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Abstract
Let p be an odd prime satisfying Vandiver’s conjecture. We consider two objects, the Galois group X of the maximal unramified abelian pro-p extension of the
compositum of all Zp -extensions of Q(µp ) and the Galois group G of the maximal
unramified pro-p extension of Q(µp∞ ). We give a lower bound for the height of
the annihilator of X as an Iwasawa module. Under some mild assumptions on
Bernoulli numbers, we provide a necessary and sufficient condition for G to be
abelian. The bound and the condition in the two results are given in terms of special values of a cup product pairing on cyclotomic p-units. We obtain in particular
that, for p < 1000, Greenberg’s conjecture that X is pseudo-null holds and G is
in fact abelian.

1

Introduction

Let L be a possibly infinite algebraic extension of Q, and fix a prime p. We shall say that
an algebraic extension of a number field is unramified if all of its finite subextensions
are unramified at all places. The following are two frequently recurring questions in
algebraic number theory.
1. What is the structure of the Galois group XL of the maximal unramified abelian
pro-p extension of L?
2. What is the structure of the Galois group GL of the maximal unramified pro-p
extension of L?
If L is a number field, one sort of answer to the first question is found in class field
theory. The maximal unramified abelian pro-p extension of L is finite and is known as
the p-Hilbert class field, and XL is isomorphic to the p-part AL of the class group of
L. As for the second question, the maximal unramified pro-p extension of L can be
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infinite, as Golod and Shafarevich demonstrated the existence of infinite Hilbert p-class
field towers.
Consider next the cyclotomic Zp -extension K of a number field F . We let Γ =
Gal(K/F ) and set Λ = Zp [[Γ]]. Iwasawa showed that the group XK is always finitely
generated and torsion over Λ. Beyond that, if F is an abelian extension of Q, the nowproven “main conjecture of Iwasawa theory” states the characteristic ideal of an odd
eigenspace of XK is determined by the p-adic L-function of a related even character.
Wiles proved a similar result for abelian characters over totally real number fields.
In most instances, little is known about the structure of GK that cannot be obtained
from the structure of XK , its maximal abelian quotient. We consider the question of
whether or not GK is abelian in the fundamental case that F = Q(µp ) for an odd prime
p.
Theorem 1.1. For p < 1000, the group GK is abelian. For p = 1217, 7069, and 9829,
it is not.
For the other 241 primes p < 25,000 such that the Zp -rank of XK is at least 2, a
conjecture of McCallum and the author’s [MS, Conjecture 5.3] implies that GK is a
free abelian pro-p group, so GK ∼
= XK . For the general result, see Theorem 5.2. Until
recently, it was thought to be proven that GK is free pro-p under Vandiver’s conjecture
that p does not divide the class number of Q(µp )+ [N, W], e.g., for p < 12,000,000. Now,
it seems quite likely that GK is never free pro-p unless it is trivial or isomorphic to Zp .
For larger fields L, one can ask about the “size” of XL . Early on, Greenberg proposed a conjecture in the abelian setting (see [G, Conjecture 3.5]). Let F̃ denote the
compositum of all Zp -extensions of F , let Γ̃ = Gal(F̃ /F ), and let Λ̃ = Zp [[Γ̃]]. It follows
from the analogous statement for K that XF̃ is finitely generated and torsion as a Λ̃module. To get slightly more information, we can pass to a family of Λ̃-modules that is
in a definite sense one step smaller than the family of Λ̃-torsion modules. We say that
a finitely generated Λ̃-module is pseudo-null if its annihilator has height at least 2.
Conjecture 1.2 (Greenberg). The Galois group XF̃ of the maximal unramified abelian
pro-p extension of F̃ is pseudo-null as a Λ̃-module.
In Theorem 4.2, we give a lower bound on the height of the annihilator of XF̃ for p
satisfying Vandiver’s conjecture. This implies the following weaker statement.
Theorem 1.3. For p < 1000, Greenberg’s conjecture holds for p and F = Q(µp ).
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We can ask a similar question for the class of strongly admissible p-adic Lie extensions
L of F . As in [HS], we say that L/F is strongly admissible if it is ramified at only finitely
many places of F , L contains K, and Q = Gal(L/F ) is pro-p, has dimension at least 2,
and contains no elements of order p.
We define a finitely generated Λ(Q) = Zp [[Q]]-module M to be pseudo-null if
ExtiΛ(Q) (M, Λ(Q)) = 0
for i = 0, 1. Note that Q contains a normal subgroup G = Gal(L/K) with quotient
Γ. If M is finitely generated over Λ(G), then M is Λ(Q)-pseudo-null if and only if M
is Λ(G)-torsion [HS, Lemma 3.1]. Under Iwasawa’s conjecture on the triviality of the
µ-invariant of XK , the finite generation of XL over Λ(G) would always hold for L/F
strongly admissible [HS, Lemma 3.4]. The question is then to determine the L as above
for which XL is Λ(G)-torsion. In particular, we use this in showing the following.
Theorem 1.4. Let F = Q(µp ) for some p < 1000, and suppose that L is a strongly
admissible p-adic Lie extension of F that contains a Zp -extension of K that is unramified
outside p and contains a pth root of p. Then XL is Λ(Q)-pseudo-null.

2

Growth of Iwasawa modules

For simplicity of the description, let us assume that either p is odd or our number field
F is purely imaginary. We use S to denote a set of primes of F containing those above
p, and for any algebraic extension E of F , we let SE denote the set of primes of E
above those in S. We use XE,S to denote the Galois group of the maximal abelian pro-p
unramified outside SE extension of E. For v ∈ SE , we let GEv (resp., IEv ) denote the
absolute Galois group (resp., inertia subgroup) of the completion Ev , and we let VE
(resp., UE ) denote the inverse limit under norm maps of the p-completions of the unit
groups (resp., p-unit groups) of number fields in E. Let
M
WE = lim
H1 (IFv0 , Zp )GF 0 ,
←
F 0 ⊂E v∈S 0
F

v

where F 0 runs over the finite extensions of F in E. We have the following proposition.
Proposition 2.1. Let E be an algebraic extension of F , and let L ( M be pro-p p-adic
Lie extensions of E such that G = Gal(M/E) has no p-torsion. Let H = Gal(M/L).
Let S be the set of primes of F consisting of those above p and those that ramify in
M/F .
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a. Suppose that the set of primes of SL that ramify in M/L is finite and that there
exists a Zp -extension E 0 of E contained in L such that XL is finitely generated
over Λ(Gal(L/E 0 )). Then XM is finitely generated and torsion over Λ(G).
b. Suppose that there exists exactly one prime in SL that ramifies in M/L and that
M/L is totally ramified at that prime. Then (XM )H ∼
= XL via restriction.
Proof. We consider the natural commutative diagram
VM
a


VL

/ WM

/ XM,S

b


/ WL



c

/ XL,S

/ XM

/0

d


/ XL

/ 0.

Let bH , cH and dH denote the maps induced by b, c and d, respectively, on H-coinvariants
of the domains. A straightforward diagram chase yields an isomorphism
coker(ker cH → ker dH ) ∼
=

ker(coker b → coker c)
.
image(coker a → coker b)

(1)

By the Hochschild-Serre spectral sequence, we have that ker cH is isomorphic to a quotient of H2 (H, Zp ), which is finitely generated over Zp . Since we have assumed that the
set of primes of SL at which M/L ramifies is finite, we have that
M
coker b ∼
Jv ,
=
v∈SL

where Jv is the inertia subgroup of the abelianization of the decomposition group at v
in H. Thus coker b is finitely generated over Zp . It follows that ker dH is also finitely
generated over Zp . Since, by assumption, XL is finitely generated over Λ(Gal(L/E 0 )),
the same must hold for (XM )H . By [BH, Section 3], we then have that XM is finitely
generated over Λ(Gal(M/E 0 )), and by [CFKSV, Proposition 2.3], we may conclude that
XM is a torsion Λ(G)-module, proving part a.
Now, suppose that the assumption of part b holds. Let w denote the unique prime of
L at which M/L is totally ramified, and let Iw denote the inertia group of w in H. The
existence of such a prime forces coker d = 0 automatically. Since Iw = H, we also have
that the map coker b → coker c is an isomorphism. Furthermore, ker bH is canonically
isomorphic to a quotient of H2 (Iw , Zp ), and H2 (Iw , Zp ) → H2 (H, Zp ) is an isomorphism
since Iw = H. Thus the map ker bH → ker cH is surjective, and this forces the map
ker cH → ker dH to be zero. By (1), we therefore have that ker dH = 0, proving part
b.
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Next, consider the following lemma from commutative algebra.
Lemma 2.2. Let n ≥ m ≥ 0, and consider the power series ring Rn = Zp [[T1 , . . . , Tn ]]
in n independent variables. Suppose that A is an Rn -module that is finitely generated
over Rm . Let h denote the height of the annihilator of A in Rm . Then the height of the
annihilator of A in Rn is at least h + n − m.
Proof. Let Im (resp., In ) denote the annihilator of A in Rm (resp., Rn ). Suppose that
A is nonzero and generated over Rm by a given finite set of elements. For d with
m < d ≤ n, we may consider any characteristic polynomial fd ∈ Rm [X] of Td acting on
A with respect to this generating set. Now, if p is a prime ideal containing In , then it
contains Im . Let q1 ( . . . ( qh be a chain of distinct nonzero primes of Rm contained in
p ∩ Rm . For d as above, set i = d + h − m, and define qi = p ∩ Rd . Then fd (Td ) ∈ qi , but
fd (Td ) ∈
/ qi−1 Rd since fd is monic. Let pi = qi Rn for all i with 1 ≤ i ≤ h + n − m. Then
the pi are prime, distinct, and contained in p, so the height of In is at least h+n−m.
The following corollary will be useful to us later.
Corollary 2.3. Let L ⊆ M be abelian extensions of F containing the cyclotomic Zp extension K of F with Gal(M/F ) ∼
= Znp and Gal(L/F ) ∼
= Zm
p for some n ≥ m ≥ 1. If
XL is finitely generated over Zp , then the height of the annihilator of XM is at least m
as a Λ(Gal(M/F ))-module.
Proof. Since M/F is necessarily unramified outside p and there are only finitely many
primes above p in L, the assumptions of Proposition 2.1a are satisfied, so XM is a finitely
generated, torsion Λ(Γ×Gal(M/L))-module. The result is then immediate from Lemma
2.2.

3

Iwasawa modules over Kummer extensions

For the rest of this paper, we will focus on the case that F = Q(µp ) for an odd prime
p. The key to the results in this paper is the use of cup products to control the growth
of the Galois groups of the maximal unramified abelian pro-p extensions of Kummer
extensions of K = Q(µp∞ ). These cup products were first studied in [MS] and later in
[S]. Let us briefly review the material we will need.
Let BF denote the p-completion of the group of elements of F × whose pth roots
generate unramified outside p extensions of F . Given an element of the p-completion K
of K × , we may also speak of the extension of K its p-power roots generate, and we let BK
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denote the subgroup of those elements whose p-power roots generate unramified outside
p extensions. (Although BF is not a subgroup of BK , there is a canonical map from the
p-completion of F × to K with kernel µp through which we will consider elements of BF
as elements of K by abuse of notation.)
Let S now denote the set consisting of the unique prime above p in F , and for any
algebraic extension E of F , let GE,S denote the Galois group of the maximal unramified
outside SE extension of E. The cup product on H 1 (GF,S , µp ) induces a pairing
( · , · )p,F,S : BF × BF → AF ⊗ µp ,
where AF again denotes the p-part of the class group of F , and the inverse limit of
similar pairings arising from the cup products on the groups H 1 (GQ(µpn ),S , µpn ) induces
a pairing
( · , · )K,S : BK × UK → XK (1)
(see, for instance, [S, Section 4]).
Fix a primitive pth root of unity ζp in F . Let EF denote the p-completion of the
p-units in F . Let CF denote the subgroup of EF consisting of the p-completion of the
cyclotomic p-units, i.e., those generated by the 1 − ζpi with 1 ≤ i ≤ p − 1. For a finite
extension E of F , let AE/F denote the image of the norm map AE → AF . For an
algebraic extension L/K, let XL/K denote the image of restriction XL → XK , and let
YL denote the maximal quotient of XL in which all primes above p split completely. For
a p-adic Lie group G, let IG denote the augmentation ideal in Λ(G). It will be useful to
recall the following result.
Lemma 3.1. Let b ∈ BK , and suppose that its p-power roots generate a Zp -extension L
of K with Galois group G. We have that
(b, UK )K,S = XL/K (1)

(2)

if and only if IG YL = 0. If ba−1 ∈ Kp for some a ∈ BF , then (2) follows from
(a, CF )p,F,S = AF (a1/p )/F ⊗ µp .

(3)

Moreover, if Vandiver’s conjecture holds at p, then (2) implies (3) for some a with
ba−1 ∈ Kp .
Proof. We remark that the containment of the pairing values in XL/K (1) (resp., in
AF (a1/p )/F ⊗ µp ) in the statement holds for any b ∈ BK (resp., a ∈ BF ), as follows for
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example from [MS, Theorem 2.4]. The first part is a direct consequence of [S, Theorem
4.3], noting that there is a unique prime over p in K. Now, we know that the image of
(b, UK )K,S under the natural map XK (1) → AF ⊗ µp contains (a, CF )p,F,S and is equal to
it under Vandiver’s conjecture at p, since every element of CF is a universal norm from
K and these are all the universal norms under Vandiver. Since we have as well that
the image of XL/K (1) is contained in AF (a1/p )/F ⊗ µp and is equal to it when a is chosen
properly (multiplying a by an element of µp to make F (a1/p )/F unramified if possible),
the second statement follows.
We next recall [S, Corollary 5.9].
Theorem 3.2. For p < 1000, we have (p, CF )p,F,S = AF ⊗ µp .
We now obtain the following useful result.
Proposition 3.3. Suppose that a ∈ BF is such that (3) holds. Let L be a Zp -extension
of K with Galois group G that is unramified outside p but not unramified and contains
a pth root of a. Then XL is finitely generated over Zp , and we have YL ∼
= XL/K via
restriction.
Proof. The field L is defined over K by the p-power roots of an element b ∈ BK such
p
that ba−1 ∈ BK
. We have IG YL = 0 by Lemma 3.1. It follows that YL ∼
= (YL )G ,
and (YL )G ∼
= XL/K is easily seen since L/K is a Zp -extension with a unique prime
over p in K. In addition, we know that (YL )G = (XL )G , so IG XL is generated by the
decomposition groups above p in XL . Such decomposition groups are attached to the
primes above p in L, of which there are finitely many since L/K is not unramified, and
any such decomposition group is a quotient of Zp . Therefore, XL is a finitely generated
Zp -module.
Noting the remarks preceding it in the introduction, Theorem 1.4 now follows from
Theorem 3.2, Proposition 3.3, and Proposition 2.1a.

4

Iwasawa modules over multiple Zp-extensions

In this section, we turn to the study of the structure of the Galois group XF̃ of the
maximal unramified abelian pro-p extension of the compositum F̃ of all Zp -extensions
of the pth cyclotomic field F . Proposition 3.3 allows us to immediately give a criterion
for the verification of Greenberg’s pseudo-nullity conjecture (Conjecture 1.2) for F .
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Proposition 4.1. Suppose that there exists a ∈ CF satisfying (3). Then Greenberg’s
conjecture holds for F and p.
Proof. Since (ζ, CF )p,F,S = 0 for ζ ∈ µp , we may assume without loss of generality that a
is not a root of unity times a pth power in EF . Since a ∈ CF , there exists a Zp -extension
E of F containing a pth root of a. By assumption, E is not contained in K. Setting
L = EK, we have that XL is finitely generated over Zp by Proposition 3.3, and since
L ⊆ F̃ , that Greenberg’s conjecture holds by Proposition 2.1a, noting [HS, Lemma 3.4]
(or [V, Proposition 5.4]).
In particular, as stated in Theorem 1.3, Greenberg’s conjecture holds for Q(µp ) for
p < 1000. We remark that Theorem 1.3 was already known for those p < 1000 with
AF cyclic by [MS, Corollary 10.5] and Theorem 3.2. An inductive version of the above
argument is due to Greenberg in the case that XK ∼
= Zp , but unlike the argument of [MS],
it works easily without this restriction. We thank Ralph Greenberg for communicating
his argument to us.
One may ask if the pseudo-nullity of XF̃ is the best one can do. That is, can one
give a stronger lower bound on the height of the annihilator of XF̃ ? In fact, the answer
is yes, as we now show.
Let us say that k is irregular for p if (p, k) is an irregular pair, i.e., k is positive and
even, k ≤ p − 3, and p divides the kth Bernoulli number Bk . Let ∆ = Gal(F/Q). For a
Zp [∆]-module A and i ∈ Z, let A(i) denote the ω i -eigenspace of A, where ω denotes the
(1−k)
Teichmüller character. Then (p, k) is irregular if and only if AF
6= 0. For any odd
(1−i)
integer i, let ηi denote the projection of (1 − ζp )p−1 to CF .
Theorem 4.2. Suppose that Vandiver’s conjecture holds at p. Consider the following
subsets of Z/(p − 1)Z:
R = {k | (p, k) irregular}
and
I = {i | i odd, (ηi , ηk−i )p,F,S 6= 0 for all k irregular for p}.
The height of the annihilator of XF̃ as a Λ̃-module is at least one more than the maximal
number of disjoint translates i + R with i ∈ I.
(1−k)

Proof. Since we have assumed Vandiver’s conjecture, AF
is cyclic for all irregular k
for p, and all other eigenspaces of AF are trivial. Therefore, the condition that i ∈ I is
equivalent to that of (3) holding for a = ηi , along with the extension of F defined by
a pth root of ηi being totally ramified above p (i.e., i 6= p − k 0 for all k 0 irregular for p
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[MS, Section 5]). Let Li denote the unique Zp -extension of K Galois over Q and abelian
over F that contains a pth root of ηi . Then Proposition 3.3 yields that YLi ∼
= XK via
restriction.
Let i1 , i2 , . . . , id ∈ I be such that the translates is + R are all disjoint as s runs over
1 ≤ s ≤ d, let Ms = Li1 · · · Lis for any such s, and set M0 = K. Suppose by induction
on d that YMd−1 ∼
= XK via restriction. Again, the assumption that i ∈ I implies that
Li /K is totally ramified at p. Since the Gal(Li /K) have ∆-actions given by distinct
powers of the Teichmüller character, Md has a unique prime above p, and that prime is
totally ramified over F .
Now set G = Gal(Md /K), H = Gal(Md /Md−1 ), and T = Gal(Md /Ld ). By Proposition 2.1b, we know that (YMd )T ∼
= YLd . We therefore have
2
0 = (IH YLd )H ∼
YMd ).
= (IH (YMd )T )H ∼
= IH YMd /(IT YMd ∩ IH YMd + IH

(4)

By assumption, we have
IT YMd /(IT YMd ∩ IH YMd ) ∼
= IT ((YMd )H ) ∼
= IT YMd−1 ∼
= IT XK = 0,
so we have
IT YMd = IT YMd ∩ IH YMd

(5)

and therefore
IT YMd ⊆ IH YMd .
Consider for N = H and N = T the natural surjective Zp [∆]-homomorphisms
πN : XK ⊗Zp N → (IN YMd )G ,
with
πN (x ⊗ σ) = (σ − 1)x̃ (mod IG IN YMd ),
where x̃ ∈ YMd restricts to x. Since the Zp [∆]-eigenspaces of XK ⊗Zp N are nontrivial
outside of those of the characters ω 1−k+it with k irregular for p and t ≤ d−1 if N = T and
t = d if N = H, we have that (IN YMd )G is also nontrivial at most in these eigenspaces.
Since the it + R are all disjoint, the canonical map
(IT YMd )G → (IH YMd )G
is zero, and hence
2
IT YMd ⊆ IG IH YMd = (IT IH + IH
)YMd .
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But (5) then forces
2
(IT YMd ∩ IH YMd ) + IH
YMd = IG IH YMd .

Given this, (4) implies that (IH YMd )G = 0, that is,
YMd ∼
= (YMd )H ∼
= YMd−1 ,
and so YMd ∼
= XK via restriction.
Since there exists a unique prime over p in Md , the kernel of XMd → YMd is a quotient
of Zp , so XMd is finitely generated over Zp . By Corollary 2.3, the annihilator of XF̃ then
has height at least d + 1 as a Λ̃-module.
Corollary 4.3. Suppose that Vandiver’s conjecture holds at p, let r be the p-rank of AF ,
and let s be the number of odd integers i with 1 ≤ i ≤ p − 2 such that (ηi , ηk−i )p,F,S 6= 0
for all k irregular for p. Then the height j of the annihilator of XF̃ as a Λ̃-module
satisfies
s
+ 1.
j≥ 2
r −r+1
Proof. Let R and I be as in Theorem 4.2. Suppose that we have t disjoint translates
of R by elements of I. Each translate of R contains r elements and intersects at most
r2 −r +1 of the s translates of R by elements of I. Therefore, so long at t(r2 −r +1) < s,
there exists at least one other translate by an element of I that does not intersect any
of the given translates. The result then follows from Theorem 4.2.
We remark that, for p < 1000, one has r ≤ 3 and
when r = 1, 2, and 3, respectively.
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p−1
2

− s ∈ [2, 6], [6, 8], and [9, 12]

The maximal unramified pro-p extension

We now turn to the study of the structure of the Galois group GK of the maximal
unramified pro-p extension of the field K of all p-power roots of unity.
Lemma 5.1. Let M/L be an unramified abelian pro-p extension with torsion-free Galois
group H, and assume that M and L are Galois extensions of F . Then there is a canonical
exact sequence of Λ(Gal(L/F ))-modules,
H ∧Zp H → (XM )H → XL → H → 0.
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Proof. This arises directly from the obvious exact sequence
1→

[GL , GL ]
GM
GL
GL
→
→
→
→ 1.
[GM , GL ]
[GM , GL ]
[GL , GL ]
GM [GL , GL ]

Moreover, we note that the sequences in Lemma 5.1 are natural in L and M (and
thereby H) in the obvious sense. We have the following result on the structure of GK .
(1−k) ∼
Theorem 5.2. Assume that Vandiver’s conjecture holds at p and that XK
= Zp for
each irregular k for p. Assume also that for any irregular k 0 > k for p, we have both that
k + k 0 6≡ 2 mod p − 1 and that j = k whenever j 0 > j are irregular for p with j + j 0 ≡
k + k 0 mod p − 1. Then the group GK is abelian if and only if (ηp−k , ηk+k0 −1 )p,F,S 6= 0 for
all irregular k 0 > k for p.

Proof. Under Vandiver’s conjecture, XK is p-torsion free, so GK is free pro-p and abelian
if the Zp -rank of XK is at most 1. Hence, we may assume that the Zp -rank of XK is at
least 2. Then, by assumption, XK has at least two nontrivial Zp [∆]-eigenspaces, where
∆ = Gal(F/Q). Fix k irregular for p, and consider the unramified Zp -extension L/K
(1−k)
defined by H = XK .
We begin by showing that XL ∼
= (XL )H . This is equivalent to showing that (IH XL )H
is trivial. Note first that (XL )H ∼
= (YL )H . Furthermore, we claim that
(IH XL )H ∼
= (IH YL )H .

(6)

The image of a decomposition group above p in XL must lie in the trivial Zp [∆]eigenspace of (IH XL )H . On the other hand, by the procyclicity of the eigenspaces
0
of XK and Vandiver’s conjecture, (IH XL )H can only be nontrivial in its (ω 2−k−k )eigenspaces for k 0 irregular with k 0 6= k, so the claim follows from our assumption that
k + k 0 6≡ 2 mod p − 1.
Note that the condition
(ηp−k , ηk+k0 −1 )p,F,S 6= 0
(7)
for all irregular k 0 6= k is equivalent to the statement that
(1−k0 )

AF

⊗ µp ⊆ (ηp−k , CF )p,F,S ,
(j)

as the odd eigenspaces of AF are cyclic and CF is generated by ηp−j for each even j. Let
E denote the extension of F by a pth root of ηp−k . Since E/F is unramified, we have
M
(1−k0 )
AE/F ∼
AF
.
=
k0 6=k
(p,k0 ) irregular
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We therefore have
(ηp−k , CF )p,F,S = AE/F ⊗ µp
exactly when (7) holds for any irregular k 0 for p not equal to k.
If (7) holds for all irregular k 0 6= k, then Proposition 3.3 yields that YL ∼
= XL/K via
restriction, i.e., that (IH YL )H = 0 and, therefore, (IH XL )H = 0 by (6). On the other
hand, if (7) fails for some k 0 , then Lemma 3.1 implies that IH YL 6= 0 and therefore
that the restriction map YL → XK is not injective, so in particular the restriction map
XL → XK is not. Therefore, in this case, GK is not abelian.
We now suppose that (7) holds for all k and k 0 irregular for p with k 0 > k. We have
shown that (IH XL )H = 0 for the field L and Galois group H determined by k above,
for each k. Since H ∧Zp H = 0, we have by Lemma 5.1 that XL injects into XK with
cokernel H. Now let M be the maximal unramified abelian pro-p extension of K, and
set G = XK = Gal(M/K) and N = XL ∼
= ker(G → H). From Lemma 5.1, we obtain a
commutative diagram with exact rows
N ∧Zp N

/ (XM )N

/ XL

∼

/N

/0


G ∧Zp G


/ (XM )G


/ XK

∼


/G

/ 0.

In the diagram, the leftmost horizontal arrows are surjective, the leftmost vertical arrow
is the natural injection, and the second vertical arrow is the natural surjection. It follows
that N ∧Zp N → (XM )G is surjective. Now G ∧Zp G (resp., N ∧Zp N ) is nontrivial only
0
in its (ω 2−j−j )-eigenspaces, where j < j 0 are irregular for p (resp., are irregular for
p and distinct from k). Since the j + j 0 (mod p − 1) with j < j 0 are all distinct by
0
assumption, we have that (XM )G is trivial in its ω 2−k−k -eigenspaces for all k 0 irregular
for p and distinct from k. Since this holds for all k, we have (XM )G = 0. This forces
[GK , GK ]ab ∼
= XM = 0, so GK is abelian.
Corollary 5.3. For p < 1000, the group GK is abelian. For p = 1217, 7069, and 9829,
it is nonabelian. For all other p < 25,000, it is abelian if ( · , · )p,F,S is surjective.
Proof. Vandiver’s conjecture and the assumption that the nontrivial eigenspaces of XK
are procyclic are known for p < 12,000,000 [BCEMS]. Using Magma, we checked that
the congruences assumed not to hold among irregular k for p are never satisfied for
p < 25,000. We then checked the pairing values that appear in the tables mentioned
in [MS, Theorem 5.1] (now completed for p < 25,000). That is, for each irregular k
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and k 0 for p with k < k 0 , we checked the table value bp,k,k0 ∈ Z/pZ that corresponds to
ap,k,k0 = (ηp−k , ηk+k0 −1 )p,F,S to see if it is zero. Since
ap,k,k0 = bp,k,k0 · cp,k0
(1−k0 )

for some cp,k0 in AF
⊗ µp , the triviality of bp,k,k0 implies the triviality of ap,k,k0 . On
the other hand, the converse holds whenever ( · , · )p,F,S is surjective. We know this
surjectivity to be the case for p < 1000 by Theorem 3.2.
The values bp,k,k0 with p < 25,000 are nonzero aside from three exceptions:
• p = 1217, k = 784, and k 0 = 866,
• p = 7069, k = 1478, and k 0 = 2570,
• p = 9829, k = 4562, and k 0 = 7548.
(We remark that the index of irregularity of p is 3 for p = 1217 and 2 for p = 7069 and
p = 9829.) The result now follows from Theorem 5.2.
We remark that McCallum and the author have conjectured that ( · , ·)p,F,S is surjective when Vandiver’s conjecture holds at p [MS, Conjecture 5.3], so we expect GK to
be abelian for all p < 25,000 other than 1217, 7069, and 9829.
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