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Modular curves

Set Z = (C—R)UQU {oo}. GLy(Z) acts on Z by (24)z = 2L,
Fix N > 4.

Definition (Congruence subgroups)

Let To(N) ={(2%) € GL2(Z) | c=0mod N}.
Let Iy (N) = {(2%) € [4(N) | d =1 mod N}.

Definition (Complex modular curves)

Let 9 = I';(N)\(C — R) and X = I'; (N)\Z.

Definition (Modular schemes)

Yi(N) (resp., X1(N)) is the fine moduli scheme over Z[+] for isomor-
phism classes of pairs (E, P) with E a (generalized) elliptic curve and
a “point P of order N on E.”

We have 9) = Y1(N)(C) and X = X;(V)(C).




Modular symbols

Definition (Cusps)

The cusps on X are C = I'1(N)\P'(Q).
The nonzero cusps C° C C are those not lying over 0 € I'g(N)\Z.

Definition (Plus-minus parts)

Set Z' = Z[%]. For a Z'[r]-module M, where 7 is a complex conjugation,
let M* ={m € M |rm=+m}.

y

Definition (Modular symbols)

Modular symbols are elements of M = H;(X,C,Z/)*.
Partial modular symbols are elements of M°? = H;(X,C° Z")*.
Cuspidal modular symbols are elements of S = Hy (X, Z")*.

0—S— M?— €% — 0, where €° =ker(P, .0 Z' — Z')*, is exact.




Manin symbols

The modular symbols are generated by the plus parts {a — 8} € M
of the classes of the geodesics on X from some a € C' to some g € C.

Definition (Manin symbols)
For u,v € Z/NZ with (u,v) = (1), the Manin symbol [u : v] € M is

[“51’}:{1\%—}1\%}7

where (@ Y) € SLy(Z) with (u,v) = (¢, d) mod NZ2.
cd

Theorem (Manin)

The Manin symbols [u : v] generate M, and those with u,v # 0 generate
M°O, and the relations [u: v] = [—u:v] = —[v : u] along with

[u:v]=[u:u+v]+u+v:v)

(with u,v,u+v # 0 for M°) present these Z'-modules.




Hecke operators

Definition (Double coset operators)

For g € M5(Z), det g > 0, the double coset operator ¢(g) on M acts as

tg){a— By = {ha,hp},

heS,

where I't (N)gI'1 (V) = [T, T1(V)h.

Definition (Hecke operators)

To(N) with d = j mod N.

(7) depends only on the image of j in A = (Z/NZ)* /{—1).




Hecke algebras and the Eisenstein ideal

Definition (Hecke algebras)

The modular Hecke algebra $ C Endz (M) is the commutative Z'-
subalgebra generated by the Hecke and diamond operators.
We likewise define the cuspidal Hecke algebra b C Endz (S).

Both $ and h are Z'[A]-algebras for inverses of diamond operators.

Definition (The Eisenstein ideal)

Let I be the ideal of §) (or its image in h) generated by T(¢) — 1 — £(£)
for primes £4 N and T'(¢) — 1 for primes ¢ | N.

The quotient $/Z is isomorphic to Z'[A]. The quotient h/I is finite.




Cyclotomic units

Let (y = €*™/N ¢ C denote a primitive Nth root of 1. Let uy = ((n).

Definition (Cyclotomic fields)

Fn = Q(¢w) is the Nth cyclotomic field with integer ring O = Z[(n]-
Fi = Q(Cy + ¢y') is the maximal totally real subfield of Fy.

Note that Gal(Fy/Q) & (Z/NZ)* and Gal(Fy /Q) & A.

Definition (Cyclotomic units)

The group C of cyclotomic N-units is the subgroup of & = O[+]*
generated by 1 — (¥ for i € Z — NZ.

The index [€ : C] is the class number of Fy, (up to a power of 2).




The second K-group

The groups K»(O[4;]) are finite. We list some results.

Theorem (Tate)

There is a canonical isomorphism

K3(O[37)) ® Zy = H*(Gry 1, Zy(2)),

for every prime p dividing M, where Gy nr is the Galois group of the
mazximal extension of Fy unramified outside the set of primes over M.

Remark

There are canonical exact sequences:

0 — CLlO[#]) ® un = K2(O[%]) ®2 Z/NZ — EB“N — pun — 0,
pIN

where C1(O[+]) is the class group of O[+], and

0 — K3(0) = K2(0O[%]) — G}((’)/p)X — 0.
pIN




Symbols in K>

The product on K;(O[+]) 2 & is a map
{, ) &€xe— K(0[%))

that takes (z,y) to the Steinberg symbol {z,y}.

Let Ky = (K2(0) ®z Z')* and K9 = (K»(O[4]) ®z Z)*.

Definition (Symbol map)

The symbol map is the map

{,}T:CcxC—K)

induced by { , } via restriction and projection.

Conjecture (McCallum-S.)

If N = p is prime, then the image of { , }* contains K3 Q@z Z,.




Theorem (S., Busuioc)

There is a well-defined map of Z'[A]-modules
I: M? = K3, T([u:v]) = {1 - ¢, 1= R},

where j € A acts by (j) on M° and by o; with o;(Cy) = C]JV on K9 .

Theorem (Fukaya-Kato, Conj. of S.)

The map 11 factors through a map w®: M°/IM® — K.

Proposition (Fukaya-Kato)

There is a commutative diagram

SIS —— M/ IMY —— &%/1¢® ——— 0

P

0—— K2 K3 By v (O/fp) —0




A conjecture on w

Question

How close are @ and @ to being isomorphisms?

Conjecture (S.)
Write N = Mp" with p an odd prime, pt M, and r > 0. On p-parts,
w and @’ are split surjections that are isomorphisms

Q if pt|(Z/MZ)*| and

@ on primitive parts for the (Z/MpZ)* -actions on both sides.

| A

Idea

The homology groups of modular curves modulo Eisenstein ideals
should tell us the structure of the minus part of C1(O).

V.




p-adic characters

o Let p > 5 be prime with N = Mp" for r > 1 and p{ My(
o Fix an primitive even character 0: (Z/MpZ)* — Q).
o Let w: (Z/MpZ)* — Z,5 denote the Teichmiiller character.

).

0w |z pzyx # 1 or 0w*1|(Z/MZ)x(p) #1 (and 0 # 1,w?).

Definition (#-eigenspace)

Let Ry denote the ring of values of 6 over Z,. For a Z,[(Z/MpZ)*]-
module M, let My = M ®z_(z/mpz)*] Ro, where Zy[(Z/MpZ)*] — Ry
is induced by 6.




A map in the other direction

Theorem (Ohta, S., Fukaya-Kato)

Let T denote the b[Go n]-module H}(X1(N)q,2Zy(1)). There is a
canonical exact sequence

0=>P—Tg/ITg > Q—0

of hg[Gq,n]-modules and canonical isomorphisms
Q P = 8y/1ISy with trivial Galois action, and
Q@ Q= (h/1)y(1), where o acts by multiplication by (j) on (h/I)".

Remark

The 1-cocycle b: Gg — Homy (Q, P) attached to the sequence is a map
which restricts to an unramified homomorphism on G, y,)-

We compose the restriction with evaluation at the canonical generator
of () and use class field theory and Tate’s theorem to obtain a map

Ty: (K:g Xz Zp)9 — 89/189.




The conjecture

We now have maps
we 89/]89 — (ICQ ®z Zp)9

and

Yo: (’CQ (S Zp)g — 89/189.

Conjecture (S.)

The maps wy and Yy are inverse to each other.

Remark

The quotient Sy/ISy is canonically isomorphic to an Eisenstein quotient
of the space of cusp forms with Z,-coefficients of weight 2, level N, and
character 6~ on (Z/MpZ)*.

| \

Remark

Fukaya and Kato have proven a major result towards this conjecture,
which is best stated up the modular and cyclotomic towers Xi(Mp")
and Q(uarpr) for increasing r, in which our conjecture was originally
formulated.
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Passing up the modular and cyclotomic towers

Definition (Iwasawa algebra)

A= Zpﬂ@T(Z/MpTZ)XH is the Iwasawa algebra, which we view both
as an algebra of Galois elements and of inverses of diamond operators.

Definition (The unramified Iwasawa module)

Let X, denote the Galois group of the maximal unramified abelian
pro-p extension of Q(farpe).

Definition

Let Soo = lim Hy (X1 (Mp"), Zy).
Let I, denote the Eisenstein ideal in Hida’s cuspidal Hecke algebra.

Tr|

| \

Remark

Inverse limits over r of wy and Yy in towers for NV = Mp" are maps

Weo, (SOO/IOQSOO)Q — Xoo(l)g, Tooﬁ: Xoo(l)g — (Soo/IooSoo)G

of Ag-modules.

N




The result of Fukaya-Kato

Definition (power series interpolating p-adic L-function)

Let & € Ag be the unique element such that
Eo(u® —1) = Ly(w?07 1,5 —1)

for all s € Zy,.

Theorem (Fukaya-Kato)
One has

géTooﬂ O Woo,l = gé

0N (Soo/I50S0)0 ®z, Qp, where & denotes the derivative of & in the
s-variable.

.

If we can remove ®z,Q, or know that S /IoSso is p-torsion free, then
this descends immediately to an interesting statement for wy and Yy,
where the modules are finite.




Some consequences

Remark (Iwasawa, Ferrero-Washington)

X is p-torsion free.

Corollary

If Lp(z,ugﬁ_l7 s) has no multiple zeros, then we g and Yoo g are inverse
modulo torsion in (Seo/IseSo)s-

| 5\

Corollary

If L,(w?071,5) has no multiple zeros, then woop © Yoo,p = 1. In par-
ticular, ws,p 15 surjective, so the conjecture of McCallum-S. holds in
the 0-eigenspace.

<

The most important of many keys to the proofs of the results of Fukaya-
Kato is the fact that Beilinson-Kato elements specialize to Steinberg
symbols of cyclotomic N-units at the cusps.




The rational function field

For the remainder of the talk, we turn to joint work with Fukaya and
Kato on an analogue of the conjecture for global function fields.

Let ¢ be a power of a prime /.
Set F =F,(¢t) and A = F[t].
Let oo be the infinite place of F, corresponding to m = ¢~ *.
Let Foo = Fy((m)) and O = Fy[[7].

Let N € A be a nonconstant polynomial.

Table: Analogy with rational numbers

Ground field Q Fq(t)

Modular group GL2(2) GL2(A)

Level N>1 N € A nonconstant
Homology Hi(X1(N),Z2")* H; of Bruhat-Tits tree quot.
Modular symbols || paths between cusps paths between ends
Cyclotomic units || 1 — (x roots A, of Carlitz polynomial
Cyclotomic field Gal = (Z/NZ)* Gal = (A/NA)*

Real subfield quotient by (—1) quotient by Fy

Galois module H}, of modular curve | H} of Drinfeld modular curve




The Bruhat-Tits tree

Definition (Bruhat-Tits tree)

The Bruhat-Tits tree B for F is a (q+ 1)-valent tree with vertices given
by homothety classes of O-lattices in FZ. There is an edge between
classes of lattices L and L’ if and only if there exists 4 € Z such that
L C L' with [L' : 7°L] = q.

Remark

| \

There is a canonical action of PGLy(Fw) on B induced by the action
of GLy(F) on lattices.

v

Definition (End)

An end is a ray in B consisting of a union of edges starting from the
class of O% . These correspond to elements of P!(F,,).

v

Let B* = BUP!(F) (adding a point at the end of each rational edge).




Modular symbols

Definition (Congruence subgroups)

Let To(N) = {(2%) € GL2(A) | ¢ = 0 mod N}.
Let I'1(N) ={(2%) €To(N) | d=1mod N}.

Definition (Modular quotients and ends)

Let 9 = ') (N)\B and X = Ty (N)\B*. Let C = I'y(N)\P!(F).
Let C° denote the ends in C' which do not lie over 0 € To(N)\P(F).

Notation (Modular symbols)

Let S = Hi(X,Z,), M® = H,(X,C°,Z,), and M = Hy(X,C, Z,).

Definition (Modular symbol)

For a, 8 € C, the modular symbol {a — S} € M is the class of the
image of a path from « to 8 in B*.




Manin-Teitelbaum symbols
The modular symbols {o — 5} generate M.

Definition (Manin-Teitelbaum symbols)

For u,v € A/NA with (u,v) = (1), the Manin-Teitelbaum symbol
[u:v] € M is
[w:v] = {5 = %a}

where (¢ %) € GLy(A) with (u,v) = (¢,d) mod NA2.

Theorem (Teitelbaum)

The symbols [u : v] generate M, those with u,v # 0 generate M°, and
the relations [u : v] = [—u:v] = —[v:u] = [u:u+v]+ [ut+v: ]
present these groups.

There are Hecke and diamond operators acting on M, M°, and S.




Drinfeld modules

Definition

For an A-algebra R, let R{7} denote the ring of power series in 7 with
R-coefficients with multiplication the usual multiplication on R and
powers of 7 and 7F . rr = r? 7% for r € R and k > 1.

v

Definition (Drinfeld module over a field)

For an A-field L (given by t: A — L) and n > 1, a rank n Drin-
feld module is a ring homomorphism ®: A — L{7} such that, writing

D(a) = Y79 ¢;(a)7 for a € A, we have ¢y = ¢ and ¢, (t) # 0.

Example (Carlitz module)

The Carlitz module is the rank 1 Drinfeld module with ®(t) = ¢ + 7.

There is a notion of a Drinfeld module ® over an A-scheme S, which in
particular is a Drinfeld module at each point. We also have a notion of
generalized Drinfeld module, where the condition on ¢, (t) is relaxed.




Cyclotomic extensions

Let C4 denote the completion of the algebraic closure of F.

Definition (Carlitz exponential)

The Carlitz exponential is the additive map exp: Coo — Co with

exp@)=c [ (1-2),

acA—{0}

with exp(az) = ®(a)(exp(z)) for a € A and z € C.

Definition (Cyclotomic unit)

Foru € A—NA, set A\, = exp(‘{), where m € Co, with 7 an A-module
generator of the kernel of exp.

v

Theorem (Carlitz)

The Ay are N-units in an abelian, unramified outside Noo extension
Fn = F(\) of F with constant field Fy, Galois group (A/NA)*, and
integer ring Ay = A[M]. The mazimal subeztension Fy, in which oo
splits completely satisfies Gal(Fy /Fy) & Fx.




Fix a prime p # £ with pt (¢ —1). Use + to denote the FX*-fixed part.

Definition (K-groups)

Set K3 = (K2(An[%]) ®z Zp)T and Ko = (K2(An) ®z Zp)*.

From now on, we write S for S ®z Z, and so on.

Theorem

There exists a map I1: M° — K3 such that H([u : v]) = {Ay, Ao},
where { , }* denotes the projection of the symbol map to the plus part.

Let $ and h denote the Hecke algebras for M and S, respectively.
These have Eisenstein ideals I, defined as before but for elements of A.

The map 11 factors through a map w®: M®/IM° — K3, where I is an
Eisenstein ideal in $). It restricts to a map w: S/IS — K.

The two theorems are proven simultaneously using products of Siegel
units on Y3 (N).



Drinfeld modular curves

Definition (Drinfeld modular curves)

The Drinfeld modular curve Y;(N) (resp., X1(N)) is the A[+]-scheme
parameterizing isomorphism classes of rank 2 Drinfeld modules (resp.,
generalized Drinfeld modules) £ together with a “point of order NV.”

Remark

We have identifications Y7 (N)(Cy) = T'1(IV)\(Co — Fo) and

| A

Remark

There is a GLa(F )-equivariant “building map” X;(NV)(Cs) — X re-
stricting to Y1 (N)(Co) — 2.

V.

Let T = Hét(Xl(N)/poo,Zp(l)).




The map T

o Fix a primitive character 6: (A/NA)* /Fy — @;

o Let Ry the value ring of 0 over Z,, and define 0-parts as before.

v

Theorem

There is an exact sequence 0 — P — Tg/ITg — Q — 0 of h[Ga n]-
modules, where P = S/IS and Q = (h/1)"(1).

v

Via a connecting homomorphism in the Galois cohomology of the Tate
twist of this sequence, we can construct a map Yy: (S/18)g — (Ka2)e.

The maps wy and Yy are inverse to each other.

Consider L(6~!, s) with Euler product Hr,fN(l —O(r)"IM(r)=%)" L

We have £, o wyg = £, where &, = L'(671,-1).




The big picture

Our philosophy is this:

geometric theory of GL,, modulo an Eisenstein ideal
—
arithmetic theory of GL,_1

For function fields, many of the tools required to formulate and at-
tempt to prove a conjecture validating this philosophy are available, in
particular due to recent work of Kondo-Yasuda.




