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0 , x〉
n = 1
Define Pn+1x = 〈hn+3, h

2n+2

0 , x〉
n = 2
Define Pn+1x = 〈hn+3, h

2n+2

0 , x〉
n = 3
Define Pn+1x = 〈hn+3, h

2n+2

0 , x〉
n = 4

h20h
2
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2
2) = 0h2

n+1

0 h2n+3 = Sq2n(h2
n

0 h2n+2)
h2

n

0 h2n+2 = 0
n = 1

h2
n+1

0 h2n+3 = Sq2n(h2
n

0 h2n+2)
h2

n

0 h2n+2 = 0
n = 2

Using the relations obtained
by applying Sq0 to
h31 + h20h2 = 0,
h0h1 = 0,
h0h

2
2 = 0,

h40h3 = 0,
h20h

2
3 = 0
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Now to some Toda brackets...

c0 = 〈h1, h0, h22〉〈h0, h22, h0〉 = multiple of h20h3
〈h22, h0, h22〉 = 0
d0 = 〈h0, h22, h0, h22〉

〈h20, h23, h1〉 = 0
〈h23, h1, h0〉 = 0
e0 = 〈h20, h23, h1, h0〉

f0 = Sq1c0Sqc0 = (c1, f0, h0e0, c
2
0 )r0 = Sq2d0

Sqd0 = (d1, 0, r0, 0, d
2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1

h1(h1e1) + h20f1 =
Sq2(h0c1) = 0

h1f1 + h20c2 = Sq1(h0c1) = 0h60r0 = Sq3(h30)Sq2(d0) =
Sq5(h30d0) = 0

h3r0 = Sq2(h2d0) =
Sq2(h0e0) =
h1t0 + h20x0

h2e
2
0 = Sq4(h1e0) + h21m0 =

Sq4(h0f0) = h20(h3r0) = h40x0

h22d1 = Sq1(h2d0) =
Sq1(h0e0) = h1x0

h1y0 = Sq2(h0f0) = Sq2(h1e0) =
h2t0 + h21x0 = h2t0

h2m0 = h2m0 + h21m0 =
Sq3(h1e0) = Sq3(h0f0) =
h1h3r0 + h20y0 = h20y0

This is a cool pattern!
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Now to some Toda brackets...

c0 = 〈h1, h0, h22〉

〈h0, h22, h0〉 = multiple of h20h3
〈h22, h0, h22〉 = 0
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f0 = Sq1c0Sqc0 = (c1, f0, h0e0, c
2
0 )r0 = Sq2d0

Sqd0 = (d1, 0, r0, 0, d
2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1
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Sq2(h0c1) = 0
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Sq5(h30d0) = 0
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Sq3(h1e0) = Sq3(h0f0) =
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This is a cool pattern!
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f0 = Sq1c0Sqc0 = (c1, f0, h0e0, c
2
0 )r0 = Sq2d0

Sqd0 = (d1, 0, r0, 0, d
2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1

h1(h1e1) + h20f1 =
Sq2(h0c1) = 0

h1f1 + h20c2 = Sq1(h0c1) = 0h60r0 = Sq3(h30)Sq2(d0) =
Sq5(h30d0) = 0

h3r0 = Sq2(h2d0) =
Sq2(h0e0) =
h1t0 + h20x0

h2e
2
0 = Sq4(h1e0) + h21m0 =

Sq4(h0f0) = h20(h3r0) = h40x0

h22d1 = Sq1(h2d0) =
Sq1(h0e0) = h1x0

h1y0 = Sq2(h0f0) = Sq2(h1e0) =
h2t0 + h21x0 = h2t0

h2m0 = h2m0 + h21m0 =
Sq3(h1e0) = Sq3(h0f0) =
h1h3r0 + h20y0 = h20y0

This is a cool pattern!
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Now to some Toda brackets...c0 = 〈h1, h0, h22〉〈h0, h22, h0〉 = multiple of h20h3
〈h22, h0, h22〉 = 0
d0 = 〈h0, h22, h0, h22〉

〈h20, h23, h1〉 = 0
〈h23, h1, h0〉 = 0
e0 = 〈h20, h23, h1, h0〉

f0 = Sq1c0Sqc0 = (c1, f0, h0e0, c
2
0 )r0 = Sq2d0

Sqd0 = (d1, 0, r0, 0, d
2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1

h1(h1e1) + h20f1 =
Sq2(h0c1) = 0

h1f1 + h20c2 = Sq1(h0c1) = 0h60r0 = Sq3(h30)Sq2(d0) =
Sq5(h30d0) = 0

h3r0 = Sq2(h2d0) =
Sq2(h0e0) =
h1t0 + h20x0

h2e
2
0 = Sq4(h1e0) + h21m0 =

Sq4(h0f0) = h20(h3r0) = h40x0

h22d1 = Sq1(h2d0) =
Sq1(h0e0) = h1x0

h1y0 = Sq2(h0f0) = Sq2(h1e0) =
h2t0 + h21x0 = h2t0

h2m0 = h2m0 + h21m0 =
Sq3(h1e0) = Sq3(h0f0) =
h1h3r0 + h20y0 = h20y0

This is a cool pattern!
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Now to some Toda brackets...c0 = 〈h1, h0, h22〉〈h0, h22, h0〉 = multiple of h20h3
〈h22, h0, h22〉 = 0
d0 = 〈h0, h22, h0, h22〉

〈h20, h23, h1〉 = 0
〈h23, h1, h0〉 = 0
e0 = 〈h20, h23, h1, h0〉

f0 = Sq1c0

Sqc0 = (c1, f0, h0e0, c
2
0 )r0 = Sq2d0

Sqd0 = (d1, 0, r0, 0, d
2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1

h1(h1e1) + h20f1 =
Sq2(h0c1) = 0

h1f1 + h20c2 = Sq1(h0c1) = 0h60r0 = Sq3(h30)Sq2(d0) =
Sq5(h30d0) = 0

h3r0 = Sq2(h2d0) =
Sq2(h0e0) =
h1t0 + h20x0

h2e
2
0 = Sq4(h1e0) + h21m0 =

Sq4(h0f0) = h20(h3r0) = h40x0

h22d1 = Sq1(h2d0) =
Sq1(h0e0) = h1x0

h1y0 = Sq2(h0f0) = Sq2(h1e0) =
h2t0 + h21x0 = h2t0

h2m0 = h2m0 + h21m0 =
Sq3(h1e0) = Sq3(h0f0) =
h1h3r0 + h20y0 = h20y0

This is a cool pattern!
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Now to some Toda brackets...c0 = 〈h1, h0, h22〉〈h0, h22, h0〉 = multiple of h20h3
〈h22, h0, h22〉 = 0
d0 = 〈h0, h22, h0, h22〉

〈h20, h23, h1〉 = 0
〈h23, h1, h0〉 = 0
e0 = 〈h20, h23, h1, h0〉

f0 = Sq1c0

Sqc0 = (c1, f0, h0e0, c
2
0 )

r0 = Sq2d0
Sqd0 = (d1, 0, r0, 0, d

2
0 )

Define m0, t0 and x0
by Sqe0 = (e1, x0, t0,m0, e

2
0)

y0 = Sq2f0
Sqf0 = (f1, 0, y0, h3r0, 0)

Sqc1 = (c2, f1, h1e1, c
2
1 )We multiple these elements

with the hn
h1c

2
0 = Ph32 forced by

subsequent relations
h21d0 = c20 forced by MAYSS
Similarly, h20d0 = Ph22
Similarly, h2d0 = h0e0
Hence, h3d1 = h1e1

h1e0 = h0f0 forced by MAYSS
Hence, h2e1 = h1f1

h1(h1e1) + h20f1 =
Sq2(h0c1) = 0

h1f1 + h20c2 = Sq1(h0c1) = 0h60r0 = Sq3(h30)Sq2(d0) =
Sq5(h30d0) = 0

h3r0 = Sq2(h2d0) =
Sq2(h0e0) =
h1t0 + h20x0

h2e
2
0 = Sq4(h1e0) + h21m0 =

Sq4(h0f0) = h20(h3r0) = h40x0

h22d1 = Sq1(h2d0) =
Sq1(h0e0) = h1x0

h1y0 = Sq2(h0f0) = Sq2(h1e0) =
h2t0 + h21x0 = h2t0

h2m0 = h2m0 + h21m0 =
Sq3(h1e0) = Sq3(h0f0) =
h1h3r0 + h20y0 = h20y0

This is a cool pattern!
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Now to some Toda brackets...c0 = 〈h1, h0, h22〉〈h0, h22, h0〉 = multiple of h20h3
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d0 = 〈h0, h22, h0, h22〉

〈h20, h23, h1〉 = 0
〈h23, h1, h0〉 = 0
e0 = 〈h20, h23, h1, h0〉
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So far we have...

Adding in all elements up to stem 38
below filtration 11 gives...

We almost have a regular
pattern in the middle

This pattern becomes more evident
further along the “v1-line”

We now have everything
up to the 38-stem

Using the periodicity operator, together
with a couple of Steenrod operations
and multiplications gives all
but 6 dots up to the
45-stem
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