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Abstract
We compare two maps that arise in study of the cohomology of global fields with

ramification restricted to a finite set S of primes. One of these maps, which we call an
S-reciprocity map, interpolates the values of cup products in S-ramified cohomology. In
the case of p-ramified cohomology of the pth cyclotomic field for an odd prime p, we use
this to exhibit an intriguing relationship between particular values of the cup product on
cyclotomic p-units. We then consider higher analogues of the S-reciprocity map and relate
their cokernels to the graded quotients in augmentation filtrations of Iwasawa modules.

1 Introduction

The primary goal among several in this work is the comparison of two maps that arise in the
Galois cohomology of global fields with restricted ramification, which might at first appear
rather unrelated. In this introduction, we introduce the two maps for a fixed global field. In
the body of the paper, we shall study the maps that they induce up towers of such fields.

Fix a prime p, a global field F of characteristic not equal to p, and a finite set of primes
S of F including all those above p and any real infinite places. We suppose that either p is
odd or F has no real places. We will use the terms S-ramified and S-split to mean unramified
outside of the primes in S and completely split at the primes in S, respectively. Let GF,S denote
the Galois group of the maximal S-ramified extension FS of F .

We will be concerned with three objects related to the arithmetic of F :

• the pro-p completion UF of the S-units of F ,
• the Galois group XF of the maximal S-ramified abelian pro-p extension of F , and
• the Galois group YF of the maximal unramified, S-split abelian p-extension HF of F .

Each of these three groups has a fairly simple cohomological description. That is, UF is canon-
ically isomorphic to the continuous cohomology group H1(GF,S,Zp(1)) via Kummer theory,
and XF is canonically isomorphic to its Pontryagin double dual expressed as H1(GF,S,Qp/Zp)

∨.
As a quotient of XF , the group YF is identified with the image of the Poitou-Tate map

H1(GF,S,Qp/Zp)
∨→ H2(GF,S,Zp(1)),
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where A∨ denotes the Pontryagin dual of a topological abelian group A. Alternatively, we may
use class field theory and Kummer theory to identify YF with a subgroup of H2(GF,S,Zp(1)).
That these provide the same identification is non-obvious: see Theorem B.1 for a proof.

The group GF,S acts trivially on its abelian quotient XF via conjugation. The S-reciprocity
map for F is then a homomorphism

ΨF : UF → H2(GF,S,XF(1))

that interpolates values of the cup products

H1(GF,S,Z/pnZ)×H1(GF,S,Zp(1))
∪−→ H2(GF,S,µpn)

in the sense that if ρ ∈ Hom(XF ,Z/pnZ)⊆ X∨F and ρ∗ denotes the induced map

ρ
∗ : H2(GF,S,XF(1))→ H2(GF,S,µpn),

then for any a ∈UF , we have
ρ ∪a = ρ

∗(ΨF(a)).

In fact, ΨF may itself be viewed as left cup product with the element of H1(GF,S,XF) that
is the quotient map GF,S → XF . In the case that F is abelian, the S-reciprocity map turns
out to be of considerable arithmetic interest, its values relating to p-adic L-values of cuspidal
eigenforms that satisfy congruences with Eisenstein series (see [Sh3] and [FK2]).

We also have a second homomorphism

ΘF : UF → H1(GF,S,Y∨F )∨

that can be defined as follows. Let Y denote the quotient of the group ring Zp[YF ] by the
square of its augmentation ideal, so that we have an exact sequence

0→ YF → Y → Zp→ 0

of Zp[GF,S]-modules, the GF,S-cocycle determining the class of the extension being the quo-
tient map GF,S→YF . For each v∈ S, choose a prime over v in FS and thereby a homomorphism
jv : GFv→GF,S from the absolute Galois group of Fv. The exact sequence is split as a sequence
of Zp[GFv ]-modules for the action induced by jv.

We have a cup product pairing

H i(GF,S,Zp(1))×H2−i(GF,S,Y∨F )→ H2(GF,S,Y∨F (1)).

As GF,S has p-cohomological dimension 2, its target may be identified with the quotient of
H2(GF,S,Y

∨(1)) by the image of H2(GF,S,µp∞) under the maps induced by the Tate twisted
dual sequence

0→ µp∞ → Y ∨(1)→ Y∨F (1)→ 0.
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The dual of the local splitting of Y → Zp and the sum of invariant maps of local class field
theory provide maps

H2(GF,S,Y
∨(1))→

⊕
v∈S

H2(GFv,µp∞)→Qp/Zp,

and their composite is trivial on H2(GF,S,µp∞). Thus, we have a well-defined pairing

H i(GF,S,Zp(1))×H2−i(GF,S,Y∨F )→Qp/Zp,

and we consider the resulting map from its first term to the Pontryagin dual of its second. For
i = 1, this map is precisely ΘF . For i = 2, it is identified with a map

qF : H2(GF,S,Zp(1))→ YF .

An alternate, but equivalent, definition of these maps is given in Section 3.1 (see also
Section 2.3). Note that ΘF and qF need not be canonical, as they can depend on the choices
of primes of FS over each v ∈ S (or rather, the primes of HF below them).

So that we may compare ΨF and ΘF , let us examine their codomains. As GF,S acts trivially
on XF and has p-cohomological dimension 2, we have

H2(GF,S,XF(1))∼= H2(GF,S,Zp(1))⊗Zp XF .

Moreover, there are canonical isomorphisms

H1(GF,S,Y∨F )∨ ∼= Homcts(XF ,Y∨F )∨ ∼= Hom(YF ⊗Zp XF ,Qp/Zp)
∨ ∼= YF ⊗Zp XF ,

through which we identify the leftmost and rightmost groups in the equation.
We may now state our key result, the Iwasawa-theoretic generalization of which is found

in Theorem 3.1.4.

Theorem. The map qF is a splitting of the injection of YF in H2(GF,S,Zp(1)) given by Poitou-
Tate duality, and the diagram

UF
ΨF //

−ΘF
''

H2(GF,S,Zp(1))⊗Zp XF

qF⊗id

��
YF ⊗Zp XF

commutes.
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The case that F =Q(µp) for an odd prime p and S contains only the prime over p provides
an entertaining application that is studied in Section 3.2. Consider the cup product pairing

( , ) : UF ×UF → YF ⊗Zp µp.

Let ∆ = Gal(F/Q), let ω : ∆→ Z×p be the Teichmüller character, and for odd i ∈ Z, let ηi ∈
UF denote the projection of (1− ζp)

p−1 to the ω1−i-eigenspace U
(1−i)

F of UF . Suppose

that Vandiver’s conjecture holds at p and that two distinct eigenspaces Y (1−k)
F and Y (1−k′)

F of
YF are nonzero for even k,k′ ∈ Z. Then a simple argument using Theorem 1 tells us that
(ηp−k,ηk+k′−1) is nonzero if and only if (ηp−k′,ηk+k′−1) is nonzero (see Theorem 3.2.1). We
find this rather intriguing, as the two values lie in distinct eigenspaces of YF⊗Zp µp that would
at first glance appear to bear little relation to one another.

In a sequel to this paper [Sh4], we will apply Theorem 1 to the study of Selmer groups of
modular representations. In particular, we will consider a main conjecture of sorts for a dual
Selmer group of the family of residual representations attached to cuspidal eigenforms that
satisfy mod p congruences with ordinary Eisenstein series, proving it under certain assump-
tions. This work allows characters with parity opposite to that imposed in earlier well-known
work of Greenberg and Vatsal [GV], which complicates the structure of the Selmer groups
considerably.

In Section 4, we turn to the study of higher S-reciprocity maps arising from the filtration
of the completed group ring Ω =ZpJXFK by the powers of its augmentation ideal I. For n≥ 1,
the nth higher S-reciprocity map

Ψ
(n)
F : H1(GF,S,Ω/In(1))→ H2(GF,S,Zp(1))⊗Zp In/In+1

is defined as the connecting homomorphism arising from the exact sequence

0→ In/In+1→Ω/In+1→Ω/In→ 0.

The map Ψ
(1)
F is just ΨF : for this, recall that Ω/I ∼= Zp and I/I2 ∼= XF .

The higher reciprocity maps Ψ
(n)
F have analogues Ψ

(n)
E/F for every finite S-ramified p-

extension E/F in which one replaces the Zp-algebra Ω by Zp[Gal(E/F)] and the augmen-
tation ideal I by the corresponding augmentation ideal. By the results of [LLSWW], the
cokernel of Ψ

(n)
E/F is isomorphic to the nth graded quotient in the augmentation filtration of

H2(GE,S,Zp(1)) for GE,S = Gal(FS/E). This isomorphism extends to general pro-p exten-
sions E/F by using the S-ramified Iwasawa cohomology of E (see Theorem 4.1.2).

Suppose now that E/F is a Zp-extension. We consider YF and the Galois group YE of
the maximal unramified, S-split abelian pro-p extension of E. Restriction defines a map
RE/F : YE/IYE→YF that can be fit into a six term exact sequence as in (4.4). This sequence has
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its origins in work of Iwasawa [Iw2] and is found more directly in the appendix to [HS]. We
aim to understand the higher graded quotients InYE/In+1YE in terms of the higher S-reciprocity
maps.

To this end, we define in Section 4.2 a restriction of Ψ
(n)
E/F to a map

ψ
(n)
E/F : U

(n)
E/F → YF ⊗Zp In/In+1,

where U
(n)

E/F consists of those elements of H1(GF,S,Ω/In(1)) with locally trivial image under

Ψ
(n)
E/F . We then construct a map

R(n)
E/F : InYE/In+1YE → cokerψ

(n)
E/F

that is an analogue of RE/F for the higher graded quotients in the augmentation filtration of
YE .

Theorem 4.2.2 provides a 6-term exact sequence into which R(n)
E/F fits. This significantly

improves the main result of [Sh1] (see Corollary 6.4 therein), stated there in terms of Massey
products, that R(n)

E/F is an isomorphism in the special case of perfect control that S consists of
a single prime that does not split at all in E.
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dation under Grant No. DMS-1801963. Part of the research for this article took place during
stays at the Max Planck Institute for Mathematics, the Institut des Hautes Études Scientifiques,
and the Fields Institute. The author thanks these institutes for their hospitality. The author
thanks Bisi Agboola, Takako Fukaya, Ralph Greenberg, Kazuya Kato, and Bill McCallum for
stimulating conversations at various points in the writing. He particularly thanks Meng Fai
Lim for numerous helpful comments on some of the drafts of the paper.

2 Cohomology

The following section provides preliminaries on the Iwasawa-theoretic generalizations of Tate
and Poitou-Tate duality that we require. For the case of a complete local noetherian ring with
finite residue field, these dualities are detailed in [Ne]. The case of a general profinite ring can
be found in [Li]. We use the standard conventions for signs of differentials on complexes, as
in [Ne, Chapter 1].

2.1 Connecting maps and cup products

Let G be a profinite group, and let Λ be a profinite ring. We suppose that Λ is a topological
R-algebra for a commutative profinite ring R in its center. For later use, we fix a set I of open
ideals of Λ that forms a basis of neighborhoods of 0 in Λ.
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Let TΛ,G denote the category of topological Λ-modules endowed with a continuous Λ-
linear action of G, which is to say topological ΛJGK-modules, with morphisms the continuous
Λ[G]-module homomorphisms. Let CΛ,G (resp., DΛ,G) denote the full subcategories of com-
pact (resp., discrete) Λ-modules. Let CΛ (resp., DΛ) denote the full subcategories of modules
with trivial G-actions.

Let
0→ A ι−→ B π−→C→ 0 (2.1)

be a short exact sequence in CΛ,G or DΛ,G. Such a sequence gives rise to a short exact sequence

0→C(G,A)→C(G,B)→C(G,C)→ 0

of inhomogeneous continuous G-cochain complexes (see Appendix A.2), and the maps be-
tween the terms of the complexes are continuous with respect to the topologies on spaces of
continuous maps of Lemma A.1.3. In the case that the modules of (2.1) are in CΛ,G, we sup-
pose in what follows that G has the property that the cohomology groups H i(G,M) of C(G,M)

are finite for every finite Z[G]-module M. The following is standard.

Lemma 2.1.1. Let s : C→ B be a continuous function that splits π of (2.1). Define

∂
i : H i(G,C)→ H i+1(G,A)

on the class of a cocycle f to be the class of ι−1◦di
B(s◦ f ), where di

B denotes the ith differential
on C(G,B). The resulting sequence

· · · → H i(G,A)→ H i(G,B)→ H i(G,C)
∂ i
−→ H i+1(G,A)→ ···

is exact in CΛ (resp., DΛ).

Proof. The existence of s in the case of CΛ,G is just [RZ, Proposition 2.2.2]. That ∂ i is a ho-
momorphism of Λ-modules and that the sequence is exact are standard. That the cohomology
groups lie in the stated categories are Lemma A.2.1 and Proposition A.2.2. That the homo-
morphisms are continuous in the case of CΛ,G follows quickly from Proposition A.2.2.

Suppose now that π has a continuous splitting s : C→ B of Λ-modules. Then we obtain a
1-cocycle

χ : G→ HomΛ,cts(C,A)

given by
χ(σ)(c) = σs(σ−1c)− s(c) (2.2)

for c ∈ C, the class of which is independent of s. Conversely, the Galois action on B is
prescribed by the cocycle using (2.2). As usual, s gives rise to a Λ-module splitting t : B→ A
of ι such that ι ◦ t + s◦π is the identity.

The following is well-known (see, e.g., [Fl, Proposition 3]).
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Lemma 2.1.2. Endow HomΛ,cts(C,A) with the compact-open topology.

a. The group HomΛ,cts(C,A) is an object of TR,G.

b. The canonical evaluation map C×HomΛ,cts(C,A)→ A is continuous.

c. The 1-cocycle χ : G→ HomΛ,cts(C,A) is continuous.

We wish to compare our connecting homomorphisms with cup products. By Lemma
A.2.3, we have continuous cup products

Ci(G,HomΛ,cts(C,A))×C j(G,C)
∪−→Ci+ j(G,A)

that satisfy λ (ρ ∪ f ) = ρ ∪λ f for all λ ∈ Λ, ρ ∈ Ci(G,HomΛ,cts(C,A)), and f ∈ C j(G,C).
For ρ = χ (with i = 1), the cup product χ ∪ f ∈C j+1(G,A) may be described explicitly by the
( j+1)-cochain

(χ ∪ f )(σ ,τ) = χ(σ)σ f (τ)

for σ ∈ G and τ a j-tuple in G. We set χ̃( f ) = χ ∪ f .

Remark 2.1.3. For a cochain complex X and j ∈ Z, the complex X [ j] is that with X [ j]i = X i+ j

and differential dX [ j] on X [ j] that is (−1) j times the differential dX on X .

Since d(χ ∪ f ) = (−1) jχ ∪ d f , we have maps of sequences of compact or discrete Λ-
modules

χ̃ : C(G,C)→C(G,A)[1]

The map χ̃ commutes with the differentials of these complexes up to the sign (−1) j+1 in
degree j. The map χ̃ may be made into a map of of complexes by adjusting the signs, but we
have no cause to do this here.

Lemma 2.1.4. For all i≥ 0, the cup product map χ̃ i : H i(G,C)→H i+1(G,A) agrees with the
connecting homomorphism ∂ i.

Proof. Let f be an i-cocycle on G with values in C, and set g = s ◦ f . The coboundary of g
has values in A, and one sees immediately that

dg(σ ,τ) = σs( f (τ))− s(σ f (τ)) = χ(σ)(σ f (τ)) = (χ ∪ f )(σ ,τ)

for σ ∈ G and τ an i-tuple of elements of G.

If X ∈ TΛ,G is locally compact, then its Pontryagin dual X∨ = Homcts(X ,R/Z) with G-
action given by (gφ)(x) = φ(g−1x) for g ∈ G, x ∈ X , and φ ∈ X∨ is a locally compact object
of TΛ◦,G, where Λ◦ denotes the opposite ring to Λ. Pontryagin duality induces an exact equiv-
alence of categories between CΛ,G and DΛ◦,G.
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Now suppose that the exact sequence (2.1) is of modules in CΛ,G, and suppose A and C are
endowed with the I -adic topology. The dual of (2.1) fits in an exact sequence

0→C∨→ B∨→ A∨→ 0 (2.3)

in DΛ◦,G. The canonical isomorphism HomΛ(C,A)∼= HomΛ◦(A∨,C∨) (see Proposition A.1.9)
then produces a continuous 1-cocycle

χ
∗ : G→ HomΛ◦(A∨,C∨),

from χ . A direct computation shows that χ∗ satisfies

χ
∗(σ)(φ) =−σt∗(σ−1

φ)+ t∗(φ)

for φ ∈ A∨ and t∗ : A∨ → B∨ the map associated to t. That is, the cocycle −χ∗ defines the
class of the dual extension (2.3) in H1(G,HomΛ◦(A∨,C∨)). By Lemma 2.1.4, we therefore
have the following.

Lemma 2.1.5. The cup product map χ̃∗i is the negative of the connecting homomorphism
H i(G,A∨)→ H i+1(G,C∨).

2.2 Global fields

Let p be a prime number, and now suppose that Λ is a pro-p ring. Let F be a global field of
characteristic not equal to p, and let S denote a finite set of primes of F including those above
p and any real places of F . Let S f (resp., S∞) denote the set of finite (resp., real) places in S.
We use GF,S to denote the Galois group of the maximal unramified outside S extension of F .
Fix, once and for all, a local embedding of the algebraic closure of F at a prime above each
v ∈ S and therefore a homomorphism jv : GFv → GF,S, where GFv denotes the absolute Galois
group of the completion Fv of F at the prime over v.

For M ∈TΛ,GF,S , we consider the direct sum of local cochain complexes

Cl(GF,S,M) =
⊕
v∈S f

C(GFv ,M)⊕
⊕
v∈S∞

Ĉ(GFv,M), (2.4)

where Ĉ(GFv ,M) denotes the total complex of the Tate complex of continuous cochains for
v ∈ S∞.

We will be interested in a shift of a usual cone complex. To that end, recall that if X and Y
are cochain complexes and C = Cone( f : X → Y )[−1], then C = X⊕Y [−1] with differential

dC(x,y) = (dX(x),− f (x)−dY (y)).
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We define the (modified) continuous compactly supported cochain complex of M ∈TΛ,GF,S

by

Cc(GF,S,M) = Cone(C(GF,S,M)
`S−→Cl(GF,S,M))[−1], (2.5)

where `S = (`v)v∈S is the sum of the localization maps `v defined by `v( f ) = f ◦ jv. The ith co-
homology group of Cc(GF,S,M) (resp., Cl(GF,S,M)) is denoted H i

c(GF,S,M) (resp., H i
l (GF,S,M)).

Note that if M is finite, then H i
l (GF,S,M) and H i(GF,S,M) are finite for all i∈Z, and as a result,

so are the H i
c(GF,S,M).

For T ∈ CΛ,GF,S , we may then view each H i
∗(GF,S,T ) as an object of CΛ, where ∗ denotes

either no symbol, l, or c. We then have a long exact sequence

· · · → H i
c(GF,S,T )→ H i(GF,S,T )→ H i

l (GF,S,T )→ H i+1
c (GF,S,T )→ ·· ·

in CΛ. Similarly, we may view each H i
∗(GF,S,A) for A ∈ DΛ,GF,S as an object of DΛ, and we

obtain a corresponding long exact sequence for such an A.
Suppose that

φ : M×N→ L

for M ∈ TΛ,GF,S , N ∈ TΛ◦,GF,S , and L ∈ TR,GF,S is a continuous, Λ-balanced, GF,S-equivariant
homomorphism. (Recall that φ being Λ-balanced means that, viewing M as a right Λ-module,
we have φ(mλ ,n) = φ(m,λn) for all m ∈M, n ∈ N, and λ ∈ Λ.) Similarly to Lemma A.2.3,
we have compatible continuous, Λ-balanced cup products

Ci
l(GF,S,M)×C j

l (GF,S,N)
∪l−→Ci+ j

l (GF,S,L)

Ci(GF,S,M)×C j
c(GF,S,N)

∪c−→Ci+ j
c (GF,S,L)

Ci
c(GF,S,M)×C j(GF,S,N) c∪−→Ci+ j

c (GF,S,L)

of R-modules for all i, j ∈ Z (see [Ne, Section 5.7]). As in Lemma A.2.3, if we introduce
bimodule structures on M, N, and L that commute with the GF,S-action, and if the pairing φ is
also linear for the new left and right actions on M and N, respectively, then the cup products
are likewise linear for them.

Class field theory yields that H i
c(GF,S,T ) (and H i

c(GF,S,A)) are trivial for i > 3 and

H3
c (GF,S,Qp/Zp(1))

∼−→Qp/Zp.

Taking the Λ-balanced pairing T∨×T (1)→ Qp/Zp(1), cup products then give rise to com-
patible isomorphisms in CΛ of Tate and Poitou-Tate duality (see [Li, Theorem 4.2.6]):

β i
l,T : H i

l (GF,S,T (1))→ H2−i
l (GF,S,T∨)∨

β i
T : H i(GF,S,T (1))→ H3−i

c (GF,S,T∨)∨

β i
c,T : H i

c(GF,S,T (1))→ H3−i(GF,S,T∨)∨.

9



2.3 Connecting maps and cup products

Suppose that we are given an exact sequence of compact or discrete modules as in (2.1) (with
G = GF,S) and a continuous splitting s : C→ B of Λ-modules. Let χ : GF,S→ HomΛ,cts(C,A)
be the induced continuous 1-cocycle.

We wish to define a certain Selmer complex for B under the assumption that the class of χ

is locally trivial in the sense that `v(χ) is a GFv-coboundary for each v ∈ S. For this, we need
the following lemma, the proof of which is straightforward and left to the reader.

Lemma 2.3.1. Fix a continuous homomorphism ϕv : C→ A of Λ-modules. Give A, B, and C
the GFv-actions induced by jv and their GF,S-actions. The following are equivalent:

(i) `v(χ) = dϕv,

(ii) s− ι ◦ϕv is GFv-equivariant,

(iii) t +ϕv ◦π is GFv-equivariant.

For each v ∈ S, assume that `v(χ) is a coboundary, and choose ϕv as in Lemma 2.3.1.
Note that the following construction can be affected by these choices, even on cohomology.
If HomΛ,cts(C,A) has trivial GF,S-action, then it is always possible to choose ϕv = 0. We then
define

C f (GF,S,B) = Cone(C(GF,S,B)
tS−→Cl(GF,S,A))[−1],

where tS is defined as the composition of `S with the map of complexes determined by tv =
t +ϕv ◦π in its v-coordinate.

It should be noted that the complex C f (GF,S,B) depends in general upon the choices of
local embeddings. In fact, we have the following lemma.

Lemma 2.3.2. For σ ∈ GF,S, consider the homomorphisms j′v for v ∈ S that are defined on
τ ∈ GFv by j′v(τ) = σ jv(τ)σ−1, and form the corresponding localization maps `′v. Define
ϕ ′v : C→ A on c ∈C by

ϕ
′
v(c) = σϕv(σ

−1c)−χ(σ)(c),

and let t ′S be the map induced in the v-coordinate by the composition t ′v ◦`′v, where t ′v = t+ϕ ′v ◦
π . Then the diagram

C(GF,S,B)
tS //

σ∗

��

Cl(GF,S,A)

σ

��
C(GF,S,B)

t ′S //Cl(GF,S,A)

of maps of complexes commutes. Here, σ∗ is the isomorphism induced by the standard action
of σ on cochains, and the right-hand vertical map is induced by the action of σ on coefficients,
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where the action of GFv on A is understood to be attained through jv on the upper row and j′v
on the lower.

Proof. Let v ∈ S and τ ∈ GFv . We claim first that the above choice of ϕ ′v makes t ′v into a
GFv-equivariant map for the GFv-actions induced by j′v. By Lemma 2.3.1, it suffices to check
the Galois-equivariance of s′v = s− ιϕ ′v, given the Galois-equivariance of sv = s− ιϕv. Set
τ ′v = j′v(τ) and τv = jv(τ). As maps on C, we have

s′vτ
′
v = sτ

′
v− ι(σϕvσ

−1
τ
′
v−χ(σ)τ ′v) = σsvσ

−1
τ
′
v = σsvτvσ

−1 = τ
′
vσsvσ

−1,

and we then check

σsvσ
−1 = σsσ

−1− ισϕvσ
−1 = s+ ιχ− ισϕvσ

−1 = s′v.

We verify commutativity of the diagram. For f ∈Ci(GF,S,B), and now taking τ to be an
i-tuple in GFv , we have

(t ′v ◦ `′v ◦σ
∗( f ))(τ) = (t ′v ◦σ

∗( f ))(στvσ
−1) = (tσ +σϕvπ−χ(σ)σπ)( f (τv)),

and ι applied to the latter value is the following map applied to f (τv):

ιtσ +σιϕvπ + sπσ −σsπ = σ ◦ (1− sπ + ιϕvπ) = σ ◦ (ιt + ιϕvπ) = ι ◦σ ◦ tv.

In other words, we have

(t ′v ◦ `′v ◦σ
∗( f ))(τ) = (σ ◦ tv)( f (τv)) = (σ ◦ tv ◦ `v( f ))(τ).

In particular, we see that, even when the Galois action on HomΛ,cts(C,A) is trivial, the dia-
gram in Lemma 2.3.2 (and the resulting diagram on cohomology) would not have to commute
if instead we took our canonical choices ϕv = ϕ ′v = 0, since we could have χ(σ) 6= 0. In other
words, the Selmer complex depends upon our choice of local embeddings.

For later purposes, it is notationally convenient for us to work with the Tate twist of the se-
quence (2.1). We have the following exact sequences, with the third requiring the assumption
that each `v(χ) is a coboundary:

0→C(GF,S,A(1))→C(GF,S,B(1))→C(GF,S,C(1))→ 0 (2.6)

0→Cc(GF,S,A(1))→Cc(GF,S,B(1))→Cc(GF,S,C(1))→ 0 (2.7)

0→Cc(GF,S,A(1))→C f (GF,S,B(1))→C(GF,S,C(1))→ 0. (2.8)
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These yield connecting maps

κ i
B : H i(GF,S,C(1))→ H i+1(GF,S,A(1))

κ i
c,B : H i

c(GF,S,C(1))→ H i+1
c (GF,S,A(1))

κ i
f ,B : H i(GF,S,C(1))→ H i+1

c (GF,S,A(1))

of Λ-modules.
We have continuous cup products for any i, j ∈ Z, given by

Ci(GF,S,HomΛ,cts(C,A))×C j(GF,S,C(1)) ∪−→Ci+ j(GF,S,A(1)).

As before, setting χ̃( f ) = χ ∪ f , we obtain a map of sequences of Λ-modules

χ̃ : C(GF,S,C(1))→C(GF,S,A(1))[1]

that is a map of complexes up to the signs of the differentials. In a similar manner, we have
maps of sequences of Λ-modules

χ̃c : Cc(GF,S,C(1))→Cc(GF,S,A(1))[1]

χ̃ f : C(GF,S,C(1))→Cc(GF,S,A(1))[1]

with the same property, given explicitly as follows. First, for f = ( f1, f2) ∈ Ci
c(GF,S,C(1)),

where f1 ∈Ci(GF,S,C(1)) and f2 ∈Ci−1
l (GFv ,C(1)), we set

χ̃c( f ) = χ ∪c f = (χ ∪ f1,−`S(χ)∪ f2),

where the second cup product is the sum of the local cup products at v ∈ S. In the case that the
class of χ is locally a coboundary (of ϕv at v ∈ S), we set ϕS = (ϕv)v∈S and let

χ
′ = (χ,−ϕS) ∈C1

c (GF,S,HomΛ,cts(C,A))

be the canonical cocycle lifting χ . For f ∈Ci(GF,S,C(1)), we then define

χ̃ f ( f ) = χ
′
c∪ f = (χ ∪ f ,−ϕS∪ `S( f )) ∈Ci+1

c (GF,S,A(1)). (2.9)

Proposition 2.3.3. One has κ i
B = χ̃ i, κ i

c,B = χ̃ i
c, and κ i

f ,B = χ̃ i
f for all i ∈ Z.

Proof. We treat the cases one-by-one, showing that the maps agree on cocycles. The first
equality is Lemma 2.1.4. For the next, let f = ( f1, f2) ∈Ci

c(GF,S,C(1)) be a cocycle, which is
to say that d f1 = 0 and d f2 = −`S( f1). Set g = (g1,g2) = (s◦ f1,s◦ f2). For i ≥ 1, one then
has that

dg1(σ ,τ) = χ(σ)(σ f1(τ))
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for σ ∈ GF,S and τ an i-tuple in GF,S and

dg2(σ ,τ) =−`S(g1)(σ ,τ)+ `S(χ)(σ)(σ f2(τ)),

where σ ∈ GFv and τ is an (i−1)-tuple in GFv . It follows that

dg = (d(g1),−`S(g1)−d(g2)) = (χ ∪ f1,−`S(χ)∪ f2),

for i≥ 1.
For i = 0, we remark that Z0(GF,S,C(1))→ Z0(GFv,C(1)) is injective for any prime v, so

the only cocycles in C0
c (GF,S,C(1)) are sums of cocycles in Ĉ−1(GFv ,B(1)) for real places v.

For any i≤ 0 and any real v, we may then use repeated right cup product with a 2-cocycle with
class generating Ĥ2(GFv ,Zp) to reduce the question to i ≥ 1, as right cup product commutes
not only with κc,B by definition of the connecting homomorphism and the compatibility of left
cup product and coboundary on the level of cocycles, but also with χ̃c by associativity of the
cup product on the level of complexes.

Finally, assume that the class of χ is locally trivial, and let f be a cocycle in Ci(GF,S,C(1)).
We lift it to (s◦ f ,0) in

Ci
f (GF,S,B(1))∼=Ci(GF,S,B(1))⊕Ci−1

l (GFv ,A(1)).

Using the first case, its coboundary is then

(χ ∪ f ,−tS(s◦ f )) = (χ ∪ f ,−ϕS ◦ `S( f )) = (χ ∪ f ,−ϕS∪ `S( f )).

2.4 Duality

Suppose now that our exact sequence (2.1) is in CΛ,GF,S . We will assume that A and C are
endowed with the I -adic topology and that π has a (continuous) splitting s : C→ B of Λ-
modules. The map of Proposition A.1.9 provides a cocycle

χ
∗ : GF,S→ HomΛ◦(A∨,C∨)

attached to χ . The cocycle −χ∗ defines B∨ as an extension of C∨ by A∨. Let

ν
i
B : H i+1(GF,S,A∨)∨→ H i(GF,S,C∨)∨

denote the Pontryagin dual map of κ i
B(1)∨ , and define ν i

c,B = (κ i
c,B(1)∨)

∨ and ν i
f ,B = (κ i

f ,B(1)∨)
∨

similarly. By Poitou-Tate duality and a careful check of signs, we have the following rather
standard result.
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Lemma 2.4.1. The following diagram commutes:

H i(GF,S,C(1))
κ i

B //

β i
C
��

H i+1(GF,S,A(1))

β
i+1
A
��

H3−i
c (GF,S,C∨)∨

(−1)i+1ν
2−i
c,B // H2−i

c (GF,S,A∨)∨,

Similarly, we have
β

i+1
c,A ◦κ

i
c,B = (−1)i+1

ν
2−i
B ◦β

i
c,C

Proof. For f ∈ H i(GF,S,C(1)) and g ∈ H2−i
c (GF,S,A∨), we have

((β i+1
A ◦κ

i
B)( f ))(g) = (β i+1

A (χ ∪ f ))(g) = g c∪ (χ ∪ f ) = (−1)i(χ∗∪c g) c∪ f ,

the latter equality by [Ne, 5.3.3.2-4], while

((ν2−i
c,B ◦β

i
C)( f ))(g) = β

i
C( f )(κ2−i

c,B(1)∨(g)) =−(χ
∗∪c g) c∪ f .

We also require the following general lemma, the proof of which is an simple exercise.

Lemma 2.4.2. Suppose that we have an exact triangle of cochain complexes of Λ-modules

M
(ι ,ι ′)−−−→ N⊕N′ π+π ′−−−→ O→M[1].

Then the map of complexes

Cone(M ι−→ N)
(−π,ι ′)−−−−→ Cone(N′ π ′−→ O)

is a quasi-isomorphism.

Applying Lemma 2.4.2 to the exact triangle

C(GF,S,B(1))[−1]→Cl(GF,S,B(1))[−1]→Cc(GF,S,B(1))→C(GF,S,B(1))

(noting that B = A⊕C locally), we see that C f (GF,S,B(1)) is quasi-isomorphic to

Cone(Cl(GFv,C(1))[−1]→Cc(GF,S,B(1))). (2.10)

Assuming that χ is locally trivial, we have that χ∗ is locally trivial and

C f (GF,S,B∨) = Cone(C(GF,S,B∨)
(s∨)S−−−→Cl(GFv ,C

∨))[−1].

The following is now a consequence of Tate and Poitou-Tate duality.
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Proposition 2.4.3. There are natural isomorphisms of topological Λ-modules

β
i
f ,B : H i

f (GF,S,B(1))→ H3−i
f (GF,S,B∨)∨

that fit into a commutative diagram

· · · // H i
c(GF,S,A(1)) //

β i
c,A

��

H i
f (GF,S,B(1)) //

β i
f ,B
��

H i(GF,S,C(1))
κ i

f ,B //

β i
C
��

H i+1
c (GF,S,A) //

β
i+1
c,A
��

· · ·

· · · // H3−i(GF,S,A∨)∨ // H3−i
f (GF,S,B∨)∨ // H3−i

c (GF,S,C∨)∨ // H2−i(GF,S,A∨)∨ // · · · ,

where the lower connecting map is (−1)i+1ν
2−i
f ,B .

2.5 Iwasawa cohomology

Let K be a Galois extension of F that is S-ramified over a finite extension of F in K, and set
Γ = Gal(K/F). Let Ω denote the maximal S-ramified extension of K. Let R be a commutative
pro-p ring, and let A be a topological basis of open ideals of R. We set Λ = RJΓK, which
is itself a pro-p ring. Typically, we will simply use S to denote the set of primes SE in any
extension E of F lying above those in S, and GE,S will denote the Galois group of the maximal
S-ramified extension of E. If E is contained in K, we set GE,S = Gal(Ω/E). We let Λι denote
Λ viewed as a Λ[GF,S]-module with Λ acting by left multiplication and σ ∈ GF,S acting by right
multiplication by the image of σ−1 in Γ.

Let us review a few results that may be found in [Li], extending work of Nekovar [Ne].
Suppose that T ∈ CΛ,GF,S . We define the Iwasawa cochain complex as

C∗,S(K,T ) =C∗(GF,S,Λ
ι ⊗̂R T )

where ∗ again denotes no symbol, c, or l, and where ⊗̂R denotes the completed tensor product.
Via a version of Shapiro’s lemma for cochains, we have

C∗,S(K,T )∼= lim←−
E⊂K

C∗(GE,S,T ),

with the inverse limit taken over number fields E containing F with respect to corestriction
maps. We may replace GE,S with GE,S in the above and obtain a quasi-isomorphic complex,
but the above isomorphism makes the Λ-module structure more transparent, since T is only
assumed to be a GE,S-module for sufficiently large E. We may view the Iwasawa cohomology
group H i

∗,S(K,T ) as an object of CΛ by endowing it with the initial topology. Since T is
compact, we have a canonical isomorphism

H i
∗,S(K,T ) ∼−→ lim←−

E⊂K
H i
∗(GE,S,T )
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of Λ-modules.
Similarly, for A ∈DΛ,GF,S , we can and will make the identification

C∗(GK,S,A)∼=C∗(GF,S,HomR,cts(Λ,A)),

where we view Λ here as a right Λ-module via right multiplication and a GF,S-module via
left multiplication and put the discrete topology on the Λ[GF,S]-module HomR,cts(Λ,A). Direct
limits with respect to restriction maps provide an isomorphism

lim→
E⊂K

C∗(GE,S,A)→C∗(GK,S,A)

of complexes of discrete Λ-modules. Again, we may replace GE,S with GE,S in this isomor-
phism. Direct limits being exact, we have resulting Λ-module isomorphisms

lim→
E⊂K

H i
∗(GE,S,A)

∼−→ H i
∗(GK,S,A).

Taking T ∈ CΛ,GF,S , the pairing T∨×T (1)→ µp∞ induced by composition gives rise to a
continuous, perfect pairing

HomR,cts(Λ,T∨)× (Λι ⊗̂R T (1))→ µp∞ , (φ ,λ ⊗ t) 7→ φ(λ )(t).

Cup product then induces the following isomorphisms in CΛ, much as before:

β i
l,T : H i

l,S(K,T (1))→ H2−i
l (GK,S,T∨)∨

β i
T : H i

S(K,T (1))→ H3−i
c (GK,S,T∨)∨

β i
c,T : H i

c,S(K,T (1))→ H3−i(GK,S,T∨)∨

(see [Li, Theorem 4.2.6]). These agree with the inverse limits of the duality maps over number
fields in K.

For any complex T in CR,GF,S on which the GF,S-actions factor through Γ, let T † be the
complex in CΛ,GF,S that is T as a complex of topological R-modules, has Γ-actions those
induced by the GF,S-action on T , and has trivial GF,S-actions.

Lemma 2.5.1. Let T ∈ CR,GF,S be such that the GF,S-action factors through Γ. We have the
following natural isomorphisms in CΛ:

a. H3
c,S(K,T (1))∼= T †,

b. H2
c,S(K,T (1))∼= H2

c,S(K,R(1))⊗̂R T †,

c. H2
S (K,T (1))∼= H2

S (K,R(1))⊗̂R T † if p is odd or K has no real places.
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Proof. By the above remark, we may replace T by T † in the cohomology groups in question,
thereby assuming that T ∈CΛ,GF,S has a trivial GF,S-action. Write T = lim←− Tα , where the finite
Tα run over the Λ-quotients of T by open submodules. We then have

H i
c,S(K,T (1))∼= lim←−

α

H i
c,S(K,Tα(1)).

Note that there is an exact sequence

0→ Zr
p

θ−→ Zs
p→ Tα → 0

of compact Zp-modules with r,s≥ 0. Since H3
c,S(K,Zp(1))∼=Zp and H4

c,S(K,Zp(1)) is trivial,
the long exact sequence in cohomology yields that the composite map

Tα

∼−→ H3
c,S(K,Zp(1))⊗Zp Tα → H3

c,S(K,Tα(1))

of Λ-modules is an isomorphism. Part a then follows by taking inverse limits of these com-
patible isomorphisms.

Next, since the map H3
c,S(K,Zr

p(1))
θ−→ H3

c,S(K,Zs
p(1)) is injective, H2

c,S(K,Tα(1)) is iso-
morphic to the cokernel of the map

H2
c,S(K,Zp(1))⊗Zp Z

r
p

id⊗θ−−−→ H2
c,S(K,Zp(1))⊗Zp Z

s
p.

Thus, the canonical map

H2
c,S(K,Zp(1))⊗Zp Tα → H2

c,S(K,Tα(1))

is an isomorphism, and therefore so is

H2
c,S(K,Zp(1))⊗̂Zp T → H2

c,S(K,T (1)).

This also holds for T = R, so the composite map

H2
c,S(K,Zp(1))⊗̂Zp T ∼−→ H2

c,S(K,Zp(1))⊗̂Zp R⊗̂R T → H2
c,S(K,R(1))⊗̂R T

is an isomorphism as well, from which part b follows.
Finally, if p is odd or K has no real places, then H3

S (K,Zp(1)) = 0, and part c follows by
the analogous argument.

Suppose now that we have an exact sequence

0→ A ι−→ B π−→C→ 0
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in CR,GF,S and that π has a (continuous) splitting s : C→ B of R-modules. Again, we have a
continuous 1-cocycle

χ : GF,S→ HomR,cts(C,A).

On cohomology, we again have connecting maps

κ i
B : H i

S(K,C(1))→ H i+1
S (K,A(1))

κ i
c,B : H i

c,S(K,C(1))→ H i+1
c,S (K,A(1))

of compact Λ-modules. If we require that each `v(χ) be a local coboundary upon restriction
to GK,S, then we also have

κ
i
f ,B : H i

S(K,C(1))→ H i+1
c,S (K,A(1)),

but in general it is just a map of compact R-modules. Again, these agree with left cup prod-
uct by χ , which is to say, the inverse limits of the maps χ̃ , χ̃c , and χ̃ f at the finite level,
respectively.

Consider the dual exact sequence and the resulting cocycle

χ
∗ : GF,S→ HomR(A∨,C∨).

We again denote the Pontryagin duals of the resulting ith connecting maps by ν i
B, ν i

c,B and, if
χ is locally cohomologically trivial, ν i

f ,B on GK,S-cohomology.
Suppose that A and C are endowed with the A-adic topology. As in Lemma 2.4.1, we have

the following.

Lemma 2.5.2. The maps κ i
B and κ i

c,B coincide with the maps (−1)i+1ν
2−i
c,B and (−1)i+1ν

2−i
B ,

respectively, under Poitou-Tate duality.

We define
C f ,S(K,B) =C f (GF,S,Λ

ι ⊗̂R B).

Similarly, define
C f (GK,S,B∨) = lim−→

E⊂K
C f (GE,S,B∨).

We have the following analogue of Proposition 2.4.3.

Proposition 2.5.3. Suppose that χ is locally cohomologically trivial upon restriction to GK,S.
Then there are natural isomorphisms

β
i
f ,B : H i

f ,S(K,B(1))→ H3−i
f (GK,S,B∨)∨

of topological R-modules that are compatible with β i
c,A and β i

C in the sense of Proposition
2.4.3, and we have β

i+1
c,A ◦κ i

f ,B = (−1)i+1ν
2−i
f ,B ◦β i

C.
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3 S-Reciprocity maps

In this section, we prove our main theorem from the introduction: see Theorem 3.1.4. In
Theorem 3.2.1, we describe its application to values of cup product pairings.

We continue to let K denote a Galois extension of F that is S-ramified over a finite exten-
sion of F . From now on, we assume that either p is odd or that K has no real places. We set
R = Zp and Λ = ZpJΓK, with Γ = Gal(K/F) as before.

3.1 The fundamental exact sequences

We briefly run through the Iwasawa modules (i.e., Λ-modules) of interest. First, we use XK

denote the Galois group of the maximal S-ramified abelian pro-p extension of K. Let YK

denote the Galois group of the maximal unramified abelian pro-p extension of K in which all
primes above those in S split completely. Let UK be the inverse limit under norm maps of the
p-completions of the S-units in number fields in K.

The map β 2
c,Zp

induced by cup product is a canonical isomorphism

H2
c,S(K,Zp(1))

∼−→ H1(GK,S,Qp/Zp)
∨,

allowing us to identify the group on the left with XK . Moreover, the kernel of the natural map

H2
c,S(K,Zp(1))→ H2

S (K,Zp(1))

is exactly the kernel of the restriction map XK → YK . Therefore, we obtain a canonical injec-
tion

ιK : YK → H2
S (K,Zp(1)).

Finally, Kummer theory allows us to canonically identify UK with H1
S (K,Zp(1)).

Let X denote the quotient of ZpJXKK by the square of its augmentation ideal IXK . With
the standard isomorphism XK

∼−→ IXK/I2
XK

that takes an element σ to (σ − 1) mod I2
XK

, this
gives rise to the exact sequence

0→ XK →X → Zp→ 0 (3.1)

of compact ZpJGK,SK-modules, where GK,S acts through IXK/I2
XK

by left multiplication on X

and trivially on XK and Zp. The cocycle µ : GK,S→ XK that this sequence defines, which is a
homomorphism since XK has trivial GK,S-action, is just the restriction map on Galois groups.

By part c of Lemma 2.5.1, our connecting map κ1
X is a homomorphism

ΨK : UK → H2
S (K,Zp(1))⊗̂Zp XK
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that we call the S-reciprocity map for K. Since µ ∈ H1(GK,S,XK)
GF,S , the equality κ1

X = µ̃1

and Galois equivariance of cup products imply that the S-reciprocity map ΨK is a homomor-
phism of Λ-modules.

Remark 3.1.1. With an additional hypothesis, we may give X a continuous, Zp-linear GF,S-
action that turns (3.1) into an exact sequence of Λ-modules. Let MK be the maximal S-ramified
abelian pro-p extension of K. Suppose that there exists a continuous homomorphism α : Γ→
Gal(MK/F) splitting the restriction map (e.g., that Γ is free pro-p). As topological spaces, one
then has

Gal(MK/F)∼= XK×Γ

via the inverse of the map that takes (x,γ) to xα(γ). Using this identification, we define a map
p : Gal(MK/F)→ XK by p(x,γ) = x. It is a cocycle as α is a homomorphism. The cocycle
on GF,S resulting from inflation gives rise to a continuous GF,S-action on X , extending the
natural GK,S-action (and the conjugation action of GF,S on XK). The class of p is independent
of the splitting, which means that the class of the extension (3.1) is as well.

The following lemma is easily proven by pushing out the exact sequence (3.1).

Lemma 3.1.2. Let M ∈ CZp,GF,S with trivial GK,S-action, and write M ∼= lim←−α
Mα with Mα a

finite quotient of M. For
h = (hα)α ∈ lim←−

α

H1(GK,S,Mα),

let
h̃ : UK ∼= H1

S (K,Zp(1))→ H2
S (K,M(1))∼= H2

S (K,Zp(1))⊗̂Zp M

be the composite map induced by the inverse limit under corestriction of left cup products with
cohomology classes that restrict to hα . Then

(id⊗h)◦ΨK = h̃.

As a quotient of X , we obtain the extension

0→ YK → Y → Zp→ 0. (3.2)

In this case, the cocycle χ : GK,S→ YK defining the extension is unramified everywhere and
S-split. Applying parts a and b of Lemma 2.5.1, the first connecting homomorphism is then a
homomorphism

ΘK = κ
1
f ,Y : UK → XK ⊗̂Zp YK,

and the second is
qK = κ

2
f ,Y : H2

S (K,Zp(1))→ YK.
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Proposition 3.1.3. The composition qK ◦ ιK is the identity of YK .

Proof. By Proposition 2.3.3, the map qK agrees with χ̃2
f . Precomposing it with the map

H2
c,S(K,Zp(1))→ H2

S (K,Zp(1)),

the resulting map
H2

c,S(K,Zp(1))→ H3
c,S(K,YK(1))

is exactly χ̃2
c = κ2

c,Y , again by Proposition 2.3.3. By Lemma 2.5.2, it is Pontryagin dual (under
Poitou-Tate duality) to the map

H0(GK,S,Y∨K )→ H1(GK,S,Qp/Zp)

given by −κ0
Y (1)∨ = χ̃∗0, or in other words, the map Y∨K → X∨K that takes an element to its

precomposition with the projection XK → YK . That being said, qK ◦ ιK is as stated.

Let
sw: YK ⊗̂Zp XK

∼−→ XK ⊗̂Zp YK

denote the standard isomorphism giving commutativity of the tensor product, i.e., that swaps
the two coordinates of simple tensors.

Theorem 3.1.4. The diagram

UK
ΨK //

−ΘK ''

H2
S (K,Zp(1))⊗̂Zp XK

sw◦(qK⊗id)
��

XK ⊗̂Zp YK

commutes.

Proof. The skew-symmetry of the cup product yields the commutativity of the outer square in
the following diagram of maps:

H2
S (K,XK(1))

χ̃2
f

))��
H1

S (K,Zp(1))

µ̃1
66

−χ̃1
f ((

XK ⊗̂Zp YK H3
c,S(K,XK ⊗̂Zp YK(1))

∼oo

H2
c,S(K,YK(1)),

µ̃2
c

55

o
OO
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Here, the outer maps are as in Section 2.3, where µ is restriction to XK as above. The down-
ward arrow is the composition of the natural isomorphism

H2
S (K,XK(1))∼= H2

S (K,Zp(1))⊗̂Zp XK

with sw ◦ (qK ⊗ id). Recall that qK is χ̃2
f on H2

S (K,Zp(1)) followed by the invariant map.
Since the leftward arrow is the invariant map, the upper-right triangle commutes.

The upward arrow is the composition of the isomorphism

H2
c,S(K,YK(1))∼= H2

c,S(K,Zp(1))⊗̂Zp YK

with the natural isomorphism H2
c,S(K,Zp(1))∼=XK of Poitou-Tate duality (see Lemma 2.5.1b).

In other words, noting that (XK ⊗̂Zp YK)
∨ may be canonically identified with Homcts(XK,Y∨K ),

the Pontryagin dual of the upward arrow is the natural identification

Homcts(XK,Y∨K )→ H1(GK,S,Y∨K ).

Let Z = X ⊗̂Zp YK , and note that

0→ XK ⊗̂Zp YK →Z → YK → 0

is still exact. By Lemma 2.5.2, the Pontryagin dual of the map µ̃2
c = κ2

c,Z in the diagram is
the map

µ̃
0 =−κ

0
Z ∨(1) : H0(GK,S,Homcts(XK,Y∨K ))→ H1(GK,S,Y∨K ),

that is cup product with the projection map µ ∈ H1(GK,S,XK). The dual of the invariant map
is just the identification of H0(GK,S,Homcts(XK,Y∨K )) with Homcts(XK,Y∨K ). The composite
map is composition with the projection, so it is again the natural identification. In other words,
the lower-right triangle commutes, so the left half of the diagram commutes, and that is what
was claimed.

In general, suppose that L is an S-ramified abelian pro-p extension of K, and set G =

Gal(L/K). The reciprocity map induces

ΨL/K : UK → H2
S (K,Zp(1))⊗̂Zp G,

equal to (id⊗ πG) ◦ΨK , where πG : XK → G is the restriction map on Galois groups. We
again refer to ΨL/K as an S-reciprocity map, for the extension L/K. Note that ΨL/K = π̃G in
the notation of Lemma 3.1.2.

Consider the localization map

`S : H2
S (K,Zp(1))⊗̂Zp G→ ∏

v∈SK

G
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obtained from the isomorphisms

H2
cts(GEv ,Zp(1))∼= Zp

for v ∈ SE and E a number field containing F . Since ∏v∈SK Zp is a free profinite Zp-module,
the map from YK ⊗̂Zp G onto the kernel of `S is an isomorphism.

By Proposition 2.3.3 and a standard description of the local reciprocity map in local class
field theory, the v-coordinate of the composition ρL/K = `S ◦ΨL/K is the composition of the
natural maps

UK → lim←−
Ev⊂Kv

lim←−
n

E×v /E×pn

v

with the local reciprocity map for the (fixed) local extension defined by L/K at v ∈ SK and the
canonical injection of its Galois group into G. We will let UL/K denote the kernel of ρL/K .

Theorem 3.1.4 now has following corollary.

Corollary 3.1.5. For any S-ramified abelian pro-p extension L of K with Galois group G, one
has a commutative diagram

UL/K
ΨL/K //

(πG⊗id)◦ΘK %%

YK ⊗̂Zp G

−swG

��
G⊗̂Zp YK,

where swG is the standard isomorphism yielding commutativity of the tensor product.

This, in turn, has the following notable corollary for the extension defined by YK .

Corollary 3.1.6. Let HK be the maximal unramified, S-split abelian pro-p extension of K. The
map

ΨHK/K : UK → YK ⊗̂Zp YK

has antisymmetric image.

Proof. We apply Corollary 3.1.5. The map ρHK/K is a sum of local reciprocity maps ρv : UK→
YK that are all trivial since the decomposition group at v in YK is trivial by definition. Hence,
we have UHK/K = UK .

We claim that
(πYK ⊗ id)◦ΘK = ΨHK/K.

To see this, first recall that ΘK = χ̃1
f = κ1

f ,Y by Proposition 2.3.3. As ιK ◦πYK is the canonical
map H2

c,S(K,Zp(1))→ H2
S (K,Zp(1)), we can see by the formula in (2.9) that (πYK ⊗ id) ◦

κ1
f ,Y = κ1

Y . In turn, this equals (1⊗πYK)◦κ1
X , which is ΨHK/K by definition.
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Remark 3.1.7. Let us check that ΘF agrees with the likewise-denoted map of the introduction.
If we compose ΘF for i = 1 (or qF for i = 2) with the map H i

c(GF,S,YF(1))→H3−i(GF,S,Y∨F )∨

of Poitou-Tate duality, we obtain a map f 7→ (g 7→ χ∗ c∪ f ∪g). On the other hand, χ̃∗2f induces
a map

H2(GF,S,Y∨F (1))→ H3
c (GF,S,Qp/Zp(1))

∼−→Qp/Zp

which we may compose with the pairing

H2−i(GF,S,Zp(1))×H i(GF,S,Y∨F )→ H2(GF,S,Y∨F (1)) (3.3)

to obtain the same map f 7→ (g 7→ χ∗ c∪ f ∪g) in the dual.
It thus suffices to see that the map ρ : H2(GF,S,Y∨F (1))→ Qp/Zp described in the in-

troduction agrees with χ̃∗2f , which by Proposition 2.3.3 and the discussion of Section 2.4
is the negative of the connecting homomorphism κ2

f ,Y (1)∨ . The map ρ is given by lift-
ing from H2(GF,S,Y∨F (1)) to H2(GF,S,Y

∨(1)), applying restriction and local splittings (i.e.,
(s∨)S) to land in H2

l (GF,S,Qp/Zp(1)), and then applying the sum of invariant maps. The map
H2(GF,S,Y

∨(1))→ H2
l (GF,S,Qp/Zp(1)) that is the connecting homomorphism arising from

the Selmer complex is −(s∨)S by definition. The map κ2
f ,Y (1)∨ is given by lifting the cocycle

in Z2(GF,S,Y
∨(1)) to C2

f (GF,S,Y
∨(1)), taking its coboundary, and lifting the resulting ele-

ment of B3
f (GF,S,Y

∨(1)) to Z3
c (GF,S,Qp/Zp(1)). For this, we can lift to Z2

l (GF,S,Qp/Zp(1))

and then map to Z3
c (GF,S,Qp/Zp(1)). That is, κ2

f ,Y (1)∨ =−χ̃∗2f results from

H2(GF,S,Y∨F (1))� H2(GF,S,Y
∨(1))

−(s∨)S−−−−→ H2
l (GF,S,Qp/Zp(1))→ H3

c (GF,S,Qp/Zp(1)),

which by its description is −ρ . Thus, we have the desired equality.

3.2 A special case

Let F =Q(µp), and let ∆=Gal(Q(µp)/Q). Let S= SQ= {p,∞}, and let ζp denote a primitive
pth root of unity. Let ω : ∆ ↪→ Z×p denote the Teichmüller character. For a Zp[∆]-module M
and j ∈ Z, we let M( j) denote its ω j-eigenspace. Finally, set

ηi = ∏
δ∈∆

(1−ζ
δ
p )

ω i−1(δ ) ∈U
(1−i)

F

for odd i ∈ Z.
We will consider the cup product pairing

( , )p,F,S : H1(GF,S,µp)×H1(GF,S,µp)→ YF ⊗µp.
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of [McS], which we can view as a pairing on the group of elements of F× which have associ-
ated fractional ideals that are pth powers times a power of the prime over p.

Let us say that an integer k is irregular for p if k is even, 2≤ k ≤ p−3, and p divides the
kth Bernoulli number Bk. For primes of index of irregularity at least 2 that, for instance, satisfy
Vandiver’s conjecture, we have the following consequence of the antisymmetry expressed in
Corollary 3.1.6.

Theorem 3.2.1. Suppose that k and k′ are irregular for p with k < k′ and that Y (k)
F and Y (k′)

F
are trivial. Then (ηp−k,ηk+k′−1)p,F,S = 0 if and only if (ηp−k′,ηk+k′−1)p,F,S = 0.

Proof. For any r that is irregular for p, we let χp−r : YF → µp denote the Kummer character
attached to ηp−r. Supposing that Y (r)

F = 0, fix an Fp-basis of Hom(YF ,µp) which contains
the nontrivial χp−r and a dual basis of YF/p containing elements σr ∈ Y (1−r)

F for each such
character with χp−r(σr) = ζp and χp−r trivial on all other elements of the basis.

Since
χp−k(κ

1
Y (ηk+k′−1)) = (ηp−k,ηk+k′−1)p,F,S ∈ Y (1−k′)

F ⊗µp,

the coefficient of σk′ ⊗σk in the expansion of κ1
Y (ηk+k′−1) mod p in terms of the standard

basis of the tensor product is [ηp−k,ηk+k′−1]k′ , where

(ηp−k,ηk+k′−1)p,F,S = σk′⊗ζ
[ηp−k,ηk+k′−1]k′
p .

Similarly, the coefficient of σk⊗σk′ is the analogously defined [ηp−k′,ηk+k′−1]k. The anti-
symmetry of Corollary 3.1.6 forces

[ηp−k,ηk+k′−1]k′ =−[ηp−k′,ηk+k′−1]k,

and, in particular, the result.

This phenomenon can be seen in the tables of the pairing values for p < 25,000 produced
by the author and McCallum (see [McS]). What is remarkable about Theorem 3.2.1 is that it
relates pairing values in distinct eigenspaces of YF .

Remark 3.2.2. Note that the condition for the vanishing of these pairing values appears in the
statement of [Sh2, Theorem 5.2]. We remark that there is a mistake in said statement that is
rendered inconsequential by Theorem 3.2.1. That is, it was accidentally only assumed there
that (ηp−k,ηk+k′−1)p,F,S = 0 for all k′ > k, while this vanishing for all k′ 6= k is used in the
proof (although at one point the condition that k′ > k is again written therein).
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4 Higher S-reciprocity maps

In this section, we consider higher S-reciprocity maps, which are generalized Bockstein maps
related to those of [LLSWW]. We employ them to study the graded quotients in the augmen-
tation filtration of completely split Iwasawa modules over Kummer extensions. We provide
an exact sequence into which these graded quotients fit in Theorem 4.2.2.

As in earlier sections, let p be a prime, let F be a global field of non-p characteristic, and
let S be a finite primes of F containing the primes over p and all real places. We continue to
suppose that p is odd or F has no real places.

Let L be an S-ramified Galois extension of F . We assume that G = Gal(L/F) is almost
pro-p in the sense that it contains an open normal pro-p subgroup. We now let K be a Galois
subextension of L/F and set H = Gal(L/K) so that

Γ = Gal(K/F)∼= G/H.

Let R be a complete commutative local Noetherian Zp-algebra with finite residue field.
Let T be an RJGF,SK-module that is finitely generated over R. We suppose that either

i. T is R-projective, or

ii. L/F is a p-adic Lie extension.

In addition to Λ = RJΓK, we set Ω = RJHK. If L/F is a p-adic Lie extension, then so are
L/K and K/F , and in particular Λ and Ω are noetherian.

4.1 Duality for finitely generated modules

In this subsection, we establish some necessary background, in particular by providing a de-
scription in Theorem 4.1.2 of graded quotients of second Iwasawa cohomology groups.

The following is a consequence of [FK1, Proposition 1.6.5] and [LS, Propositions 4.1.1
and 4.1.3].

Proposition 4.1.1 (Fukaya-Kato, Lim-Sharifi). We have homological spectral sequences of
finitely generated Λ-modules

J= J(T ) : J2
i, j = Hi(H,H2− j

S (L,T )) ⇒ Ji+ j = H2−i− j
S (K,T ),

P= P(T ) : P2
i, j = Hi(H,H2− j

l,S (L,T )) ⇒ Pi+ j = H2−i− j
l,S (K,T ),

C= C(T ) : C2
i, j = Hi(H,H3− j

c,S (L,T )) ⇒ Ci+ j = H3−i− j
c,S (K,T ),

that are natural in T and an exact sequence of spectral sequences

· · · → J→ P→ C→ J[1]→ ··· ,

26



where J[1] is the spectral sequence that is the shift of J with its second page having (i, j)-term
J2

i, j−1.

Let I denote the augmentation ideal of Ω. Fix n≥ 0, and suppose either that T is R-flat or
that both Ω/In and In/In+1 are R-flat. Consider the exact sequence of Ω[GF,S]-modules

0→ In/In+1⊗R T →Ω/In+1⊗R T →Ω/In⊗R T → 0.

Let
Ψ

(n)
L/K,T : H1

S (K,Ω/In⊗R T )→ H2
S (K,T )⊗̂R In/In+1

be the resulting connecting map. Here, we have used the isomorphism

H2
S (K, In/In+1⊗R T )∼= H2

S (K,T )⊗̂R In/In+1

that exists as GF,S has p-cohomological dimension 2 and In/In+1 has trivial GK,S-action (cf.
Lemma 2.5.1). Note that the map Ψ

(0)
L/K,T is a map from the zero group to H2

S (K,T ).
As a consequence of [LLSWW, Remark 3.2.5], we have the following description of the

cokernel of Ψ
(n)
L/K,T .1

Theorem 4.1.2. For each n≥ 0, we have a natural isomorphism of Λ-modules

cokerΨ
(n)
L/K,T

∼=
InH2

S (L,T )
In+1H2

S (L,T )
.

Remark 4.1.3. We also have the analogous isomorphisms for our semilocal Iwasawa coho-
mology groups H2

l,S(L,T ) and for the Iwasawa cohomology groups of extensions of a local
field of residue characteristic p.

We next review the two primary ingredients in the proof of Theorem 4.1.2 that we shall
require. For a compact Ω-module A, we let

(In ⊗̂Ω A)◦ = ker(In⊗Ω A→ InA)

where the map is induced by multiplication. The statement on the cokernel in the following
lemma is [LLSWW, Lemma 3.2.3] and is the first of two key ingredients in the proof of
Theorem 4.1.2. The statement on the kernel is new and is used in Section 4.2.

Lemma 4.1.4. Let A be a compact Ω-module, and consider the exact sequence

0→ In/In+1 ⊗̂R A→Ω/In+1 ⊗̂R A→Ω/In ⊗̂R A→ 0. (4.1)

1For this, note that nothing in [LLSWW] required that H be topologically finitely generated, aside from a
desire not to write completed tensor products.
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The connecting homomorphism

∂n : H1(H,Ω/In ⊗̂R A)→ AH ⊗̂R In/In+1

in the H-homology of (4.1) has cokernel isomorphic to InA/In+1A. If In is Ω-flat, then ∂n has
kernel isomorphic to (In ⊗̂Ω IA)◦.

Proof. Note that (Ω/Im ⊗̂R A)H ∼= A/ImA for all m ≥ 0. The cokernel of ∂n is then identified
with the kernel of the quotient map A/In+1A→ A/InA, which is InA/In+1A. Since A⊗̂R Ω is
H-acyclic for homology, we have that

H1(H,Ω/In ⊗̂R A)∼= ker((In ⊗̂R A)H → (Ω⊗̂R A)H)∼= (In ⊗̂Ω A)◦. (4.2)

The map ∂n is induced by the identity on In⊗Ω A. In particular, ∂n can be identified with a
restriction of the map

In ⊗̂Ω A→ In ⊗̂Ω AH .

If In is flat over Ω, then the latter map has kernel equal to In ⊗̂Ω IA, and on the subgroup
(In ⊗̂Ω A)◦ it has the stated kernel.

The second key ingredient from [LLSWW] is the commutative diagram of Λ-module ho-
momorphisms

H1
S (K,T ⊗R Ω/In)

Ψ
(n)
L/K,T //

����

H2
S (K,T )⊗̂R In/In+1

o
��

H1(H,H2
S (L,T )⊗̂R Ω/In)

∂n // H2
S (L,T )H ⊗̂R In/In+1,

(4.3)

where ∂n is the connecting homomorphism (4.1) for A = H2
S (L,T ). We then apply Lemma

4.1.4 to obtain Theorem 4.1.2 as the isomorphism on cokernels of the two horizontal maps in
(4.3).

4.2 Control theorem for higher graded quotients

We turn to the consideration of the main result of this section. Suppose now that R = Zp and
T = Zp(1). We refer to

Ψ
(n)
L/K = Ψ

(n)
L/K,Zp(1)

: H1
S (K,Ω/In(1))→ H2

S (K,Zp(1))⊗̂Zp In/In+1

as the nth higher S-reciprocity map for L/K. In the case that H = XK , we could set Ψ
(n)
K =

Ψ
(n)
L/K , as in the case n = 1. However, in this section, we assume that H ∼= Zp. Under this
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assumption, In/In+1 ∼= H⊗n is free of rank 1 over Zp, and the surjection Ω/In+1→ Ω/In is
Zp-split, since Ω/In is Zp-free.

Let us first review the case n = 0. We have the map RL/K : (YL)H→YK on completely split
Iwasawa modules that is restriction on Galois groups, the map NL/K : UL → UK on inverse
limits of S-unit groups induced by norm maps, and the map ΣL/K that is the inverse limit of
sums of inclusion maps ⊕

u∈SK′

Gal(L′/K′)u→ Gal(L′/K′)

of decomposition groups taken over number fields L′ ⊂ L, where K′ = K∩L′. By [HS, Corol-
lary A.2] (in the case that the set of primes there is taken to be S), we have a canonical exact
sequence

0→ Y H
L ⊗Zp H→UK/NL/KUL→ kerΣL/K → (YL)H

RL/K−−−→ YK → cokerΣL/K → 0 (4.4)

of Λ-modules that ties these groups and maps all together. In Theorem 4.2.2 below, we extend
this to higher graded quotients of YL in the augmentation filtration.

Now let us turn to the case of general n. For brevity, for any compact Zp-module M, let us
set

M{n}= M ⊗̂Zp In/In+1,

which is of course noncanonically isomorphic to M as a Zp-module. For any Ω-module A, let

InA denote the submodule of elements of A annihilated by In. We have canonical isomorphisms

H1(H,A⊗̂R Ω/In)∼= (In ⊗̂Ω A)◦ ∼= (InA){n}, (4.5)

the first by (4.2). Moreover, since H has p-cohomological dimension 1, we have exact se-
quences

0→ E2
0, j→ E j→ E2

1, j−1→ 0 (4.6)

for E= (Er
i, j,Ei+ j) any of the spectral sequences C, P, and J.

Lemma 4.2.1. The semilocal connecting map

∂
(n)
l : InH2

l,S(L,Zp(1)){n}→ H2
l,S(L,Zp(1))H{n}

as in Lemma 4.1.4 with A = H2
l,S(L,Zp(1)), and given the isomorphism of (4.5), is injective.

Proof. By Lemma 4.1.4 and the assumption that H ∼= Zp, we have

ker∂
(n)
l
∼= InIH2

l,S(L,Zp(1)){n}.

From this, we see that the result for all n is equivalent to the triviality of the H-invariant group
of IH2

l,S(L,Zp(1)).
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Note that
H2

l,S(L,Zp(1))∼= ∏
v∈SK

ZpJH/HvK,

where Hv denotes the decomposition group at a prime above v. If Hv = 0, then the submodule
of H-fixed elements is trivial. Otherwise H/Hv is finite, and only the span of the norm element
in ZpJH/HvK is fixed by H, but the norm element is not contained in IZpJH/HvK.

Let U
(n)

L/K be the global kernel of the nth semilocal higher reciprocity map

H1
S (K,Ω/In(1))→ H2

l,S(K,Zp(1)){n}

(i.e., the composition of Ψ
(n)
L/K with the sum of local restriction maps), and let

ψ
(n)
L/K : U

(n)
L/K → YK{n}

denote the map induced by the restriction of Ψ
(n)
L/K to U

(n)
L/K .

The exact sequence in the following is an extension of [Sh1, Theorem 6.3], which in
essence gives its last four terms.

Theorem 4.2.2. If L/K is a Zp-extension, then we have a canonical exact sequence

0→ In(IYL){n}→
kerψ

(n)
L/K

NL/K(UL⊗Zp Ω/In)
→ (kerRL/K){n}

→ InYL

In+1YL

R(n)
L/K−−−→ cokerψ

(n)
L/K → (cokerRL/K){n}→ 0

of Λ-modules.

Proof. If n = 0, this follows by definition of RL/K and ψ
(0)
L/K : 0→ YK , so we may assume

n≥ 1. Since H has p-cohomological dimension 1, employing (4.5), we have

InYL ∼= ker(InH2
S (L,Zp(1))→ InH2

l,S(L,Zp(1))).

The map J1→ J1,0 with Ω/In(1)-coefficients that is identified by (4.5) with a map

H1
S (K,Ω/In(1))→ InH2

S (L,Zp(1)){n}

therefore restricts to a map ξ
(n)
L/K : U

(n)
L/K → InYL{n}. Since ∂

(n)
l is injective by Lemma 4.2.1,

we also have

InYL ∼= ker(InH2
S (L,Zp(1))→ H2

l,S(L,Zp(1))H)
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and thereby a map of exact sequences

0 // U
(n)

L/K
//

ξ
(n)
L/K
��

H1
S (K,Ω/In(1)) //

����

H2
l,S(K,Zp(1)){n}

o
��

0 // InYL{n} // InH2
S (L,Zp(1)){n} // H2

l,S(L,Zp(1))H{n},

with the rightmost map being the inverse of the semilocal corestriction by (4.3). Chasing the
diagram and applying the spectral sequence J for Ω/In(1), we conclude that ξ

(n)
L/K is surjective

with kernel
kerξ

(n)
L/K
∼= NL/K(UL⊗Zp Ω/In).

(In fact, the latter group is isomorphic to H1
S (L,Ω/In(1))H by the exactness of (4.6) for J.)

Next, we have a commutative square

InYL{n} // (YL)H{n}

RL/K⊗id

��
U

(n)
L/K

ψ
(n)
L/K //

ξ
(n)
L/K

OOOO

YK{n}

where the maps arise as restrictions of the maps in (4.3) and hence by Lemma 4.1.4 a map

R(n)
L/K : InYL/In+1YL→ cokerψ

(n)
L/K

on cokernels of the horizontal maps. Set K (n) = NL/K(UL⊗Zp Ω/In). The result follows
from the map of exact sequences

0 //
In(IYL){n} //

��

InYL{n} //

o
��

(YL)H{n}

RL/K⊗id

��

// InYL/In+1YL

R(n)
L/K
��

// 0

0 // (kerψ
(n)
L/K)/K

(n) // U (n)
L/K/K

(n) // YK{n} // cokerψ
(n)
L/K

// 0,

where we have applied Lemma 4.1.4 to get the upper left term.

Remark 4.2.3. In the proof of Lemma 4.2.1, instead of T = Zp(1), we can take T to be any
compact RJGF,SK-module (for any R as before) such that T (−1) has trivial GK,S-action. In
fact, what is actually needed is that the H-invariant group of IH2

l,S(L,T ) is zero. Theorem
4.2.2 then holds with Zp(1) replaced by any such T in the definitions and its statements.
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A Continuous cohomology

In this appendix, we study the continuous cohomology of a profinite group G with coefficients
in topological ΛJGK-modules for a profinite ring Λ. We want to view such cohomology groups
themselves as topological Λ-modules. As we have not found convenient references for the
results we shall need, we list them here, leaving the proofs to the reader.

A.1 Topological modules over a profinite ring

Let Λ be a profinite ring, which is to say a compact, Hausdorff, totally disconnected topolog-
ical ring with a basis of open neighborhoods of zero consisting of ideals of finite index. We
denote the category of Hausdorff Λ-modules with continuous Λ-module homomorphisms by
TΛ, its full subcategory of locally compact (Hausdorff) Λ-modules by LΛ and the full, abelian
subcategories of compact Λ-modules and discrete Λ-modules by CΛ and DΛ, respectively. The
category of all Λ-modules, with Λ-module homomorphisms, will be denoted ModΛ. We write
X ∈A to indicate that X is an object of a category A .

We begin with the following standard facts.

Lemma A.1.1. Inverse (resp., direct) limits of objects in the category TΛ exist, and they are
endowed with the initial (resp., final) topology with respect to the inverse (resp., direct) system
defining the limit.

For a proof of the following, see [RZ, Lemma 5.1.1].

Lemma A.1.2. Every finite object in TΛ is discrete. Every object in CΛ is an inverse limit of
finite Λ-module quotients, and every object in DΛ is a direct limit of finite Λ-submodules.

For topological spaces X and Y , we use Maps(X ,Y ) to denote the set of continuous maps
from X to Y , which we endow with the compact-open topology. This topology has a subbase
of open sets

V (K,U) = { f ∈Maps(X ,Y ) | f (K)⊆U}

for K ⊆ X compact and U ⊆ Y open. We have the following lemma (cf. [Fl, Proposition 3]).

Lemma A.1.3. For X a topological space and N ∈ TΛ, the abelian group Maps(X ,N) is a
topological left Λ-module under the action defined by (λ · f )(x) = λ · f (x) for λ ∈ Λ, f ∈
Maps(X ,N), and x ∈ X.

Lemma A.1.4. Let X be a compact space. Let (Nα ,πα,β ) be an inverse system of finite ob-
jects and surjective maps in CΛ, and let (N,πα) be the inverse limit of the system. Then the
isomorphism

φ : Maps(X ,N)→ lim←−
α

Maps(X ,Nα)
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of Λ-modules induced by the inverse limit is also a homeomorphism.

Lemma A.1.5. Let (Xα , ια,β ) be a direct system of finite objects and injective maps in the
category of discrete spaces, and let (X , ια) be the direct limit of the system. Let N ∈TΛ. Then
the isomorphism

θ : Maps(X ,N)→ lim←−
α

Maps(Xα ,N)

of Λ-modules is a homeomorphism.

Fix a set I of open ideals of Λ that forms a basis of neighborhoods of 0 in Λ. We recall
the following lemma for convenience: see [Li, Proposition 3.1.7] and [Li, Lemma 3.1.4].

Lemma A.1.6.

a. Let M be a finitely generated, compact Λ-module. Then we have an isomorphism

M ∼= lim←−
I∈I

M/IM

of topological Λ-modules.

b. Let M be a finitely generated, compact Λ-module and N be a compact or discrete Λ-
module. Or, let M and N be compact Λ-modules endowed with the I -adic topology.
Then

HomΛ,cts(M,N) = HomΛ(M,N).

The following lemma is a consequence of Lemma A.1.4.

Lemma A.1.7. Let M,N ∈ CΛ, and suppose that N is an inverse limit in CΛ of a system
(Nα ,πα,β ) of finite Λ-modules and surjective homomorphisms. Then the isomorphism

HomΛ,cts(M,N)
∼−→ lim←−

α

HomΛ,cts(M,Nα)

of groups induced by the inverse limit is also a homeomorphism.

We also have the analogue for discrete Λ-modules, which is a corollary of Lemma A.1.5.

Lemma A.1.8. Let M,N ∈ DΛ, and suppose that M is a direct limit in DΛ of a system
(Mα , ια,β ) of finite Λ-modules and injective homomorphisms. Then the isomorphism

HomΛ(M,N)
∼−→ lim←−

α

HomΛ(Mα ,N)

of groups induced by the inverse limit is also a homeomorphism.
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We let Λ◦ denote the opposite ring to Λ. For a topological Λ-module X , we let

X∨ = Homcts(X ,R/Z)

denote the Pontryagin dual Λ◦-module. We endow X∨ with the compact-open topology, and
then X∨ becomes an object in TΛ◦ . The Pontryagin dual preserves the property of local com-
pactness. For any X ∈LΛ, the natural map X → (X∨)∨ is an isomorphism in LΛ. If X is a
compact (resp., discrete) Λ-module, then X∨ is a discrete (resp., compact) Λ◦-module. In fact,
the Pontryagin dual provides contravariant, exact equivalences between CΛ and DΛ◦ .

One may prove the following by employing Lemmas A.1.6, A.1.7, and A.1.8.

Proposition A.1.9. Suppose that Λ is an R-algebra over a profinite commutative ring R via
a continuous map from R to the center of Λ. Suppose that T,U ∈ CΛ are endowed with the
I -adic topology (e.g., are finitely generated Λ-modules). Then the map

HomΛ(T,U)→ HomΛ◦(U∨,T∨)

that sends ρ to the map ρ∗ with ρ∗(φ) = φ ◦ρ for all φ ∈U∨ is an isomorphism in CR.

A.2 Cochains and cohomology groups

Let G be a profinite group. We set TΛ,G = TΛJGK, which is to say that TΛ,G is the category
of topological Λ-modules with a continuous Λ-linear action of G with morphisms that are
continuous Λ[G]-module homomorphisms. We similarly define LΛ,G, CΛ,G, and DΛ,G.

The category of chain complexes over an additive category A that admits kernels and
cokernels will be denoted by Ch(A ), with Ch+(A ), Ch−(A ), and Chb(A ) denoting the full
subcategories of bounded below, bounded above, and bounded complexes in A .

The complex of inhomogeneous continuous cochains provides a functor

C(G, ·) : TΛ,G→ Ch+(ModΛ).

For M ∈ TΛ,G, we endow each Ci(G,M) with the compact-open topology. The coboundary
maps in the complex C(G,M) are then continuous as G is a topological group, M is a con-
tinuous G-module, and the action of Λ on M commutes with the G-action. For M ∈ TΛ,G,
we denote the Λ-modules that are the ith cocycle, coboundary, and cohomology groups for
C(G,M) by Zi(G,M), Bi(G,M), and H i(G,M), respectively. Both Zi(G,M) and Bi(G,M)

may be viewed as objects in TΛ under the subspace topologies from Ci(G,M).

Lemma A.2.1. For A ∈DΛ,G, the topological Λ-modules Ci(G,A) are discrete.
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If A ∈DΛ,G, then A is a direct limit of its finite Λ[G]-submodules Aα , and we have

H i(G,A)∼= lim−→
α

H i(G,Aα).

We endow H i(G,A) with the discrete topology, under which it is an object of DΛ. This
of course agrees with the subquotient topology from Ci(G,A), where we view H i(G,A) as
Zi(G,A)/Bi(G,A). The result in the compact case is found in the following statement, the
proof of which employs Lemma A.1.4.

Proposition A.2.2. Assume that H i(G,M) is finite for every finite Z[P−1][G]-module M and
every i ≥ 0, where P is a set of primes of Z that act invertibly on Λ. Suppose that T ∈ CΛ,G,
and write T = lim←− Tα for some finite Λ[G]-module quotients Tα . Then the natural map

H i(G,T )→ lim←−
α

H i(G,Tα)

is an isomorphism of Λ-modules. Moreover, Bi(G,T ) and Zi(G,T ) are closed subspaces of
Ci(G,T ), and the subquotient topology on H i(G,T ) induced by the isomorphism

H i(G,T )∼=
Zi(G,T )
Bi(G,T )

agrees with the profinite topology induced by the above isomorphism.

Cup products on continuous cohomology exist quite generally, as stated in the following
lemma. For this, if Ω denotes a profinite ring, then TΩ−Λ,G denotes the category of topological
Ω-Λ-bimodules with a continuous commuting action of G.

Lemma A.2.3. Let Λ, Ω, and Σ be profinite rings. Let M ∈ TΩ−Λ,G, N ∈ TΛ−Σ,G, and
L ∈ TΩ−Σ,G, and suppose that φ : M×N → L is a continuous, Λ-balanced, G-equivariant
homomorphism of Ω-Σ-bimodules. Then we have continuous, Λ-balanced cup products

Ci(G,M)×C j(G,N)
∪−→Ci+ j(G,L)

of Ω-Σ-bimodules for each i, j ≥ 0.

B A comparison of Poitou-Tate and Kummer maps

Let p be a prime number. Let F be a number field, and let S denote a finite set of primes of F
including those above p and any real places. We assume that p is odd or F is purely imaginary.

Poitou-Tate duality provides us with a canonically defined homomorphism

H1(GF,S,Qp/Zp)
∨→ H2

cts(GF,S,Zp(1)),
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and hence, via our identifications, a homomorphism XF → YF . The natural question to ask is
whether or not this map is the restriction map on Galois groups, and the answer is that in fact
it is. However, at the time of the writing of this appendix as a note, we were unable to find
a proof of this nonobvious but useful fact in the literature. This fact is not strictly necessary
in the paper itself, but we feel that this should appear somewhere in print and fits very nicely
with the theme of the present article. We thank Kay Wingberg and Alexander Schmidt for
helpful discussions regarding the proof.

Theorem B.1. The Poitou-Tate map H1(GF,S,Qp/Zp)
∨→ H2

cts(GF,S,Zp(1)) induces the re-
striction map XF → YF on Galois groups.

Proof. Let FS denote the Galois group of the maximal unramified outside S-extension of F ,
and let OS denote its ring of S-integers. Moreover, let IS and CS be the S-idèle group and
S-idèle class group of FS, respectively, and let IS(F) and CS(F) denote the S-idéle group and
S-idéle class group of F , respectively. Finally, let ClF,S denote the S-class group of F .

We first recall the definition of the Poitou-Tate map

H1(GF,S,Qp/Zp)
∨→ H2

cts(GF,S,Zp(1)).

We find it most convenient to work modulo pn throughout and then take inverse limits. Modulo
pn, the Poitou-Tate map arises simply as the composition

H1(GF,S,Z/pnZ)∨→ H0(GF,S,Hom(µpn,CS))
∨→ H2(GF,S,µpn),

where the first map is the dual of the connecting homomorphism arising from the sequence

0→ Z/pnZ→ Hom(µpn, IS)→ Hom(µpn,CS)→ 0

and the second map arises from the duality

H0(GF,S,Hom(µpn,CS))×H2(GF,S,µpn)
∪−→ H2(F,CS)

inv−→Q/Z,

where “inv" denotes the invariant map.
Next, we explain the injection YF ↪→ H2

cts(GF,S,Zp(1)), again working modulo pn. Recall
that the reciprocity homomorphism

rec : CS(F)/pn→ XF/pn

is dual to the connecting homomorphism

δ : H1(GF,S,Z/pnZ)→ H2(GF,S,Z)[pn]
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under the cup product

H2(GF,S,Z)[pn]×H0(GF,S,CS)/pn ∪−→ H2(GF,S,CS)[pn]
inv−→ Z/pnZ

in the sense that
inv(δφ ∪a) = φ(rec(a))

for φ ∈ H1(GF,S,Z/pnZ) and a ∈CS(F)/pn.
From the long exact sequence attached to

0→ O×S → IS→CS→ 0

and the fact that the cokernel of IS(F)→ CS(F) is isomorphic to ClF,S, we have an isomor-
phism H1(GF,S,O

×
S )∼= ClF,S, and an induced reciprocity map

rec : ClF,S/pn→ YF/pn.

From the long exact sequence attached to

0→ µpn → O×S
pn

−→ O×S → 0,

we obtain an injection that is the composite

YF/pn rec−1
−−−→ ClF,S/pn ∼−→ H1(GF,S,O

×
S )/pn ↪→ H2(GF,S,µpn).

This gives the identification of YF/pn with a subgroup of H2(GF,S,µpn) arising from Kummer
theory and class field theory.

Putting all of the definitions together, the proposition is reduced to the commutativity of
the diagram

Hom(µpn,CS)
GF,S×H2(GF,S,µpn)

��

∪ // Q/Z

H1(GF,S,Z/pnZ)×H1(GF,S,O
×
S )

��

OO

H2(GF,S,Z) ×H0(GF,S,CS)

OO

∪ // Q/Z

in the obvious sense. This diagram can be found (without proof of its commutativity) in
[NSW1, (8.4.6)], though not in the second edition of the book.

To show its commutativity, we replace the right-hand composition with the composition

H0(GF,S,CS)→ H1(GF,S,CS[pn])→ H2(GF,S,µpn)
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which is in fact its negative by a standard lemma (e.g., [NSW1, (1.3.4)]), since we have a
commutative diagram

0

��

0

��

0

��
0 // µpn //

��

IS[pn] //

��

CS[pn] //

��

0

0 // O×S
//

pn

��

IS //

pn

��

CS //

pn

��

0

0 // O×S
//

��

IS //

��

CS //

��

0

0 0 0

noting the p-divisibility of CS [NSW1, (10.9.5)]. We therefore have a new diagram

Hom(µpn,CS)
GF,S× H2(GF,S,µpn)

��

∪ // Q/Z

H1(GF,S,Z/pnZ) ×H1(GF,S,CS[pn])

OO

��

∪ // Q/Z

−1

OO

H2(GF,S,Z) × H0(GF,S,CS)

OO

∪ // Q/Z

which commutes by two applications of [La, Theorem III.2.1]. That is, for the lower rectangle,
take the pairing Z×CS→CS, and for the upper, take the Galois-equivariant pairing

IS[pn]×Hom(µpn, IS[pn])→CS[pn]

given by multiplication on IS[pn] followed by projection, noting that

IS[pn] = lim→
E⊂FS

⊕
v∈SE

µpn(Ev).

The result follows.
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