be a countable base of X. For each n > 1, choose x, € U,, and
set A = {x, | n > 1}. Then for any x € X and open neighborhood V of x, there exists n > 1 such
that x € U, C V, so in particular x,, € V. Thus, x € A, so A is dense in X. O

For metric spaces, the converses to Propositions 4.1.9 and4.1.11 hold.

THEOREM 4.1.12. For a metric space X, the following are equivalent:

i. X is second-countable,
ii. X is Lindelof, and
iii. X is separable.

PROOF. By Propositions 4.1.9 and 4.1.11, it suffices to show that Lindeof spaces are second-
countable and separable spaces are second-countable. Let X be a metric space.

Suppose first that X is Lindelof. For positive integers n > 1, let %, be a countable subcover of
the open cover of X by balls of radius % Let # = ,_| %n, which is also countable. We claim
that 4 is a base for the metric topology on X. Let x € X and € > 0, and consider the open ball
B(x,€). Choose n with 2 < €, and let y € X be such that x € B(y, 1) € %,. Then B(y, 1) C B(x,¢)
by the triangle inequality, hence the claim.
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Next, suppose that X is separable, and let S C X be a countable dense subset. We claim that
the countable collection
B = {B(y,%) lyeS,n>1}
of open balls is a base for the metric topology on X. Let x € X and € > 0. As S is dense, B(x, )
contains a point y € S, and if we take n > 1 such that % < }l < 23—8, then x € B(y, }l) C B(x,€) by the
triangle inequality, hence the claim. U

4.2. Separation axioms

In this section, we consider both weaker and stronger conditions in terms of the separation of
points in a topological space than our much-used Hausdorff condition. We begin by defining the
word “separated” in the sense of topology.

DEFINITION 4.2.1. We say that two subsets A and B of a topological space are separated if
ANB=gand ANB = @.

DEFINITION 4.2.2. A separation of X is a set of two disjoint open subspaces of X with union
X.

REMARK 4.2.3. A space X has a separation if and only if it is disconnected, in which case it is
the topological disjoint union of the two spaces A and B in the separation. Moreover, these A and
B are clearly separated. Similarly, if X is the union of two separated subsets, then they are both
closed, hence open, and therefore constitute a separation of X.

Here then are several weaker conditions that being Hausdorff.

DEFINITION 4.2 4.

a. A space X is said to be Tp if every two distinct points of X have distinct sets of open
neighborhoods.

b. A space X is said to be T if points of X are closed.
c. A space X is said to be 7 if it is Hausdorff.

EXAMPLE 4.2.5. Spaces that are Ty but not 77 are ubiquitous in modern algebraic geometry.
For instance, what is known as the spectrum Spec Z of the ring of integers of Z is a space consisting
of one point (0) and another point (p) for each prime number p. It has a base consisting of (0) and
the complements of finite sets {(p1),...,(p,)} with each p; prime. The closure of {(0)} is SpecZ.
Unfortunately, the explanation for why algebraic geometers consider this space lies beyond the
scope of this course.

DEFINITION 4.2.6. A space in which every two points with distinct sets of open neighborhoods
are separated is called symmetric.

LEMMA 4.2.7. A space is Ty if and only if it is symmetric and Ty, i.e., every pair of distinct
points is separated.
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PROOF. Suppose X is 71. If x,y € X are distinct, then X — {y} and X — {x} are distinct open
neighborhoods of x and y, respectively, so X is Ty. Moreover, m = {x} forallx € X, so fory # x,
the sets {x} and {y} are separated. That is, X is symmetric.

Conversely, if X is Ty and x € X, then for any y € X, there exists an open neighborhood U con-
taining x and not y. If X is also symmetric, then since x and y have distinct sets of neighborhoods,
{x} and {y} are separated. In particular, y ¢ {x}, which is to say that {x} is closed. O

DEFINITION 4.2.8.

a. A topological space X is regular if for every point x € X and closed subset A of X with
x ¢ A, there exist disjoint open sets U and V withx € U and A C V.

b. A topological space X is normal if for every two closed, disjoint subsets A and B of X, there
exist disjoint open subsets U and V of X such that A CU and BCV.

Since in a topological space, points need not be closed (i.e., the space need not be 71), it is not
clear that either regular or normal should implies Hausdorff. In general, they do not, and normal
does not imply regular. So, we make the following definitions.

DEFINITION 4.2.9.

a. A space X is said to be T3 if it is regular and Ty.

b. A space X is said to be Tj if it is normal and Tj.
The following tells us that a 73-space is Hausdorff and a 7y-space is regular.
LEMMA 4.2.10. If a space is T; for some 1 <i <4, then it is T;_.

PROOF. By Lemma 4.2.7, a T1-space is Ty, and by Lemma 1.5.9, a Tp-space is Tj.

Suppose X is T3. Take x,y € X with x # y. By the Tp-axiom, there is without loss of generality
an open neighborhood W of x than does not contain y. Then W¢ and x are disjoint, hence by the
regularity condition, are contained in disjoint open sets U and V, respectively. Then x € U and
y €V, so X is Hausdorff.

Similarly, suppose that X is 74. Let x € X, and let A C X be closed with x ¢ A. Since X is Tj,
the set {x} is closed. Therefore, by normality there exist open disjoint sets U containing {x} and
V containing A, as desired. U

The reader can check the following, which is most interesting for and stops at 73-spaces.
LEMMA 4.2.11. For 0 <i < 3, every subspace of a T;-space is T,.

EXAMPLE 4.2.12. The space X = R with the topology consisting of sets of the form U —C,
where U is open in R in the Euclidean topology and C is a countable subset of U, is Hausdorff
but not regular. It is Hausdorff since its topology is finer than the Euclidean topology on R. It
is not regular, as the set QQ is closed in its topology, and the open sets containing QQ in R are the
complements U in R of countable sets of irrational numbers. An open neighborhood V of an
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irrational number contains all but countably many points in an open interval around it, and so does
U, but such an interval is uncountable, so U NV cannot be empty.

LEMMA 4.2.13. A space X is regular (resp., normal) if and only if every open set of X con-
taining a point x (resp., closed set A) contains the closure of an open set containing x (resp., A).

PROOF. Let X be regular (resp., normal). Let A be a singleton (resp., closed) subset of X,
and let W be an open subset containing A. Then B = W€ is disjoint from A, so by regularity
(resp., normality) of X, there exist disjoint open sets U containing A and V' containing B. Then
ACU CV¢CW. Since V€ is closed, W contains U, so U is the desired open set.

Conversely, suppose that for any singleton (resp., closed) subset A of X, every open set of X
containing A contains the closure of an open set containing A. Let B be a closed set disjoint from
A, and let U be an open subset of B¢ containing A and such that U C BC. Take V = U° so that
B CV, and note that U and V are disjoint. Thus, X is regular (resp., normal). U

We have seen that a direct product of Hausdorff spaces is Hausdorff. The analogous statement
holds for regular Hausdorff spaces (i.e., T3-spaces).

PROPOSITION 4.2.14. A product of Txz-spaces is T3 in the product topology.

PROOF. Let X = [];c; X;, where {X; | i € I} is a collection of T3-topological spaces. Then X
is Hausdorff, and in particular, its points are closed. Let x = (x;)ie; € X, and let U be an open
neighborhood of x. Then U contains a basic open neighborhood [];c; U;, where each U; is open in
X; and all but finitely many U; equal X;. For every i, we may choose an open neighborhood V; of
x; with V; C U; by Lemma 4.2.13. If U; = X;, we take V; = X; as well. Then [1;c; Vi contains x and
has closure [T;c; Vi C [1;e; Ui, as desired. U

The following example shows that even a finite direct product of 7;-spaces need not be 7.

EXAMPLE 4.2.15. Consider X = R with the lower-limit topology generated by the base of
open sets [a,b) with a < b. Note that these sets are closed as well, since (—eo,a) U [b, o) has
complement [a,b). Then X is normal Hausdorff. To see normality, take disjoint closed sets A and
Bin X. Foreach a € A, we pick x, > a with [a, x,) in the complement of B and let U be the union of
these half-open intervals. Similarly, for each b € B, we pick y, > b with [b,y) in the complement
of A and let V' be the union of these intervals. Take a € A and b € B, and suppose without loss of
generality that @ < b. Then x, < b since b ¢ [a,x,), so the intersection [a,x,) N [b,yp) is empty,
and therefore U and V are disjoint.

On the other hand, the product X* = X x X is regular Hausdoff by Proposition 4.2.14, but it is
not normal. The subspace D = {(x,—x) | x € R} of X x X has the discrete topology and is closed
in X2, and if we take the subset A = {(x,—x) | x € Q}, then A and D — A are closed subsets of X?
that are not contained in disjoint open neighborhoods of X2. We omit the nontrivial proofs of these
facts.

THEOREM 4.2.16. Regular, second-countable spaces are normal.
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PROOF. Let X be regular and second-countable. Let Z be a countable base for the topology on
X. Let A and B be disjoint closed subsets of X. By regularity, for each x € X we can find an open
neighborhood U of x with U disjoint from B, and contained in U we can find some neighborhood
in Z of x. Together, these basis elements give a countable covering Z = {U, | n > 1} of A with
U, NB = & for each n > 1. Similarly, we can find a countable covering ¥ = {V,, | n > 1} of B
with V, NA = @. For each n > 1, consider the open sets

n n
Uy=U,N(Vi and V,=V,n[\T .
i=1 i=1
Ifa € A, thena € U, for somen > 1,and a ¢ V; for all i, so a € U},. The open sets U = Un>1 U, and
V =U,>1V, contain A and B, respectively, and they are disjoint, since if u € U, for some n > 1,
then u ¢ V; for i < n by definition of U, and u ¢ V/ for i > n by definition of V. O

THEOREM 4.2.17. Metrizable spaces are normal.

PROOF. Let A and B be disjoint, closed subsets of a metrizable space X, and let d be a metric
on X. For each a € A, there exists g, > 0 with B(a, ;) N B = &, and similarly, for each b € B, there
exists &, > 0 with B(b,8,) NA = &. Set

€q 6b
U= B(,-) - AN

U a > and V U B (b > )

acA beB
Then U and V are open containing A and B, respectively. If x € U NV, then there exist a € A and
b € B such that d(a,x) < % and d(x,b) < % By the triangle inequality, we then have d(a,b) <
24 % < max(&,, 0p). If d(a,b) < &, then b € B(a, &,), a contradiction, and if d(a,b) < 6, then
a € B(b, ), contradiction. Thus U and V are disjoint. O

THEOREM 4.2.18. Compact Hausdorff spaces are normal.

PROOF. Let X be a compact Hausdorff space, and let A and B be disjoint closed subsets of X,
which are necessarily compact. Lemma 3.2.7 implies that compact Hausdorff spaces are regular.
That is, for each b € B, we may choose disjoint open sets U, containing A and V}, containing b.
Then the sets V, cover B, hence have a finite subcover, say by V3, ,...,V}, € B. Then U = ;L Uy,
and V = |Ji_, V}, are disjoint open sets containing A and B, respectively. U

Using the one-point compactification, we may use Theorem 4.2.13 to give a quick proof of the
analogous result for locally compact Hausdorff spaces.

COROLLARY 4.2.19. Locally compact Hausdorff spaces are regular.

PROOF. Let X be locally compact and Hausdorff. Let Y be its one-point compactification,
which is compact Hausdorff and therefore normal. As Y is T4, it is also 73, and X is 73 as a
subspace of Y. U
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4.3. Urysohn’s lemma

THEOREM 4.3.1 (Urysohn’s lemma). A topological space X is normal if and only if for every
pair of disjoint nonempty closed sets A and B of X, there exists a continuous function f: X — [0,1]
such that f(A) = {0} and f(B) = {1}.

PROOF. Let X be a normal space. Set U; = B¢, and by normality of X, pick an open set
Up containing A with Uy C U;. We will construct open sets U, for g € QN (0,1) such that if
q,r € QN 0, 1] with g < r, then U, C U,.

Fix any bijection ¢: Z>¢ — QN [0, 1] with ¢(0) =0 and ¢(1) = 1. For each n > 2, let g, be
the largest value of ¢ (m) with m < n that is less than ¢ (n), and let r,, be the smallest value of ¢ (m)
with m < n that is greater than ¢ (n). Suppose by induction that we have constructed U, (m) for all
m < n. By Lemma 4.2.13, we may choose an open set Uy, containing U, and such that Uy, is
contained in U,,. For negative r € QQ, set U, = &, and for r € QQ greater than 1, set U, = X. In this
way, we have constructed open sets U, for all rational numbers g such that Fq CU,if g<rare
rational numbers.

We now define f by setting

f(x) = inf{g € Q| x € Uy}

forxe X. If x €A, thenx € Uy, so f(x) =0. If x € B, then x ¢ U; butx € U, for all rationals r > 1, so
f(x) = 1. If x € Uy, then x € U, for all rationals r > ¢, so f(x) < q. Given a nonempty open interval
(a,b) in R and x in its inverse image, we then have ¢,r € Q with a < ¢ < f(x) < r < b. Since
f(x) < r, we have x € U,, and since f(x) > g, we have x ¢ U,. That is, we have x € U, — Uy, which
is an open neighborhood with image under f contained in [g,r] C (a,b). Thus, f is continuous.
As for the converse, note that if A and B are disjoint closed sets in X and f: X — [0, 1] is a con-
tinuous function with f(A) = {0} and f(B) = {1}, then U = f~1([0,1/2)) and V = f~1((1/2,1])
are disjoint open sets containing A and B, respectively. U

DEFINITION 4.3.2. A space X is completely regular if for every closed set A in X and x € A€,
there exists a continuous function f: X — [0, 1] with f(A) = {0} and f(x) = 1. A space X is said
to be Tychonoff, or T, 1 if it is completely regular and 77.

REMARK 4.3.3. A normal Hausdorff space is Tychonoff, and a completely regular space is
regular.

We leave it to the reader to check that the following hold, the condition on subspaces between
the motivation for the word “completely”.

PROPOSITION 4.3.4. Subspaces and products of completely regular spaces are completely
regular.

Regularity, together with second-countability, implies complete regularity (since it implies
normality). In fact, we have the following.
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LEMMA 4.3.5. Let X be a regular, second-countable space. Then there exists a countable
collection {f, | n > 1} of continuous functions f,: X — [0,1] such that for each pair (A,x) of a
closed subset A of X and x € A€, there exists n such that f,(A) = {0} and f,(x) = 1.

PROOF. Since X is second-countable and regular, it is normal. Let {U, | n > 1} be a countable
base of open sets in X. If U,, C U,, then by Urysohn’s lemma, there exists a continuous function
fnn: X — [0,1] with f,,(Uy) = {1} and f(X —U,) = {0}.

The set A€ contains some neighborhood U,, of x, which contains the closure of some neighbor-
hood U, of x by the regularity of X. Then f, »(x) =1 and f,, »(A) = {0}. Since the collection of
functions f,, , is countable, we have the lemma. O

THEOREM 4.3.6 (Urysohn metrization theorem). Second-countable regular Hausdorff spaces
are metrizable and are exactly the spaces that are homeomorphic to subspaces of the product space
[0,1)/, where J is countably infinite.

PROOF. We may take J = {n | n > 1}. Recall that R’ is metrizable by Proposition 2.2.16, so
to show metrizability, it suffices to embed our second-countable regular space X in [0, 1]’. If we
can do this for a given X, then [0, 1)’ is regular Hausdorff and second-countable, and then so is X.

Let (f,)n>1 be a sequence of functions f,: X — [0,1] as in Lemma 4.3.5 and use them to
define a function f = (f;,),>1: X — [0, 1]/, which is continuous as each f; is continuous. Since X
is Hausdorff, for any x,y € X with x # y, the set {x} is an open neighborhood of y, so we can for
each x # y in X find an n > 1 such that f,,(x) = 0 and f,(y) = 1. Thus, f is injective.

It remains to show that f is an open map to its image. Let U be an open set in X, let a =
(an)n>1 € f(U), and let x € U with f(x) = a. Choose an m > 1 such that f,,(x) = 1 and f,,(y) =0
for all y ¢ U. Let V be the open set 7, !((0,1]) N f(X) in the image of f, where 7, is the mth
projection map from 7,,: [0,1]/ — [0,1]. Then 7,,(a) = f,,(x) = 1,s0a € V. For b € V, we have
b = f(y) for some y with m,,(b) = f,u(y) > 0, so y € U and therefore b € f(U). That is, we have
a€ f(U)CV. Thus, f(U) is open. O

Another application of Urysohn’s lemma is found in the following theorem.

THEOREM 4.3.7 (Tietze extension theorem). Let A be a closed subspace of a normal topolog-
ical space X. Any continuous map of A into an interval in R can be extended to a continuous map
of X into the same interval in R.

PROOF. It is sufficient to prove this result for maps into [—1,1], [-1,1) and (—1,1), since all
intervals in R are homeomorphic to one of these. We next show how the result reduces to maps to
[—1,1]. Given any g: X — [—1,1],let B=g~!(1) and C = g~'(—1). By Urysohn’s lemma, there
exist continuous functions ¢ : X — [0,1] and ¢': X — [0, 1] with ¢(B) C {0}, ¢(C) = ¢'(C) C {0},
and 9 (A) = ¢'(A) C{1}. If g(A) C[—1,1), then set g’ = @ g, and note that g'|4 = g|4. Moreover, it
satisfies g’'(x) =0if x € Cand g'(x) < 1 ifx ¢ C, s0 ¢g'(X) C [—1,1). Similarly, if g(A) C (—1,1),
then set g’ = ¢’g. Then g’|4 = gla, and ¢'(X) C (—1,1).
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We next prove a weaker result. Suppose that F: A — [—1, 1] is continuous. Let
B=F!([-1,-1]) and C=F'([$,1)).
By Urysohn’s lemma, there exists a continuous function
G: X —[—1,1]
with G(B) = {—1} and G(C) = {1}. Then

have |G(a) — F(a)| < 3 — (1) = 3.
Now let f: A — [—1,1] be continuous. Suppose by induction that for some n > 0 we have
found continuous functions

for 1 <i <n with

for all a € A. Then the argument of the previous paragraph applied to F = (%)"( f—Y"  gi) yields

the next function g, | = (%)”G in the induction. Since ), %(%)”’1 = 1, the infinite series

g=Y gi: X—[-11]
i=1

is well-defined, and by definition, it restricts to f on A. Moreover, g is continuous as the partial
sums )i g; converge uniformly to g on X: thatis, | Y2, ga(x)| < (%)” for all x € X. O

DEFINITION 4.3.8. The support of a continuous function f from a topological space X to R is
the closure

supp f = {x € X | f(x) # 0}.

DEFINITION 4.3.9. Let Z = {U; | 1 <i < n} be an open cover of X for some n > 1. A
finite collection {¢;: X — [0,1] | 1 <i < n} of continuous functions is a partition of unity on X
subordinate to, or dominated by, % if supp ¢; C U; for each i and }* | ¢;(x) =1 for all x € X.

LEMMA 4.3.10. Let Z ={U; | 1 <i < n} be a finite open cover of a normal space X for some
n > 1. Then there exists an open cover ¥V ={V; | 1 <i<n} of X with V; CU; forall 1 <i<n.

PROOF. It suffices to show the existence of V; open with V| C U; and such that {Us,...,Uy, V1 }
covers X, since then we can repeat with this new cover, replacing U, and so forth. Let A =
X — U, U;. By normality of X, there exists an open set V; containing A with A C V| C Vi CU;.
Then the collection {V},U>,...,U,} covers X. O
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PROPOSITION 4.3.11. Let % = {U; | 1 <i < n} be a finite open cover of a normal space X.
Then there exists a partition of unity on X subordinate U .

PROOF. By Lemma 4.3.10, we can find an open cover ¥ = {V; | 1 <i < n} with V; C U; for
1 <i<nandanopencover # ={W;|1<i<n} with W; C V; foreach 1 <i<n. By Urysohn’s

lemma, there exist functions y;: X — [0,1] such that y;(W;) C {1} and y;(VS) C {0}. Since

l//;l(R —{0}) C V;, we have supp y; C V; C U;. For each x € X, we have x € W; for some i, and

therefore ) ; y;(x) > w;(x) = 1 > 0. We may then define

Wi (x)
00 = s
l Yi1vilx)
for x € X. Then the ¢; form the desired partition of unity. U

DEFINITION 4.3.12. A second-countable Hausdorff space M is said to be a manifold if there
exists n > 0 such that every point of M has an open neighborhood homeomorphic to R”. We then
say that M is n-dimensional, or an n-manifold.

REMARK 4.3.13. To say that a point in M has an open neighborhood homeomorphic to R" is
to say that it has an open neighborhood homeomorphic to an open subset of R” (in particular, as
open balls in R" are homeomorphic to R"). Equivalently, there is a local homeomorphism R" — M
with image containing the point.

EXAMPLE 4.3.14. Open sets in R" and the sphere $" are n-manifolds. The torus is an example
of a 2-manifold, or surface.

We have the following application of Urysohn’s lemma and partitions of unity to manifolds.
THEOREM 4.3.15. Any compact manifold can be embedded in RY for some N > 1.

PROOF. Since X is a manifold, it has an open cover %/ by open sets that may be embedded in
R” for some fixed n. Since X is compact, there exist Uy, ...,U,, € % that together cover X. Let
fi: Ui = R" be an open embedding. By Theorem 4.2.18, the space X is normal, so there exists
a partition of unity {¢; | 1 <i < m} subordinate to {U; | 1 <i < m}. For each i, set A; = supp ¢;
and define g;: X — R" by g;(x) = ¢;(x) fi(x) for x € U; and g;(x) = 0 for x € Af. Note that g; is
well-defined as ¢;(x) = 0 for x € A°.

We set

F=((01,81)s(@m,gm)): X — (RIF")"

which is continuous as a product of continuous functions. We claim that F is an embedding, which
will finish the proof with N = m(1+n). Since X is compact, it is enough to show it is injective.
If x,y € X and F(x) = F(y), then ¢;(x) = ¢;(y) and g;(x) = gi(y) for all 1 <i<n. Let i be such
that ¢;(x) > 0 so that x,y € U;. Then g;(x) = ¢;(x) fi(x) and g;(y) = ¢;i(x) fi(y), so fi(x) = fi(y). As
fi: Ui — R" is injective, we have x = y. U



CHAPTER 5

Homotopy theory

5.1. Path homotopies

Recall that a path on a topological space X is a continuous function y: [0,1] — X.

DEFINITION 5.1.1. Let X be a space and a,b € X. Let y and ¥ be paths in X from a to b. A
path homotopy from 7 to ¥ is a continuous function F: [0, 1]?> — X from ¥ to  such that

F(s,0)=7v(s) and F(s,1)=7(s)
forall s € [0,1] and
F(0,t)=a and F(l,1)=b
forallz € [0, 1].

EXAMPLE 5.1.2. Consider the two paths ¥,7 from (1,0) to (—1,0) in C given by y(s) = ™
and 7/(s) = e~ ™. We have a path homotopy between them given by F(s,t) = cos(7s) +i(1 —
2¢)sin(ms). However, no such path homotopy exists in C — {0}, the idea being that for any path
homotopy F, there must exist a ¢ such that the path y;(s) = F(s,7) for s € [0, 1] passes through 0.
This may be intuitively clear, but it takes some work to show.

DEFINITION 5.1.3. We say that two paths 7,7 in X from a point a to a point b are path
homotopic if there exists a path homotopy from y to Y.

NOTATION 5.1.4. We write ¥ ~ ¥ if two paths with the same endpoints are path homotopic.

PROPOSITION 5.1.5. The relation of path homotopy on the set I1(X ,a,b) of paths with fixed
endpoints a,b € X forms an equivalence relation.

PROOF. If ¥ € TI(X,a,b), then the map F: [0,1]> — X given by F(s,t) = y(s) for all s,t €
[0,1] is a path homotopy from ¥ to itself, so ~ is reflective. If Y € I1(X,a,b) with ¥ ~ ¥ and
F: [0,1]*> — X is a path homotopy from y to 7/, then G(s,) = F(s, 1 —t) is a path homotopy from
Y to ¥, so ¥ ~ v. Thus, ~ is symmetric. Finally, if ¥/ € II(X,a,b) as well and we have both
Yy~ Y and ¥ ~ ¥’, with F a path homotopy from ¥ to ¥ and G a path homotopy from ¥ to y”,
then H: [0,1]?> — X defined by

His.t) = F(s,21) t€[0,3],
GG, 2e—1) e 4]
63
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is a path homotopy from 7y to ¥, so ~ is transitive. To see this, one should note that F(s,1) =
Y (s) = G(s,0) forall s € [0,1]. O

NOTATION 5.1.6. Let (X, a,b) denote the set of path homotopy classes of paths on X from
a to b. We write [y] for the path homotopy class of a path 7.

DEFINITION 5.1.7. If y € I1(X,a,b) and pu € II(X, b, c), we define the composition of y and p
to be the path yx u € TI(X,a,c) given by

S S 1
(rem)(s) = {”2 e

If one replaces ¥, u with path homotopic paths, the result of composition is path homotopic to
Y L.

PROPOSITION 5.1.8. Let ¥,y € II(X,a,b) and u,u’ € II(X,b,c) withy~ ¥ and . ~ p'. Then
Yru o~y x

PROOF. Let F be a path homotopy from ¥ to ¥ and G be a path homotopy from u to pt’. Define
H:[0,1> = X by

F(2s,t € 0,4,

H(s,t) = (25,1) S [1 1

G(2s—1,t) sel3,1]
for s, € [0,1]. Then H is a path homotopy from y* it to ¥ x tt’. For this, one should note that
F(1,t) =b=G(0,t) forall 7 € [0,1]. O

REMARK 5.1.9. By Proposition 5.1.8, composition of paths induces product maps
T (X,a,b) x m (X,b,c) = m (X,a,c),
and we have [y] - [1] = [y* ] under these products.
5.2. The fundamental group

Let us briefly explore the properties of the products that we have constructed on paths and their
path homotopy classes.

NOTATION 5.2.1.
a. Fora € X, let e, € I1(X,a,a) denote the constant path e,(s) = a for s € [0, 1].

b. For a,b € X and y € I1(X,a,b), let y € [1(X,b,a) denote the reversed path y(s) = y(1 — )
for s € [0, 1].

REMARK 5.2.2. If y € I1(X,a,b) and u € TI(X,b,c), then yx it = L 7.
We check some useful path homotopy relations among compositions of paths.

LEMMA 5.2.3. Let y € I1(X,a,b) witha,b € X.
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a. If Y € TI(X,a,b) withy ~ Y, then 7 ~ 7.
b. We have e,y ~ Y~ Yxep,
c. We have yxy ~ e, and Yxy ~ e
d Ifu eIl(X,b,c) and v € II(X,c,d) for some c,d € X, then (yx L) xV ~ Yx (L xV).
PROOF.
a. If F is a homotopy from ¥ to 7/, then we define G: [0,1]> — X by
G(s,t) =F(1 —s,1),
and this is a homotopy from ¥ to .
b. Define F,: [0,1]*> — X by

a s € [0,%],
Fa(s,t) = { 25— 1+t 11 4
Y ) se[71]

Note that for s = % the second case yields ¥(0) = a, so we have continuity. We then check that
Fy(5,0) = a = e,(2s) for s € [0, ] while F,(s,0) = y(2s— 1) for s € [3,1], s0 F4(5,0) = (e, x¥)(s)
forall s € [0, 1]. We also have Fj(s,1) = y(s) forall s € [0,1] and F,(0,7) =a and F,(1,7) = y(1) =
b for all t € [0,1]. Thus F} is a path homotopy from e, x ¥ to ¥.

If we replace y by 7, we get e, ¥ ~ 7, and then

—_~—

Yxep=epxY~Y=17.
c. Define H: [0,1]> — X by
2s(1—1t €[o0,1],
His) — {y< s1-0) el
Y(2=25)(1-1)) se[3,1].
The H is a path homotopy from y* 7 to e,. We have yx ¥ ~ ¢;, by replacing ¥ by 7.
d. Define I: [0,1]*> — X by
Y(4(1+1)"1s) s€10,7(1+1)],
I(s,t) = u(ds—1—1) sE[%(l—H),%(Z—H)],
v(2—1)"1ds—2—-1) se[i(2+1),1].
We leave it to the reader to check that I is a path homotopy from (yx i) x v to yx (U * V).
O

DEFINITION 5.2.4. A loop in a topological space X based at a point a € X is a path in X from
a to a. The point a is called the basepoint of the loop.

NOTATION 5.2.5. Fora € X, we set I1(X,a) =I1(X,a,a) and m;(X,a) = m;(X,a,a).
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If we restrict our product maps on set of path homotopies to loops based at a point xy € X, we
obtain an operation on the classes of paths
*
m (X,X()) X M (X,X()) — (X,X()).

This operation makes 7; (X, xg) into what is known as a group.

DEFINITION 5.2.6. A group G is a set together with an operation G x G — G such that
i. (a-b)-c=a-(b-c)foralla,b,c€q,
ii. there exists an identity element e € G such thate-a=a =a-e for all a € G, and

iii. for every a € G, there exists an inverse element aleGsuchthata-a ! =e.
Here are just a few interesting groups.

EXAMPLES 5.2.7.
a. The integers Z with the operation + forms a group. In this group, e = 0 and the inverse of
ais —a.

b. The nonzero real numbers R — {0} together with the operation - forms a group. Init, e = 1

and the inverse of a is a~!.

c. Given a set X, the set Sy of bijections f: X — X forms a group with respect to the operation
of composition. In it, the identity element is idy and the inverse of a bijection f is its inverse
function f~1.

PROPOSITION 5.2.8. For any xy € X, the set w1 (X,xo) is a group under the operation induced
by composition of paths.

PROOF. The operation in question is given on the classes of loops v, 1 € IT(X,xo) by [y] - [1] =
[Y* u]. That this makes G into a group follows from the various parts of Lemma 5.2.3: that is, the
operation is associative by part d, the identity element is [¢,] by part b, and the inverse of [Y] is [7]
by part c. U

DEFINITION 5.2.9. The fundamental group of a space X relative to a basepoint xy € X is the
group 71 (X, xp) together with the operation induced by composition of paths.

One might ask how the fundamental group depends upon the choice of basepoint. For this,
we need a notion of equivalence among groups. Such an equivalence should be a bijection that
respects the operation on its domain and codomain. A function between groups that respects these
operations is called a homomorphism.

DEFINITION 5.2.10. A function f: G — G’ of groups is a homomorphism from the group G
to the group G’ if f(a-b) = f(a)- f(b) for all a,b € G.

Note that in the latter definition, the operation on the left is the operation on G and the operation
on the ring is the operation on G'.



5.2. THE FUNDAMENTAL GROUP 67

EXAMPLES 5.2.11.
a. For any group G, the constant map taking value the identity of a group is a homomorphism

called a trivial homomorphism.

b. For n € Z, the map n: Z — 7Z given by multiplication by n is a homomorphism. It is trivial
ifn=0.

DEFINITION 5.2.12. A homomorphism from G to G’ is an isomorphism if it is a bijection.

LEMMA 5.2.13. If f: G — G’ is an isomorphism of groups, then so is the inverse function
f1: ¢ =G

PROOF. Since f is a bijection, its inverse f~! is as well. We must show that f~! is a homo-
morphism. Let @’,b’ € G’, and note that there exist unique a,b € G with f(a) =d’ and f(b) =b'.
We then have

0= (fla)- f) = f ' (f(a-b))=a-b.
O

EXAMPLE 5.2.14. The function exp: R — R~ given by exp(x) = ¢* is an isomorphism from
the real numbers with the operation of addition to the positive real numbers with the operation of
multiplication. That is, it is clearly bijective, and we have e“*?
the logarithm function log: R-g — R.

= e for a,b € R. Its inverse is

DEFINITION 5.2.15. We say that two groups G and G’ are isomorphic if there exists an iso-
morphism f: G — G’, in which case we write G = G'.

There is no such thing as the set of all groups, as it is too large. However, the following still
makes sense.

PROPOSITION 5.2.16. The relation = is an equivalence relation on any set of groups.

PROOF. Let G, H and K be groups. Then G = G via the identity map. f G = H, then H = G
by Lemma 5.2.13. If G = H and H = K, then we have isomorphisms f: G — H and f': H — K.

Then f” o f is still a bijection, and f'(f(a-b)) = f'(f(a)- f(D)) = f'(f(a))- f'(f(D)) fora,b € G,

so f’o f is a homomorphism as well, and therefore G = K. U

So, we can now answer our question regarding fundamental groups relative to different base-
points.

PROPOSITION 5.2.17. The fundamental groups m(X,xo) and (X ,x1) of a space X relative
to basepoints xo and x| are isomorphic if there exists a path A in X from xq to x1. Explicitly, the
isomorphism . m(X,x0) — 71 (X,x1) determined by A is

vi(() =4 [v)- [A).
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PROOF. Let A: [0,1] — X be a path with A(0) = xp and A(1) = x;. Define a map
H(X,)CO)—>H(X,X1), ’}/H(i*’}/)*)t

for y € TI(X,x0). If Y~ ¥, then (A xy) * A ~ (A x¥) % A, so this map induces the function v .
This is a bijection since it has an inverse induced by pt — (A x ) * A. It is then an isomorphism,
since

vi(lry]) = MY 1A = AWV 1] = ARV = va (D) wa (V)

TERMINOLOGY 5.2.18. We call y, as in Lemma 5.2.17 conjugation by the path A.

REMARK 5.2.19. When X is path connected, we often refer to the fundamental group of X to
mean the fundamental group relative to some basepoint, since all choices are isomorphic.

REMARK 5.2.20. The isomorphism we constructed in the proof of Proposition 5.2.17 depends
on the choice of a path from one basepoint to another. It is not in general unique, nor is it even
necessarily the identity if the two points are the same.

DEFINITION 5.2.21. A space X is simply connected if it is path connected and 7} (X,xp) is the
trivial group for some (equivalently, all) xg € X.

LEMMA 5.2.22. If X is a simply connected space and a,b € X, then any two paths in X from a
to b are path homotopic.

PROOF. Lety,Y €TI(X,a,b). Then y~'x¥ € II(X,a). Since X is simply connected, y~ ' x7 ~

ea» 50 Yx (Y ' x¥) ~ ey x v, from which it follows that ¥ ~ 7. O
Continuous maps between topological spaces give rise to maps between homotopy groups.
LEMMA 5.2.23. Let f: X — Y be continuous, and let xy € X.

a. The path homotopy class of fovyin II(Y, f(xo)) depends only on the path homotopy class
of y € II(X, xp).

b. If p € (X, xo), then fo(yxp) = (foy)*(fou)

PROOF. If y ~ ¥ for some ¥ € I1(X,xg), and F: [0,1]> — X is a path homotopy from y to ¥,
then foF is a homotopy from foyto fo7. Partb is immediate from the definition of composition
of paths. U

By Lemma 5.2.23, the following definition makes sense.
DEFINITION 5.2.24. For a continuous function f: X — Y and xg € X, the map
fer m(X,x0) = m (Y, f(x0))

given by fi([y]) = [f o 7] is the homomorphism induced by f on fundamental groups based at xq
and f(xp)-
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The following property is immediate from the definitions.

LEMMA 5.225. If f: X =Y and g: Y — Z are continuous functions of topological spaces,
then (go f). = g« o fx for any xo € X. Moreover, (idyx ). is the identity homomorphism on (X, xg)
for any xog € X.

In particular, if f is a homeomorphism, then f is an isomorphism.

COROLLARY 5.2.26. Let f: X — Y be a homeomorphism of topological spaces. Then for any
xo € X, the homomorphism f.: m (X,x0) — m (Y, f(x0)) is an isomorphism with inverse (f~1)..

PROOF. Since f~'o f =idx, we have (f 1), 0 f, = idg (x ) by Lemma 5.2.25, and similarly
for the other composition. U

DEFINITION 5.2.27. A retraction of X onto a subspace A is continuous function r: X — A
such that r(a) = a for all a € A.

EXAMPLES 5.2.28.

a. Let X be a topological space, and for xo € X. Then the unique map r: X — {xp} is a
retraction of X onto xg.

b. Consider the closed disk D = B(0, 1) in R?. Then the map r: R? — D given by the identity
on D and

r(x,y) = 2
VY /a0y

LEMMA 5.2.29. If r: X — A is a retraction of a space X onto a subspace A, then for any
ap € A, the map ry: m(X,a0) — w1 (A,a) is surjective, and for the inclusion map 1: A — X, the
map .: (A, ao) — 7(X,ao) is injective with 1.0 L. = idy, (4 4)-

for (x,y) ¢ D is a retraction.

PROOF. Let ¥ be a loop in A based at ag. Then 7 is also a loop in X based at ap, and roy =7,
SO ry 18 surjective. Since rot = id4, we have the last equality of the statement, which forces 1. to
be injective. U

5.3. Covering spaces

DEFINITION 5.3.1. Let f: C — X be a continuous map of topological spaces, and let U be an
open set in X contained in f(C). We say that U is evenly covered by f if f~1(U) is a disjoint union
of open subspaces of C, each of which is mapped homeomorphically onto U by f.

REMARK 5.3.2. If U is an open subset of X evenly covered by f: C — X and x € U, then
f_l (U) = H VC>
cef~(x)
where V, is an open neighborhood of ¢ in C such that f|y.: V. — U is a homeomorphism.
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DEFINITION 5.3.3. We say that a continuous surjective function p: C — X between topologi-
cal spaces is a covering map if for each x € X, there exists an open neighborhood U of x € X such
that U is evenly covered by p. The space C, together with its covering map, is then said to be a
covering space of X.

EXAMPLE 5.3.4. View S! as the unit circle in C. The function p: R — S' given by p(x) = "
is a covering map. Inside any open neighborhood of 1 € S', we have an open set U = p(—&, €) for
a sufficiently small € < % The set p~ ! (U) is the disjoint union of the open sets (n — &,n + €) for
n € Z. This U 1is a disjoint union of open neighborhoods of the points n forming the inverse image

pl(1).

EXAMPLE 5.3.5. The function f: S' — S' defined by f(z) = z" is a covering map. Since the
polynomial x* —a for a € S' has exactly n roots in C, all of which have complex absolute value 1,
every point has n points in its inverse image. (If a = ¢>™® for some 6 € R, then these roots have
the form e2™(9+/)/" where 0 < j < n— 1.) The inverse image of any proper open arc centered at
a is the disjoint union of open arcs centered at these points of f~!(a), where the latter arcs are of
arc length rl; times that of the original arc.

The following is easily verified.

LEMMA 5.3.6. Covering maps are surjective local homeomorphisms. In particular, they are
open maps.

REMARK 5.3.7. The converse to Lemma 5.3.6 not hold. For instance, consider the restriction
f of the map p: R — S' of Example 5.3.4 to R~q. It is a surjective local homeomorphism. Let
U = p(—¢,€) be an arbitrarily small neighborhood of 1 as in said example. Then p~!(U)N
(—€,€) = (0,¢€), and it does not map homeomorphically onto U: in fact, its image does not even
contain 17. Thus, p is not a covering map.

LEMMA 5.3.8. Let p: C — X be a covering map, and let B = p_l(Y) be the inverse image in
C of an open subspace Y of X. Then p|g: B — Y is a covering map.

PROOF. By definition, the restriction p|p is a continuous surjective map. Let x € Y, and let
U be an open neighborhood of x in ¥ (hence in X) contained in p(B). By Remark 5.3.2, the
open set p~!(U) is a disjoint union of open sets V, in C for each ¢ € p~!(x) with p|y,: V. = U a
homeomorphism. For b € p~! (x) € B, since p(V) =U C Y, we have V,, C B. That is, p|p takes
V, homeomorphically onto its image U'. U

LEMMA 5.3.9. Let p: C — X and p': C' — X' be covering maps. Then the product map
P: CxC' — X xX"with P(c,c') = (p(c), p(c")) is a covering map as well.

PROOF. For (x,x') € X x X', let U and U’ be open neighborhoods of x and x’ in X and X’
respectively such that p~!(U) and (p’)~!(U’) are disjoint unions of open neighborhoods of the
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points in the inverse images of x and x’, respectively, such that the images of these open neighbor-
hoods map homeomorphically under p and p’ to U and U’, again respectively. Then P~! (U x U’)
is a disjoint union of all products of these sets, one for each point in P~!(x,x’), and again, they
each map homeomorphically to U x U’ under P by construction. U

EXAMPLE 5.3.10. Consider the product map R?> — (S')? of of the map p of Example 5.3.4
with itself. By Lemma 5.3.9, it is a covering map. That is, the plane is a covering space of the
torus.

We next discuss the notion of lifting of paths to covering spaces.

DEFINITION 5.3.11. Let f: X — Y be a continuous function, and let p: C — Y be a surjective

continuous function. A (continuous) lifting of f to C is a continuous function f: X — C such that
pof=f. Wesay that f lifts f if f is a lifting of f.

PROPOSITION 5.3.12. Let p: C — X be a covering map, let co € C, and set xo = p(co). If
y: [0,1] — X is a path in X with initial point xo, then there exists a unique lifting ¥: [0,1] — C of
Y to a path in C with initial point c.

PROOF. Since p is a covering map, there exists an open cover % of X by sets that are evenly
covered by p. Then ¥ = {y }(U) | U € %} is an open cover of [0,1]. By Lemma 3.3.8, there
exists N > 1 such that the intervals A; = [ﬁ : %] with 0 < j < N — 1 are each contained in some
element of #, which has the form y~!(U;) for some U; € % .

We define ¥ with 7(0) = co on each A; recursively. Suppose we have defined ¥ on [0, ]%]] for
some i > 0. Let ¢; = ¥(5;). Since p evenly covers U;, we have an open neighborhood V; of ¢; which
maps homeomorphically to U; under p. Let f; = ( p]vi)*1 : U; — V; be the inverse homeomorphism,
and define 7(s) = fjo y(s) for s € A;. The map ¥ on [0, %] is then continuous by Lemma 2.1.12.
Note that this is the only continuous extension of (s) from [0, %] to [0, “t1]. That s, ¥(+) € V; and
f~1(U;) is the disjoint union of V; and its complement in the inverse image, so in that 7| A; must
have connected image, its entire image must lie in V;. But then the map p|y.: V; — U; is bijective,
so fio7|a, is the only continuous lift of y|4, to C in V;. Thus, we have defined our unique path
7: [0, 1] — C lifting y with 7(0) = co. U

Similarly, we have the following, which we leave unproven. The proof is similar to that Propo-
sition 5.3.12, replacing the even subdivision of [0, 1] into intervals with the subdivision of [0, 1)?

into N? squares with vertices (ﬁ, 1%]) with 0 < i, j <N, for some N.
LEMMA 5.3.13. Let p: C — X be a covering map with p(co) = xq for some ¢y € C and xy €
X. IfF: [0,1]> = X is a continuous map with F(0,0) = cq, then there exists a unique lifting

F: [0,1]2 — C with F(0,0) = co.

We use this to prove the following.
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PROPOSITION 5.3.14. Let p: C — X be a covering, let v,y : [0,1] — X be path homotopic
paths. Set xo = Y(0) = ¥ (0), and let cy € p~'(xo). Let ¥ and ¥ be the unique lifts of y and v,
respectively, to paths in C with initial point co. Then ¥ and ¥ satisfy ¥(1) = ¥ (1) and are path
homotopic.

PROOF. Let F be a path homotopy between ¥ and ¥/, and use Lemma 5.3.13 to uniquely lift
it to F: [0,1]> — C with F(0,0) = ¢o. We repeatedly use the uniqueness of Proposition 5.3.12.
Then F(s,0) is a path lifting y with initial point c(, so must be 7. Similarly, F(0,¢) is a path lifting
the constant path ey, with initial point ¢y, so must be the constant path e.,. Then F(0,1) = cp, and
F(s,1) is a path lifting 7 with initial point cg, so must be ¥. Finally, £(1,t) is a path lifting the
constant path e;;) with F(1,t) = (1), so must also be constant. Thus, ¥ and 7 have the same
final point, and F is a path homotopy from 7 to 7. U

We are now ready to prove a theorem connecting covering spaces and the fundamental group.

THEOREM 5.3.15. Let p: C — X be a covering, let xo € X and ¢y € C with p(co) = xo. The
function ., ™ (X,x0) — p~'(x0) taking [y] for vy € TI(X,xo) to the endpoint of the unique lift of
Y to C with initial point ¢ is well-defined. If C is path connected, then @, is surjective, and if C is
simply connected, then ¢, is bijective.

PROOF. That ¢, is well-defined is an immediate consequence of Proposition 5.3.14. If C
is path connected and ¢; € p~!(xg), then choose a path A € II(C,cp,c1). Then A is a lift of
yY=poA €II(X,x), and ¢, ([7]) = c1.

Suppose that C is simply connected, and let v, u € IT1(X,xg) with ¢, ([7]) = ¢, ([1]). Let ¢
denote the latter point. Let ¥ and fi be the unique lifts to C of y and u, respectively, with initial
point c¢g. Then have final point ¢; by assumption. Since C is simply connected, there then exists
a homotopy F from 7 to fi, and then p o F is a homotopy from ¥ to u. In other words, we have
lY] = [1], so ¢, is injective. O

We can now compute the fundamental group of S! relative to any basepoint.

THEOREM 5.3.16. The fundamental group of S' is isomorphic to the integers 7 with the oper-
ation of addition.

PROOF. The map p: R — S! given by p(x) = ™ is a covering. Since R is simply connected
and the inverse image of 1 is Z C R, Theorem 5.3.15 tells us that the map ¢o: 7;(S',1) = Z is a
bijection.

We need only show that ¢ is a homomorphism. So, let y,u € TI(S',1), and set n = ¢y([y])
and m = @o([u]). Let 7 be a lift of y with initial point 0; its final point is then n. Let i be the
unique lift of u with initial point 0, and note that the function fi’ = n+ i is a lift of u with initial
point n and final point n+ fi(1) = n+m. Then ¥ fi lifts yx 1 and has final point n + m, so

do([VI[u]) = n+m= do([¥]) + do([u])- .

This has some fascinating applications. We give a few.
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EXAMPLE 5.3.17. There is no retract from the closed unit disk (i.e., ball) D about the origin
in R? to S'. That is, D is simply connected, and S' has nontrivial fundamental group. Any retract
would induce a nonexistent surjection from the fundamental group of D based at a point of S!,
which is trivial, to the nontrivial fundamental group of S' based at that point.

DEFINITION 5.3.18. A fixed point of a function f: S — S from a set § to itself is x € S such
that f(x) = x.

The following is the Brouwer fixed point theorem for the unit disk in R

THEOREM 5.3.19 (Brouwer fixed-point theorem). Let D be the closed unit disk in R?. If
f: D — D is continuous, then h has a fixed point.

PROOF. Suppose f: D — D has no fixed point. Define g: D — S! by letting g(x) for x € D be
the unique point of S! on the ray from f(x) to x in R%. Then g is a retract from D onto S', as the
reader will verify. But this contradicts Example 5.3.17. 0

5.4. Homotopies

We now consider a more general notion of homotopy than path homotopy, which is less re-
strictive (and therefore somewhat simpler to define) even in the case of paths.

DEFINITION 5.4.1. Let X and Y be topological spaces, and let f, f': X — Y be continuous
functions. A homotopy from f to f’ is a continuous function F : X x [0, 1] — Y such that F(x,0) =
f(x)and F(x,1) = f'(x) for all x € X.

DEFINITION 5.4.2. We say that two continuous functions f, f': X — Y are homotopic if there
exists a homotopy from f to f’.

LEMMA 5.4.3. The property of being homotopic is an equivalence relation on the set C(X,Y)
of continuous functions from a topological space X to a topological space Y .

PROOEF. Let ~ denote the relation on C(X,Y) given by f ~ f if there exists a homotopy
from f to f’. Given f € C(X,Y), the function F: X x [0,1] — Y given by F(x,t) = f(x) is a
homotopy from f to itself, so f ~ f. If F: X x [0,1] — Y is a homotopy from f to f/, then
F: X x[0,1] = Y defined by F(x,t) = F(x,1 —t) is a homotopy from f’ to f, so ~ is symmetric.
If f~ f and f' ~ f” and F is a homotopy from f to f’ and G is a homotopy from f’ to f”, then
H: X x[0,1] =Y defined by

Hixt) = {F(x,Zt) ifr €[0,1]

G(x,2t—1) ifte[4,1]
is a homotopy from f to f”. O

EXAMPLES 5.4.4.
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a. Any two continuous functions f, f': X — R" are homotopic. That is, F: X x [0,1] — R”
given by F(x,1) =1f(x) + (1 —1)f'(x) provides a homotopy.

b. Let X = {x} and Y be a discrete space. Then no two distinct functions f, f': X — Y are ho-
motopic. That is, any continuous function F: X x [0, 1] — Y has connected image, and is therefore
constant.

c. Let y and ¥ be the paths in C given by ¥(s) = €™ and ¥/ (s) = e~ ™, as in Example 5.1.2.
Since ¥ o 7 is a simple loop in the complex unit circle S!, we see from Theorem 5.3.16 that y and
¥ are not path homotopic. On the other hand, they are homotopic via F: S! x [0,1] — S! given by
F(e?™9 1) = y(6)'~?. Thus, homotopic paths need not be path homotopic.

LEMMA 5.4.5. Let X and Y be topological spaces, and let xy € X. Let F: X x [0,1] = Y be a
homotopy from a continuous f: X — Y to a continuous function f': X — Y such that F (xo,t) is a
constant function of t € [0, 1]. Set yo = F (xo,t). Then the homomorphisms

for for m(X,x0) — (Y, y0)
are equal.
PROOF. Let y € II(X,xp). We claim that
H=Fo(y,idgy): [0,1]> =Y

is a path homotopy from foyto f oy. That is, H(s,0) = F(y(s),0) = f(y(s)) and H(s,1) =
F(y(s),1) = f'(y(s)), while H(0,t) = F(xo,t) = yo and H(1,t) = F(xg,t) = yo. We then have

L) =fevl=1f o= full¥))-

In fact, we may improve Lemma 5.4.5 as follows.

PROPOSITION 5.4.6. Let X and Y be topological spaces, and let xyo € X. Let F: X x [0,1] =Y
be a homotopy from a continuous f: X — Y to a continuous function f': X —Y. Then A: [0,1] —
Y defined by A(t) = F(xo,t) fort € [0,1] is a path from yo = f(xo) to y5 = f'(x0) in Y, and we
have

fi =y, Of*: nl(vaO) — ﬂ:l(va())v

where Y, is conjugation by A as in Lemma 5.2.17.

PROOF. Let y € I1(X,xp). We wish to show that [f’ o 7] = [A][f o 7][A], or equivalently, that
there is a homotopy

Ax(floy)~(foy)*A
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F('}/(sg,O) and f'(y(s)) = F(y(s),1) are loops in Y
1

of paths from yy to y;. Note that f(y(s)) =
eG: [0,1]* =Y by

based at yo and yj,, respectively. We defin

A(2s) if s € [0,13],
G(s,t) =< F(y(2s—1+1),1—1) ifse[F1-1],
A(2s—1) ifse[l—11].

Then G is continuous as the values

A(1—1)=F(y(0),1—¢) and F(y(1),1—1)=A(1—1)

of G(s,t) agree at s = % and s = 1 — 5, respectively. Ats € {0,1}, we have

G(0,1) =A(0) =yo and G(1,r)=A(1)=yi.

And att € {0,1}, we have G(s,0) = A(2s) and G(s, 1) = F(y(2s),0) = f(y(2s)) if s € [0, 5], and
G(s,0) = F(y(2s—1),1) = f'(y(2s— 1)) and G(s,1) = A(2s— 1) if s € [%, 1]. Thus, G is the
desired path homotopy. U

COROLLARY 5.4.7. If f and f' are homotopic continuous maps X — Y, then for any basepoint
in X, the map f, is injective (resp., surjective) if and only if f is.

DEFINITION 5.4.8. A continuous map f: X — Y of topological spaces is nullhomotopic if f
is homotopic to a constant map from X to Y.

COROLLARY 5.4.9. If f: X — Y is nullhomotopic, then the homomorphism f, is trivial.

PROOF. Suppose that f is homotopic to the constant function ¢, with value y € Y. Fix xo € X,
set yo = f(xo), and consider f,: m;(X,x0) — 7 (Y,y0). By Proposition 5.4.6, we have f, = y; o
(cy)« where A is a path in y from y, and note that y; o (¢y)« = (cy,)*, which is trivial. O

We also have the following rather profound consequence.

THEOREM 5.4.10 (Fundamental theorem of algebra). Every nonconstant polynomial with
complex coefficients has a root in C.

PROOF. Suppose that p is a polynomial of degree n with leading coefficient 1 (by scaling,
without loss of generality). Then p(z) — z" is a polynomial of degree less than n, which means that
there exists r > 0 such that " > |p(z) — z"| for all z € C with |z| > r: i.e., we can choose any r
greater than the sum of the absolute values of the coefficients of p(z).

We claim that the map f: S' — S' given by
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which is well-defined as p has no roots, is homotopic to g: S' — S! given by g(z) = 7". Consider
H: S'x[0,1] — S! given by

—1)(p(rz) = (r2)") + (r2)"

—1)(p(rz) = (r2)") + (rz)"|

It satisfies H(z,0) = f(z) and H(z,1) = ( ) for all z € S'. Also, for z € S' and ¢ € [0, 1], we have

[(1=0)(p(rz) = (r2)")| < [p(rz) — (r2)"] <" =(r2)"],
and therefore the denominator in H is always nonzero. That is, the function H is a well-defined
homotopy from f to g.

If p has no roots in C, then f extends to amap f: C — S' on the simply connected space C by
the same formula, so if 1: S' — C is the inclusion, then f, = fiot.: m(S',1) — w1 (S, 1) factors
through the trivial group 7(C, 1), so is trivial. On the other hand, g, induces multiplication by n
on 71 (S', 1) & Z. By Corollary 5.4.7, this forces n = 0. That is, p is constant. O

H(z,t) =

DEFINITION 5.4.11. A deformation retraction from a topological space X to a subspace A is
a homotopy R: X x [0,1] — X from the identity map on X to a retraction from X to A such that
R(a,t) =aforalla € A andt € [0, 1]. If a deformation retraction from X to A exists, we say that
A is a deformation retract of X .

EXAMPLE 5.4.12. The unit circle S! in C is a deformation retract of C — {0} via the function
R: (C—{0}) x[0,1] = C—{0} given by

R(re®® 1) = (1 —t)r+1)e'®
forr >0 and 6 € [0,27).

PROPOSITION 5.4.13. Let A be a deformation retract of X, and let ag € A. Then the inclusion
map 1: A — X gives rise to an isomorphism

L.: (A, a0) — m(X,a).

PROOF. Let R: X x [0,1] — X be a deformation retraction from X to A. It satisfies the condi-
tions of Lemma 5.4.5 for the basepoint ag € A, and therefore r: X — A defined by r(x) = R(x, 1)
is a retraction satisfying

lyOry = (l OI")* = (ldx)* = idn’[(X,ao) .
Since rot1 = idy, we also have
ry+Ol, = (ro l)* = (ldA)* = idnl(A,ao) .
Thus, 1, is an isomorphism with inverse r. U

As a special case, we have the notion of a contractible space.

DEFINITION 5.4.14. A space X is contractible, or contractible to a point x € X if the subspace
{x} is a deformation retract of X.
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REMARK 5.4.15. If X is contractible to a point in X, then it is contractible to every point in X.
The following is immediate from Proposition 5.4.13.
COROLLARY 5.4.16. If X is contractible, then its fundamental group is trivial.

In Corollary 5.2.26, we may obtain an isomorphism on fundamental groups under a weaker
condition on our continuous map. For this, we make the following definition.

DEFINITION 5.4.17. A continuous map f: X — Y of topological spaces is a homotopy equiv-
alence if there exists a continuous function g: ¥ — X such that go f is homotopic to idx and fog
is homotopic to idy. We say that g is a homotopy inverse to f.

EXAMPLES 5.4.18.

a. If f: X —Y is ahomeomorphism, then it is a homotopy equivalence with homotopy inverse
its inverse £ 1.

b. If A is deformation retract of X, then the inclusion map t: A — X is a homotopy equivalence
with homotopy inverse a retraction r: X — A.

c. The inclusion map of the open unit disk B about the origin in R? into R? is a homotopy
equivalence. Note that any continuous map from R? to itself that fixes B also fixes B, so there does
not exist a retraction from R? to B.

PROPOSITION 5.4.19. Let f: X — Y be a homotopy equivalence, let xo € X and yo = f(xp).
Then
f* M (X,XO) — (Y,y())
is an isomorphism for any xy € X.

PROOF. Let g: ¥ — X be a homotopy inverse to f. For a homotopy F' from idy to go f,
set x; = g(f(x0)). Let A(t) = F(xo,t) for t € [0,1], which is a path from xy to x; in X. By
Propsition 5.4.6, we have

g«0 fx =Yy Oidnl(x,xo) =Y,
but v : 7y (X, x0) — 71 (X, x1) is an isomorphism with inverse Y, so g« o fi is an isomorphism.
Switching the roles of f and g, we see that f o g, is also an isomorphism, so f, and g, are mutually
inverse. U
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