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Let p be an odd prime.

The goal of this talk is to state a conjecture that relates two

sets of objects:

cup products of cyclotomic
p-units in Galois cohomology
unramified outside p

p-adic L-values “mod p' of
cusp forms congruent to
Eisenstein series

This fits into an Iwasawa and Hida-theoretic conjectural rela-

tionship:

A “reciprocity map’ applied
to a norm compatible se-
quence of 1 minus p-power
roots of 1

A two-variable p-adic L-
function taken modulo the
square of the Eisenstein
ideal.




et F'= Q(up), & = Gal(F/Q). iy = (),
w: A =y, 1(Zp) CZy, 5(¢) =¥ 9) Teichmiiller character.

A Zy[A]-module = eigenspace decompositions

p—2 , .
A= AW A0 = {a € A|da =w(d)'a, for all 6 € A}

i=0
and
p—3 ,
AT = @ AW and A~ @ A,
=0 .
z‘zeven zodd
Define

€ € LplA], €¢=—— Z w(8) 7.
P—1lsca

Then ¢;: A — A



C'r p-completion of the cyclotomic p-units of F':
Cp = (1 - Q%A set n; = (1 - )1,
» = pp and C}l_z) = (n;) for odd 1.

Ap p-part of the ideal class group of F.
Herbrand-Ribet: k£ > 2 even,

1—k B
A% )#O@p|?k.

We say (p, k) is irregular if p| B, and 2 <k <p— 3.
Reflection principle:

A 20 AQR g AW — g o AQP) cyeic.
Vandiver's Conjecture: A}'; = 0. p< 12,000,000 [BCEMS].
G Galois group of max. unramified outside p extension of F.

Cr/pCr — HY(&p,pup) and Ap/pAp = H?(Sp, up).



Cup product

U
Hl(QSFaMP) X H1(®F7Mp) — H2(Q§F7:U“g)2)
sets up a Galois-equivariant pairing

(-,-): CFXCF—>AF®ILLP.
For + odd and k even, we have
1—k
eik = (miyme_i) € AL @ pp.

McCallum-S.: Computation of the e; ;. up to a single scalar in
Z/pZ for each irregular (p, k) with p < 25,000.
Issue: Scalars could be zero!

Conjecture (McCallum-S.). The e; }, generate A%l_k) ® Lp.

Theorem (S.). The conjecture holds for p < 1000.



Examples of the (e1 e3 ... ep,_2) up to scalar:
p = 37, k = 32
(126 03613531343623610113611 26)

p =059 k=44
(14521 301435504857 7 522 11 0 54 24 45 29 38 14
58 27 32 15 0 44 27 32)

p = 67, kK= 58
(1453856047 62929 1565 26 4557 0 10 22 41 2 52 38
58 520 0 11 29 22 66 2 24 43 65)

p = 101, k = 68

(15640962663 061817135927364638800 1395 37
28 9 66 30 2040 0 38 75 5 61 45 100 17 17 12 66 72 53 86
31 70 15 48 29 35 89 84 84)



X1(p) compact modular curve of level p, C1(p) = {cusps}.
h C EndeHl(Xl(p); Z,) weight 2 cuspidal Hecke algebra:
generators Up, T; (I = p), (a) (a € (Z/pZ)*).

T C EndeHl(Xl(p),Cl(p); Z,) modular Hecke algebra.

H1(X1(p); Zp) — H1(X1(p),C1(p); Zp)
Manin-Drinfeld splitting:

s: H1(X1(p),C1(p); Qp) — H1(X1(p); Qp),
compatible with T — .

{a, >} class in H1(X1(p),C1(p); Zyp) of vertical path from a € Q
to oo in upper half plane.

Define £(a) for a € Q by £(a) = s({a, x}).



Consider w as a Dirichlet character (Z/pZ)* — Z;;.

Eisenstein ideal Z;, C h with character w*~2: generators
Up—1, Tj—1—I) (I #p) (a) —w(a)* 2 (a € (Z/pZ)>).
Set my, = ph 4+ Z, b = bm,,.

Let

Ve = H1(X1(p); Zp)m;, and Zp = s(H1(X1(p), C1(p); Zp))m,
We have Y, C Z,.
complex conjugation: Z; = Z,;" ® Z, as hi-modules.

zZ- =Y, and Z /¥ 2b,./T.



Choice of +: Q — C vyields p: Gq — Auty V.
The following results from work of Ribet, Mazur-Wiles, Wiles,
Kurihara, Harder-Pink, Ohta, ...

Theorem. T here exists a homomorphism, canonical up to choice
of ¢,

br: AR @ up — Vi mt

that is an isomorphism if (p,p+ 1 — k) is regular.

This is obtained by looking at the map

GQ — Homhk(yk_,y,j')
induced by p.

Remark. VVandiver's conjecture = A%l_k) QR pup = Z/pZ.



Define &.: Q — Z;. as £ followed by projection to Z;..
K Z;; — 1 4 pZ, canonical projection.

For s € Zy and character x: (Z/pZ)* — Z;, define

p—1 .
Lp(&rx) = D x()ék (Z—)) € Zp.

j=1
In fact, Ly(&k, x) € V-

For ¢ odd, g; ;, = image of Lp(&g,w'1) in y,j/mky,j.

Conjecture. For each (p, k) irregular, there exists ¢, € (4/pZ)”*
such that

br(ei k) = crik
for all odd +.



Eisenstein series of weight 2, level p, character wh—2:

B27wk_2 — k—2 n
Gz’wk_g - +2 > [ DY )| "
n=1 \ 1<t|n

Note: Lp(&g,x) determines the analogous p-adic L-values of
weight 2, level p cusp forms congruent to G2 k=2 modulo p.

Theorem. Suppose (p,p+ 1 — k) is regular. Then e; # 0 &
g1k 7 0 < Up — 1 generates Iy.

Remark. Last two conditions are equivalent as (MTT, Kita-
gawa):

Lp(&, 1) = Uyt (1 = Uy 1)€(0).



Let G = Gal(F(¥/Cg)/F).
Consider the exact sequence

0 — G — Z/pZ[G] /12 — Z/pZ — 0,

where I is the augmentation ideal in (Z/pZ)[G].
‘The coboundary of this twisted by p, yields:

H1(®F7MP)HH2(®F7NP)®G-
I.e., we have a map

This interpolates the cup products: if x;: G — pup is the Kum-
mer character attached to n;, then

(1@ xi)(VWE(Mk—i)) = i, M—i) F-



On the other hand, we may view Ly(xz, x) as being interpolated
by

p—1 .
J .
L= ¢& (—) ® [j] € 2, ® Zp[(Z/pZ)™].
j=1 \P
Conjecture extends to compare the “minus parts” of Wx(1—()
and £ mod 7.

More generally, one can go up the cyclotomic tower (Iwasawa
theory) and the modular tower (Hida theory) to compare a
reciprocity map on norm compatible sequences of p-units to
the two-variable p-adic L-function of Mazur-Kitagawa.



