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Abstract. For every finite group H and every finite H-module A, we deter-

mine the subgroup of negligible classes in H2(H,A), in the sense of Serre, over
fields with enough roots of unity. As a consequence, we show that for every

odd prime p, every integer n ≥ 3, and every field F containing a primitive p-th

root of unity, there exists a continuous n-dimensional mod p representation of
the absolute Galois group of F (x1, . . . , xp) which does not lift modulo p2. This

answers a question of Khare and Serre, and disproves a conjecture of Florence.

1. Introduction

1.1. The profinite inverse Galois problem. A central issue in modern Galois
theory is the profinite inverse Galois problem, which asks how to characterize abso-
lute Galois groups of fields among profinite groups. While an answer to this question
is not known, even conjecturally, several necessary conditions for a profinite group
to qualify as an absolute Galois group have been established.

The most classical result in this direction is due to Artin and Schreier [Art24,
AS27], who proved that every non-trivial finite subgroup of an absolute Galois group
is cyclic of order 2. A deeper necessary condition is the Bloch–Kato conjecture,
now a theorem due to Voevodsky and Rost [HW19], which in particular implies
that the mod p cohomology ring of an absolute Galois group of a field containing a
primitive p-th root of unity is generated in degree 1 with relations in degree 2. As
a more recent example, the Massey vanishing conjecture of Mináč and Tân [MT17]
predicts that all non-empty Massey products of n ≥ 3 elements in the mod p Galois
cohomology of fields contain the zero element. This conjecture has been proved in
several cases [HW15, MT15, MT16, EM17, HW23, MS22, MS23], and each of these
theorems provides new restrictions on the cohomology of absolute Galois groups of
fields.

In this article, we investigate restrictions to the profinite inverse Galois problem
coming from the embedding problem with abelian kernel.

1.2. The embedding problem with abelian kernel. Let F be a field, let H be
a finite group, and let A be a finite H-module. Consider a group extension

(1.1) 0 A G H 1,

where the H-module action on A coincides with the action induced by the conjuga-
tion of G on A. We say that the embedding problem for (1.1) over F has a positive
solution if for every field extension K/F , letting ΓK denote the absolute Galois
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group of K, every continuous homomorphism ρ : ΓK → H lifts to a continuous
homomorphism ρ̃ : ΓK → G:

ΓK

0 A G H 1.

ρ
ρ̃

To prove that the embedding problem for (1.1) over F has a positive solution, it
is enough to lift a single continuous homomorphism ΓK → H, corresponding to
a “generic” Galois field extension L/K over F with Galois group H; see Proposi-
tion 2.1.

This is a lifting problem. The terminology “embedding problem” is classical, and
is motivated by the fact that, letting L/K be a Galois H-algebra corresponding to
ρ, a lifting ρ̃ of ρ exists if and only if there exists a Galois G-algebra M/K such
that MA = L (that is, L embeds in M as the A-invariant subalgebra). We refer
the reader to the monograph [ILF97] for further information on this classical and
vast subject.

1.3. Lifting Galois representations. Extensions of the form (1.1) are of course
very general. Before the present work, the embedding problem with abelian kernel
was open even for some very basic extensions. Consider the following question of
Khare and Serre (cf. [KL20, Question 1.1]).

Question 1.1 (Khare, Serre). Let F be a field. Does every continuous homomor-
phism ΓF → GLn(Fp) lift to a continuous homomorphism ΓF → GLn(Z/p2Z)?

In other words, does every n-dimensional continuous mod p representation of
ΓF lift modulo p2? Question 1.1 is equivalent to the embedding problem for the
extension

(1.2) 0 gln(Fp) GLn(Z/p2Z) GLn(Fp) 1

over all fields. Question 1.1 has an affirmative answer for n = 1 and any prime p,
because the surjection (Z/p2Z)× → F×

p is split. When n = 2, Question 1.1 also
has a positive answer for every prime p, by a theorem of Khare and Serre [Kha97].
More precisely, Khare proved the theorem for number fields, and Serre observed
that Khare’s argument involved only Kummer theory, and hence generalized to
an arbitrary field; see [Kha97, Remark 2 p. 392]. To our knowledge, Question 1.1
originated from this result. De Clercq and Florence [DCF22] answered Question 1.1
affirmatively when 3 ≤ n ≤ 4 and p = 2.

Lifting methods for 2-dimensional representations are well developed over num-
ber fields, following the work of Ramakrishna [Ram02] and Khare–Wintenberger
[KW09]. Böckle [Böc03] obtained a positive answer to Question 1.1 when F is a
local field, and also when F is a global field and the image of ΓF → GLn(Fp) is suffi-
ciently large. When F is a number field containing a primitive root of unity of order
p2, all 3-dimensional mod p representations of ΓF lift modulo p2, by Khare–Larsen
[KL20].

Let Bn ⊂ GLn be the Borel subgroup of upper-triangular matrices. Consider
the following conjecture of Florence (cf. [Flo20]).
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Conjecture 1.2 (Florence). Let p be a prime number, let F be a field containing a
primitive p2-th root of unity, and let n ≥ 1 be an integer. Every continuous homo-
morphism ΓF → Bn(Fp) lifts to a continuous homomorphism ΓF → Bn(Z/p2Z).

In other words, every length n complete flag of continuous representations of ΓF
modulo p should lift to a complete flag modulo p2. Conjecture 1.2 is equivalent to
the embedding problem for the extension

(1.3) 0 bn(Fp) Bn(Z/p2Z) Bn(Fp) 1

over fields containing a primitive p2-th root of unity. By a restriction-corestriction
argument, Conjecture 1.2 implies a positive answer to Question 1.1. The original
form of Conjecture 1.2 did not assume the existence of a primitive p2-th root of
unity, but this version is false, as demonstrated by a recent counterexample of Flo-
rence [Flo24]. (As observed by Florence, this is irrelevant for potential applications
of Conjecture 1.2; see below.) In Florence’s example, the prime p is odd, n = 3,
and F = Q((t)).

Conjecture 1.2 is motivated by ongoing work of De Clercq and Florence on the
Bloch–Kato conjecture [DCF17, DCF22, DCF20a, Flo20, DCF20b]. Voevodsky and
Rost proved the Bloch–Kato conjecture using motivic cohomology and triangulated
categories of motives. As observed by De Clercq and Florence, Conjecture 1.2
implies the surjectivity assertion of the Bloch–Kato conjecture for all fields. It is
well known that this in turn implies the full Bloch–Kato conjecture by elementary
arguments; see [Gil07, Théorème 0.1]. De Clercq and Florence aimed to prove
Conjecture 1.2 using only Hilbert’s Theorem 90 and Kummer theory, in a precise
sense [DCF17, Conjecture 14.25], thus achieving an elementary proof of the Bloch–
Kato conjecture. Conti–Demarche–Florence [CDF24] proved Conjecture 1.2 for all
local fields F , without assumptions on roots of unity.

In this article, as an application of our main theorem, we negatively answer
Question 1.1 and disprove Conjecture 1.2, even over fields containing all roots of
unity.

1.4. The main theorem. The main result of this article is the determination,
in group cohomology terms, of all the extensions (1.1) for which the embedding
problem has positive solution, in the case when F contains a primitive root of
unity of order e(A)e(H). (Here and in what follows, e(−) denotes the exponent
of a finite group, that is, the least common multiple of the orders of its elements.)
The existence of such a uniform description was surprising to us: extensions (1.1)
are very general, and, as discussed above, until now the answer to the embedding
problem with abelian kernel was not known even in basic examples such as (1.2)
and (1.3).

To state our result, let α ∈ H2(H,A) be the class of (1.1), and let F be a field.
Following Serre, we say that α is negligible over F if, for every field extension K/F
and every continuous homomorphism ρ : ΓK → H, we have ρ∗(α) = 0 inH2(ΓK , A).
It is easy to see that α is negligible over F if and only if the embedding problem
for (1.1) has a positive solution over F ; see Proposition 2.1. Thus Question 1.1
may be rephrased as: Is the class of (1.2) in H2(GLn(Fp), gln(Fp)) negligible over
F? Similarly, Conjecture 1.2 predicts that the class of (1.3) in H2(B(Fp), bn(Fp))
is negligible over every field F containing a primitive root of unity of order p2.
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Theorem 1.3. Let H be a finite group, let A be a finite H-module, and let F be a
field containing a primitive root of unity of order e(A)e(H). Then the subgroup of
negligible classes in H2(H,A) is generated by the images of the maps

AH
′
⊗H2(H ′,Z) ∪−→ H2(H ′, A)

cor−−→ H2(H,A),

where H ′ ranges over all subgroups of H.

In particular, if F has enough roots of unity, the subgroup of negligible classes
over F is independent of F , and it admits a description in pure group cohomol-
ogy terms. When A acts trivially on H, the subgroup of negligible classes was
determined by Gherman and the first author in [GM22], without assumptions on
primitive roots of unity. Their result implies that the assumption on roots of unity
in Theorem 1.3 is sharp.

1.5. Non-liftable Galois representations. In addition to its conceptual signif-
icance, the description of H2(H,A)neg,F given in Theorem 1.3 is easy to use in
concrete examples. We illustrate this with the following application.

Theorem 1.4. Let p be an odd prime, let F be a field containing a primitive
p-th root of unity, and let K := F (x1, . . . , xp), where the xi are algebraically in-
dependent variables over F . For every integer n ≥ 3, there exists a continuous
homomorphism ΓK → GLn(Fp) which does not lift to a continuous homomorphism
ΓK → GLn(Z/p2Z).

In particular, (1.2) and (1.3) are not negligible over every field F of characteristic
different from p. (Conversely, if char(F ) = p, then H2(F,M) = 0 for every finite
p-torsion ΓF -module M , and hence (1.2) and (1.3) are negligible over F .)

Theorem 1.4 shows that Question 1.1 has a negative answer, and hence that
Conjecture 1.2 is false, even over fields containing all roots of unity.

1.6. Contents. We conclude this introduction with a description of the contents
of each section. In Section 2, we define and review the basic properties of degree 2
negligible cohomology classes. In Section 3, we describe the subgroup of degree 2
negligible classes as the image of a certain map γ, closely related to the transgression
map in group cohomology, and we analyze the map γ. In Section 4, we use the
work of the previous section to prove Theorem 1.3. Finally, in Section 5 we prove
that (1.2) and (1.3) are not negligible (Theorem 5.1): this already gives a negative
answer to Question 1.1 and disproves Conjecture 1.2. A slight refinement of the
argument, combined with the positive solution to the Noether problem for the group
of rank 3 upper unitriangular matrices U3(Fp), due to Chu and Kang [CK01], then
proves Theorem 1.4.

Notation. For a profinite group Γ and a discrete Γ-module A, we write Hi(Γ, A)
for the i-th cohomology group of Γ with coefficients on A. For a field F , we let
F sep be a separable closure of F , we let ΓF := Gal(F sep/F ) be the absolute Galois
group of F , and for every discrete ΓF -module A we set Hi(F,A) := Hi(ΓF , A). If
G is a finite group, we let e(G) be the exponent of G, that is, the least common
multiple of the orders of the elements of G.
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2. Negligible cohomology

Let H be a finite group, let A be an H-module, let F be a field, and let d be
a non-negative integer. An element α ∈ Hd(H,A) is called negligible over F if for
every field extension K/F and every continuous group homomorphism ΓK → H,
the induced homomorphism Hd(H,A) → Hd(K,A) takes α to zero. (Here A is
viewed as a discrete ΓK-module via the homomorphism ΓK → H.) This definition
is due to Serre; see [GMS03, §26 p. 61]. The negligible elements over F form a
subgroup

Hd(H,A)neg,F ⊂ Hd(H,A).

Suppose now that d = 2, and let α ∈ H2(H,A). Then α represents a group
extension

(2.1) 0 A G H 1,

where the H-action on A induced by the conjugation G-action coincides with the
H-module action. Conversely, every extension (2.1) is represented by an element
in H2(H,A).

Let V be a (finite-dimensional) faithful representation of H over F . Then
F (V )/F (V )H is a Galois field extension with Galois group H. It is called a generic
Galois field extension with Galois group H. The word “generic” is explained by
the next proposition.

Proposition 2.1. Let H be a finite group, let A be an H-module, and consider the
class α ∈ H2(H,A) of an extension (2.1). Let V be a faithful H-representation over
F , fix an embedding of the Galois extension F (V )/F (V )H into a separable closure
of F (V )H , and let ρ : ΓF (V )H → H be the corresponding continuous homomorphism.
The following are equivalent.

(1) The class α is negligible over F .
(2) For every field extension K/F , every continuous homomorphism ΓK → H

lifts to G.
(3) The continuous homomorphism ρ lifts to G.

Furthermore,

H2(H,A)neg,F = Ker[H2(H,A)
inf−−→ H2(F (V )H , A)].

Proof. See [GM22, Proposition 2.1, Corollary 2.2]. □

Example 2.2 (Kummer theory). Let m,n ≥ 1 be integers, and view Z/nZ as a
Z/mZ-module with trivial action. Then every class in H2(Z/mZ,Z/nZ) is negligi-
ble over every field F containing a primitive root of unity of order mn. Indeed, the
group H2(Z/mZ,Z/nZ) is generated by the class α of the extension

0 Z/nZ Z/mnZ Z/mZ 0,π

where π is the reduction map. It thus suffices to show that α is negligible over F . For
this, we observe that, because F contains a primitive root of unity of order mn, by
Kummer theory the map π∗ : H

1(K,Z/mnZ) → H1(K,Z/mZ) is (non-canonically)
identified with the quotient map F×/F×mn → F×/F×m, and hence in particular it
is surjective. In other words, every continuous homomorphism ΓF → Z/mZ lifts to
Z/mnZ. By Proposition 2.1, this is equivalent to the assertion that α is negligible
over F .
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Lemma 2.3. Let F be a field.

(1) For every finite group H and every H-module homomorphism B → A, the
induced map H2(H,B) → H2(H,A) takes the subgroup H2(H,B)neg,F into
H2(H,A)neg,F .

(2) For every homomorphism of finite groups H ′ → H and every H-module A,
the pullback map H2(H,A) → H2(H ′, A) takes the subgroup H2(H,A)neg,F
into H2(H ′, A)neg,F .

(3) For every finite group H, every subgroup H ′ of H, and every H-module A,
the corestriction H2(H ′, A) → H2(H,A) takes the subgroup H2(H ′, A)neg,F
into H2(H,A)neg,F .

(4) For every finite group H, every subgroup H ′ of H, every finite H-module
A, if [H : H ′] is prime to e(A), then a class α ∈ H2(H,A) is negligible if
and only if its restriction to H2(H ′, A) is negligible.

(5) For every finite group H, every H-module A, and every field extension L/F ,
we have H2(H,A)neg,F ⊂ H2(H,A)neg,L.

Proof. (1), (2) and (5) are proved in [GM22, Proposition 2.3]. For (3), consider a
faithful H-representation V over F . The square

H2(H ′, A) H2(F (V )H
′
, A)

H2(H,A) H2(F (V )H , A)

cor

inf

cor

inf

is commutative by [NSW08, Proposition 1.5.5]. Now Proposition 2.1 implies (3).
Finally, (4) follows from (2), (3) and a restriction-corestriction argument. □

For a finite Galois extension L/K with Galois group H, the Lyndon–Hochschild–
Serre spectral sequence

Eij2 := Hi(H,Hj(L,A)) =⇒ Hi+j(K,A)

gives a transgression map

(2.2) tg : H1(L,A)H → H2(H,A)

fitting into a short exact sequence

(2.3) H1(L,A)H
tg−→ H2(H,A)

inf−−→ H2(L,A).

Corollary 2.4. Under the assumptions of Proposition 2.1, we have

H2(H,A)neg,F = Im[H1(F (V ), A)H
tg−→ H2(H,A)].

Proof. Combine Proposition 2.1 and (2.3). □

Lemma 2.5. Let H ′ ⊂ H be a subgroup. We have a commutative square

H1(L,A)H
′

H2(H ′, A)

H1(L,A)H H2(H,A).

tg

NH/H′ corH
′

H

tg



GALOIS REPRESENTATIONS MODULO p THAT DO NOT LIFT MODULO p2 7

Proof. Consider the short exact sequence 1 → ΓL → ΓK → H → 1, let ΓL → ∆ be
the quotient by the closure of the derived subgroup of ΓL, and let u ∈ H2(H,∆)
be the class of the pushout extension

(2.4) 1 ∆ Γ H 1.

By [NSW08, Theorem 2.4.4], the map tg : H1(L,A)H → H2(H,A) is given by
x 7→ −u ∪ x. Let u′ := resHH′(u) ∈ H2(H ′,∆). Then u′ represents the pullback

1 ∆ Γ′ H ′ 1

of (2.4) to H ′. Thus, invoking [NSW08, Theorem 2.4.4] again, the transgression

map tg : H1(L,A)H
′ → H2(H ′, A) is given by x 7→ −u′ ∪ x. Combining this with

the projection formula [NSW08, Proposition 1.5.3(iv)], for all x ∈ H1(L,A)H
′
we

obtain

corH
′

H (tg(x)) = − corH
′

H (u ∪ x) = −u′ ∪NH/H′(x) = tg(NH/H′(x))

in H2(H,A), as desired. □

3. The map γ

Let e, n ≥ 1 be integers, let H be a finite group of exponent dividing e, let A be
a finite H-module such that nA = 0, and let L/K be a Galois field extension with
Galois group H. We assume that K contains a primitive root of unity of order ne;
in particular, ne is invertible in K. We regard µne as an H-submodule of K×; note
that H acts trivially on µne. We define the H-module A(−1) := Hom(µn, A), and
we identify A(−1)⊗ µn with A via the isomorphism of H-modules φ⊗ ζ 7→ φ(ζ).

We have an isomorphism of H-modules

ι : A(−1)⊗ L× ∼−→ A(−1)⊗H1(L, µn)
∼−→ H1(L,A).

Here, the first map is obtained by tensorization of the Kummer isomorphism
L×/L×n ∼−→ H1(L, µn) with A(−1). The second map is the cup product map
H0(L,A(−1))⊗H1(L, µn) → H1(L,A): to see that it is an isomorphism, by addi-
tivity in A one is immediately reduced to the case when A is cyclic, in which case
the result follows from the computation of the cohomology of finite cyclic groups
[NSW08, Proposition 1.7.1].

We consider the composite map

(3.1) γ : (A(−1)⊗ L×)H
ι−→ H1(L,A)H

tg−→ H2(H,A),

where tg is the transgression map of (2.2).
We let ∂1 : (L

×/µe)
H → H1(H,µe) be the connecting homomorphism associated

to the short exact sequence of H-modules

(3.2) 1 µe L× L×/µe 1.

We also let ∂2 : H
1(H,µe) → H2(H,µn) be the connecting homomorphism asso-

ciated to the short exact sequence of H-modules

(3.3) 1 µn µne µe 1.

Let f ∈ L× be such that fµe ∈ (L×/µe)
H . Consider the map Z/nZ → L×/L×n

taking 1 to fL×n. We claim that this map is H-equivariant: indeed, by assumption,
µne ⊂ L×, and hence for all h ∈ H we have (h − 1)f ∈ µe ⊂ (µne)

n ⊂ L×n, from
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which the claim follows. Tensorization with A(−1) and passage to H-invariants
now yields, for every such f , a map βf : A(−1)H → (A(−1) ⊗ L×)H . Concretely,
βf (a) = a⊗ f for all a ∈ A(−1)H . This defines a homomorphism

(3.4) β : A(−1)H ⊗ (L×/µe)
H → (A(−1)⊗ L×)H , a⊗ fµe 7→ βf (a) = a⊗ f.

Proposition 3.1. Let e, n ≥ 1 be integers, let H be a finite group of exponent
dividing e, let A be a finite H-module such that nA = 0, and let L/K be a Galois
field extension with Galois group H, such that K contains a primitive root of unity
of order ne. Then the diagram

A(−1)H ⊗ (L×/µe)
H (A(−1)⊗ L×)H

A(−1)H ⊗H1(H,µe)

A(−1)H ⊗H2(H,µn) H2(H,A)

id⊗∂1

β

γ

id⊗∂2

∪

is anti-commutative.

For the proof of Proposition 3.1, the key point is the following observation.

Lemma 3.2. Let e, n ≥ 1 be integers, let H be a finite group of exponent dividing
e, let L/K be a Galois field extension with Galois group H, such that K contains a
primitive root of unity of order ne. Let f ∈ L× be such that fµe ∈ (L×/µe)

H . Let
ρf : ΓL → µn be the continuous homomorphism corresponding to fL× under the

Kummer isomorphism L×/L×n ∼−→ H1(L, µn). Then there exists a commutative
diagram with exact rows

1 ΓL ΓK H 1

1 µn µne µe 1.

ρf ∂1(fµe)

Proof. Consider the étale F -algebraM := L[t]/(tn−f), and let f1/n := t. For every
h ∈ H, we have (h − 1)f = ∂1(fµe)(h) ∈ µe = (µne)

n, and hence we may choose
ch ∈ µne such that (h − 1)f = (ch)

n. We can define a K-algebra automorphism

h̃ ∈ AutK(M) such that h̃(f1/n) = chf
1/n and h̃ acts on L as h. We also have µn

acting naturally on M over L. We define G ⊂ AutK(M) as the subset of elements

of the form ζh̃, where ζ ∈ µn and h ∈ H. Observe that all the h̃ commute with
elements in µn, and that for all h1, h2, h3 ∈ H such that h1h2 = h3, the element
h̃1h̃2 differs from h̃3 by an element of µn. Thus G is in fact a subgroup of AutK(M),
and we have a central exact sequence

1 µn G H 1,

where the map G → H sends h̃ to h for every h ∈ H. Then M/K is a Galois
G-algebra, that is, MG = K and |G| = [M : K]; see [KMRT98, Definition 18.15].

Recall that the non-abelian cohomology group H1(K,G) = Hom(ΓK , G)/ ∼,
where ∼ is the equivalence relation determined by conjugation by elements of G,
classifies isomorphism classes of Galois G-algebras over K; see [KMRT98, Example
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28.15]. Let ΓK → G be a continuous homomorphism corresponding to M/K. We
obtain a commutative diagram with exact rows

(3.5)

1 ΓL ΓK H 1

1 µn G H 1,

ρf

where the homomorphism ΓK → H is defined as the composite ΓK → G → H.
The commutativity of the left square follows from the fact that, by Kummer the-
ory, the homomorphism ρf corresponds to the Galois µn-algebra M/L under the
isomorphism of [KMRT98, Example 28.15]. Similarly to the definition of ∂1, we let

∂̃1 : (M
×/µne)

G → H1(G,µne) be the connecting homomorphism associated to the
exact sequence of G-modules

1 µne M× M×/µne 1,

and we let χ : G → µne be the image of f1/n under ∂̃1. In formulas, we have
(g − 1)f1/n = χ(g) for every g ∈ G. We obtain a commutative diagram with exact
rows

(3.6)

1 µn G H 1

1 µn µne µe 1.

χ ∂1(fµe)

Combining (3.5) and (3.6) yields the desired diagram. □

Proof of Proposition 3.1. We first reduce to the case where A = µn with trivial
H-action. For this, fix f ∈ L× such that fµe ∈ (L×/µe)

H . We must show that the
composite γ ◦ βf sends a ∈ A(−1)H to −a ∪ (∂2∂1)(fµe). Let a ∈ A(−1)H , and
let ψa : Z/nZ → A(−1) be the homomorphism taking 1 to a. Since βf and γ are
functorial in A, we have a commutative diagram

Z/nZ ((Z/nZ)⊗ L×)H H2(H,µn)

A(−1)H (A(−1)⊗ L×)H H2(H,A).

βf

ψa

γ

ψa⊗id (ψa)∗

βf γ

As cup products and connecting homomorphisms are also functorial in A, if the
composite of the top horizontal maps is the opposite of the cup product with
(∂2∂1)(fµe), then (γβf )(a) = −a∪ (∂2∂1)(fµe). We may thus assume that A = µn
with the trivial H-action.

In this case, under the identifications µn(−1) ⊗ L× = Z/nZ ⊗ L× = L×/L×n,
the map γ takes the form

γ : (L×/L×n)H
∼−→ H1(L, µn)

H tg−→ H2(H,µn)

where the left map is the Kummer isomorphism.
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Let f ∈ L× be such that fµe ∈ (L×/µe)
H . The commutative diagram con-

structed in Lemma 3.2 and the functoriality of the transgression map yield a com-
mutative square

H1(µn, µn)
µe H2(µe, µn)

H1(L, µn)
H H2(H,µn).

(ρf )
∗

tg

(∂1(fµe))
∗

tg

If 1 ∈ H1(µn, µn)
µe denotes the identity map µn → µn, then (ρf )

∗(1) is the ho-
momorphism corresponding to fL×n ∈ L×/L×n via the Kummer isomorphism. It
follows that γ(f) = tg((ρf )

∗(1)) = (∂1(fµe))
∗(tg(1)). It remains to check that

(∂1(fµe))
∗(tg(1)) = −(∂2∂1)(fµe).

Let θ ∈ H2(µe, µn) be the class of the central extension (3.3). By [NSW08,
Theorem 2.4.4], we have tg(1) = −θ. Thus, letting χ := ∂1(fµe) : H → µe, we have
(∂1(fµe))

∗(tg(1)) = −χ∗(θ). In fact, the pullback of (3.3) by ∂1(fµe) is the top
row of (3.6). Observe that (∂2∂1)(fµe) = ∂2(χ) is also the pullback of (3.3) with
respect to χ, that is, (∂2∂1)(fµe) = χ∗(θ). Thus

(∂1(fµe))
∗(tg(1)) = −χ∗(θ) = −(∂2∂1)(fµe). □

For the proof of Theorem 1.3, we will use the following consequence of Proposi-
tion 3.1. For every subgroup H ′ ⊂ H, consider the map

(3.7) φH′ : AH
′
⊗H2(H ′,Z) ∪−→ H2(H ′, A)

cor−−→ H2(H,A)

which appears in the statement of Theorem 1.3. We define H2(H,A) as the sub-
group of H2(H,A) generated by the images of the φH′ , where H ′ ranges over all
the subgroups of H.

Proposition 3.3. Let e, n ≥ 1 be integers, let H be a finite group of exponent
dividing e, let A be a finite H-module such that nA = 0, and let L/K be a Galois
field extension with Galois group H, such that K contains a primitive root of unity
of order ne. For all subgroups H ′ ⊂ H, all a ∈ A(−1)H

′
and all f ∈ L× such that

fµe ∈ (L×/µe)
H′

, we have

γ(NH/H′(a⊗ f)) ∈ Im(φH′) ⊂H2(H,A).

We need the following lemma.

Lemma 3.4. Let H be a finite group, and let 0 → X → Y → Z → 0 be an exact
sequence of abelian groups considered as trivial H-modules. Then

Im(H1(H,Z)
∂−→ H2(H,X)) ⊂ Im(H2(H,Z)⊗X

∪−→ H2(H,X)).

Proof. We have a commutative diagram

H1(H,Z)

0 H2(H,Z)⊗X H2(H,X) TorZ1 (H
3(H,Z), X) 0

0 H2(H,Z)⊗ Y H2(H,Y ) TorZ1 (H
3(H,Z), Y ) 0.

∂

∪

∪
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The exactness of the rows is a consequence of the universal coefficient theorem: for
lack of a precise reference in the cohomological setting, we sketch a proof. Pick a
Z-free resolution 0 → F1 → F2 → X → 0, and consider the associated long exact
sequence of H-cohomology:

H2(H,F1) → H2(H,F2) → H2(H,X) → H3(H,F1) → H3(H,F2).

We have identifications Hi(H,Fj) = Hi(H,Z)⊗ Fj for all i ≥ 0 and j = 1, 2. Now
conclude by using that

Coker[H2(H,Z)⊗ F1 → H2(H,Z)⊗ F2] = H2(H,Z)⊗X,

Ker[H3(H,Z)⊗ F1 → H3(H,Z)⊗ F2] = TorZ1 (H
3(H,Z), X).

This completes the proof of the exactness of the rows. Since TorZ2 = 0, the functor

TorZ1 is left exact, and so the vertical map on the right is injective. The conclusion
follows from a diagram chase. □

Proof of Proposition 3.3. We first consider the case when H = H ′. In this case, the
map φH is the cup product ∪ : AH ⊗H2(H,Z) → H2(H,A). We apply Lemma 3.4
to the short exact sequence (3.2) and conclude that for every f ∈ L× such that
fµe ∈ (L×/µe)

H we have

(∂2∂1)(fµe) ∈ Im[H2(H,Z)⊗ µn
∪−→ H2(H,µn)].

It follows from Proposition 3.1 that for every a ∈ A(−1)H we have

(γβ)(a⊗ fµe) = −a ∪ (∂2∂1)(fµe) ∈ Im[A(−1)H ⊗H2(H,Z)⊗ µn
∪−→ H2(H,A)].

As nA = 0, we have a canonical identification A(−1)⊗µn = A given by evaluation.
We deduce that

(γβ)(a⊗ fµe) = −a ∪ (∂2∂1)(fµe) ∈ Im[AH ⊗H2(H,Z) ∪−→ H2(H,A)].

As (γβ)(a⊗ fµe) = γ(a⊗ f), this completes the proof when H ′ = H.

Now let H ′ ⊂ H be a subgroup, let a ∈ A(−1)H
′
, and let f ∈ L× be such that

fµe ∈ (L×/µe)
H′

. By the previous case applied to H ′, we have

γ(a⊗ f) ∈ Im[AH
′
⊗H2(H ′,Z) ∪−→ H2(H ′, A)].

By Lemma 2.5 and the fact that the connecting homomorphism ι is compatible
with corestrictions [NSW08, Proposition 1.5.2], the map γ = tg ◦ι is compatible
with corestrictions, and hence

γ(NH/H′(a⊗ f)) = corH
′

H (γ(a⊗ f)) in H2(H,A),

where on the left (resp. right) we are considering the map γ for H (resp. H ′). We
conclude that γ(NH/H′(a⊗ f)) belongs to Im(φH′), as desired. □

Remark 3.5. Although we will not need this, we observe that the definition of A(−1)
does not depend on the choice of n, up to natural isomorphism: indeed, because
e(A) divides n, the natural surjective homomorphism π : µn → µe(A) induces an H-

module isomorphism π∗ : Hom(µe(A), A)
∼−→ Hom(µn, A). Similarly, the definition
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of ι is independent of n, in the following sense: the surjection π : µn → µe(A) induces
a commutative diagram

Hom(µe(A), A)⊗ L× H1(L,A)

Hom(µn, A)⊗ L× H1(L,A).

ι

≀ π∗⊗id

ι

It follows that the definition of γ is also independent of n.

4. Proof of Theorem 1.3

Let e, n ≥ 1 be integers, let H be a finite group of exponent dividing e, let A
be a finite H-module such that nA = 0, let F be a field containing a primitive
root of unity of order ne, and let V be a faithful H-representation over F . In view
of Corollary 2.4 and the definition of the map γ of (3.1) for the generic Galois
extension F (V )/F (V )H , we have

(4.1) H2(H,A)neg,F = Im[(A(−1)⊗ F (V )×)H
γ−→ H2(H,A)].

We will prove Theorem 1.3 by applying Proposition 3.3 to the case when L/K is
the generic extension F (V )/F (V )H , in combination with Lemma 4.1 below.

We view the faithful H-representation V over F as an affine space over F , and
we denote by V (1) the set of codimension 1 points of V . Because the Picard group
of V is trivial, we have a short exact sequence of H-modules

(4.2) 1 F× F (V )× Div(V ) 0,div

where Div(V ) is the free abelian group on the set V (1), and where div is the divisor
map.

Lemma 4.1. Let H be a finite group, let B be a finite H-module, let F be a
field, and let V be a faithful H-representation over F . For every x ∈ V (1), let
Hx ⊂ H be the stabilizer of x, and choose fx ∈ F (V )× such that div(fx) = x.
The group (B ⊗F (V )×)H is generated by (B ⊗F×)H and all elements of the form
NH/Hx

(b⊗ fx), for all x ∈ V (1) and all b ∈ BHx .

Proof. By the exactness of (4.2), for every x ∈ V (1) one may find fx ∈ F (V )× such
that div(fx) = x, and fx is uniquely determined up to multiplication by an element
of F×. As Div(V ) is a free abelian group, (4.2) remains exact after tensorization
with B. Taking H-invariants, we obtain an exact sequence

1 (B ⊗ F×)H (B ⊗ F (V )×)H (B ⊗Div(V ))H .

Therefore, it suffices to prove that the group (B ⊗ Div(V ))H is generated by all
elements of the form NH/Hx

(b ⊗ x), where b ∈ BHx and x ∈ V (1). For every

x ∈ V (1), consider the H-submodule

Mx := B ⊗
r∐
i=1

Z · hi(x) ⊂ B ⊗Div(V ),

where r := [H : Hx], the hi form a system of representatives for H/Hx, and where
h1 is in Hx. Observe that B ⊗Div(V ) is the direct sum of the Mx, where x ∈ V (1)

ranges over a set of representatives of the H-orbits. In order to conclude, it now
suffices to observe that an element m =

∑r
i=1 bi⊗hi(x) ∈Mx is H-invariant if and
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only if b1 belongs to BHx and bi = hi(b1) for all i, that is, letting b := b1 ∈ BHx , if

and only if m =
∑k
i=1 hi(b)⊗ hi(x) = NH/Hx

(b⊗ x). □

Proof of Theorem 1.3. We let e := e(H) and n := e(A). Recall that we defined the
subgroup H2(H,A) ⊂ H2(H,A) as the image of the maps φH′ of (3.7), where H ′

ranges over all subgroups of H. With this notation, Theorem 1.3 is equivalent to
the assertion H2(H,A)neg,F =H2(H,A).

We first show that H2(H,A) ⊂ H2(H,A)neg,F . Let H ′ ⊂ H be a subgroup.
By Lemma 2.3(3), to show that H2(H,A)neg,F contains the image of φH′ , it is
enough to prove that H2(H ′, A)neg,F contains the image of the cup product map

AH
′ ⊗H2(H ′,Z) → H2(H ′, A). We may thus assume that H ′ = H.
Let a ∈ AH , and let c ∈ H2(H,Z). We must show that a ∪ c ∈ H2(H,A) is

negligible over F . The connecting map ∂ : H1(H,Q/Z) → H2(H,Z) associated to
the sequence 0 → Z → Q → Q/Z → 0 is an isomorphism. Let χ ∈ H1(H,Q/Z)
be such that ∂(χ) = c, let H := Im(χ) ⊂ Z/eZ, and let χ : H → Q/Z be the
character induced by χ. Then χ is the inflation of χ ∈ H1(H,Q/Z), and so, by the
compatibility of connecting maps with inflation maps [NSW08, Proposition 1.5.2],
c is the inflation of c := ∂(χ) ∈ H2(H,Z), where now ∂ : H1(H,Q/Z) → H2(H,Z)
is the connecting map inH-cohomology. Let ψa : Z/nZ → A be the homomorphism
of H-modules sending 1 to a, where we view Z/nZ as an H-module with trivial
action. We have a commutative diagram

Z/nZ⊗H2(H,Z) Z/nZ⊗H2(H,Z) AH ⊗H2(H,Z)

H2(H,Z/nZ) H2(H,Z/nZ) H2(H,A).

∪

id⊗ inf (ψa)∗⊗id

∪ ∪

inf (ψa)∗

Now Lemma 2.3(1) and (2) imply that if 1 ∪ c ∈ H2(H,Z/nZ) is negligible over
F , then so is a ∪ c. This reduces us to the following situation: H = Z/mZ for
some integer m dividing e, A = Z/nZ, and H acts trivially on A. Since F con-
tains a primitive root of order ne and m divides e, by Example 2.2 every class in
H2(Z/mZ,Z/nZ) is negligible over F , as desired. ThusH2(H,A) ⊂ H2(H,A)neg,F .

We now show that H2(H,A)neg,F ⊂ H2(H,A). By (4.1), it is enough to show
that the map γ of (3.1) takes (A(−1) ⊗ F (V )×)H to H2(H,A). For this, we will
combine Lemma 4.1 and Proposition 3.3 for n = e(A) and e = e(H). Let F be an
algebraic closure of F . As the map γ is functorial in F , we have a commutative
diagram

(A(−1)⊗ F×)H (A(−1)⊗ F (V )×)H H2(H,A)

(A(−1)⊗F×)H (A(−1)⊗F (V )×)H H2(H,A).

γ

γ

As F× is divisible and A(−1) is finite, we have A(−1)⊗F× = 0. It follows that γ
maps (A(−1)⊗ F×)H to zero.

Now let x ∈ V (1), let Hx ⊂ H be the stabilizer of x, choose f ∈ F (V )× such that
div(f) = x, and let a ∈ A(−1)Hx . In order to apply Proposition 3.3, we must first
check that fµe ∈ (F (V )×/µe)

Hx . For this, define χ ∈ H1(Hx, F
×) as the image

of x ∈ Div(X) under the connecting map for (4.2), viewed as a sequence of Hx-
modules. Since H has exponent e, the image of χ : Hx → F× is contained in µe. By
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definition of the connecting map, for all h ∈ Hx we have (h−1)f = χ(h) ∈ µe. Thus
fµe ∈ (F (V )×/µe)

Hx , as desired. By Proposition 3.3, the element γ(NH/Hx
(a⊗f))

belongs to Im(φHx
). By Lemma 4.1 applied to B = A(−1), we conclude that the

image of γ is contained in H2(H,A). This completes the proof. □

Corollary 4.2. Under the assumptions of Theorem 1.3, let Ha be the centralizer
in H of an element a ∈ A. Then H2(H,A)neg,F is generated by corHa

H (a ∪ χ) over
all a ∈ A and χ ∈ H2(Ha,Z).

Proof. LetM ⊂ H2(H,A) be the subgroup generated by corHa

H (a∪χ) over all a ∈ A
and χ ∈ H2(Ha,Z). By Theorem 1.3, it suffices to show that M =H2(H,A).

We have M ⊂ H2(H,A) by definition. Conversely, let H ′ ⊂ H be a subgroup,

let a ∈ AH
′
, and let χ ∈ H2(H ′,Z). Then H ′ ⊂ Ha, and hence by the projection

formula

corH
′

H (a ∪ χ) = corHa

H corH
′

Ha
(a ∪ χ) = corHa

H (a ∪ corH
′

Ha
(χ)).

Thus H2(H,A) ⊂M , and hence H2(H,A) =M . □

Remark 4.3. Let F be a field. For all integers m,n ≥ 1 such that F contains a
primitive root of unity of order mn, we call Kummer the class in H2(Z/mZ,Z/nZ)
of the central extension

0 Z/nZ Z/mnZ Z/mZ 0,π

where π is the reduction map. On H2(−,−), where the first entry is a finite
group and the second entry is a finite module under the group, we can consider the
following operations:

(1) pushforward with respect to the module,
(2) pullback with respect to the group,
(3) corestriction with respect to a subgroup.

Let H be a finite group, and let A be a finite H-module. By Example 2.2 and
Lemma 2.3, the classes in H2(H,A) that can be obtained from Kummer classes by
applying operations (1)-(3) a finite number of times, in any order, are negligible
over F . It follows from the proof of Theorem 1.3 that, if F contains a primitive root
of unity of order e(A)e(H), then the classes in H2(H,A) obtained from Kummer
classes using operations (1)-(3) form a generating set for H2(H,A)neg,F .

5. Proof of Theorem 1.4

In view of Proposition 2.1, the following theorem gives a negative answer to
Question 1.1 and disproves Conjecture 1.2.

Theorem 5.1. For all n ≥ 3, all primes p ̸= 2, and all fields F of characteristic
different from p, the cohomology classes of the extensions

(5.1) 0 gln(Fp) GLn(Z/p2Z) GLn(Fp) 1

and

(5.2) 0 bn(Fp) Bn(Z/p2Z) Bn(Fp) 1

are not negligible over F .
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In the rest of this section, we identify gln(Fp) with the Fp-vector space Mn(Fp)
of n×n matrices. Under this identification, the conjugation action of GLn(Z/p2Z)
on gln(Fp) induces the conjugation action of GLn(Fp) onMn(Fp), and the inclusion
gln(Fp) ↪→ GLn(Z/p2Z) of (5.1) is given by M 7→ I + pM .

Lemma 5.2. Let n ≥ 1 be an integer, let p > 3 be a prime, and let σ ∈ GLn(Fp)
be an element of order p and minimal polynomial (t− 1)2.

(1) For every M ∈ gln(Fp), we have Nσ(M) := (1 + σ + · · ·+ σp−1)M = 0.
(2) The element σ does not lift to an element of order p in GLn(Z/p2Z).

Proof. (1) Up to conjugation, we may assume that σ = I + N , where N is a
nilpotent matrix in Jordan normal form with Jordan blocks of size ≤ 2. Observe
that σi = (I+N)i = I+iN for all i ≥ 0. Therefore, for allM ∈ gln(Fp), each entry
of σi ·M = (I + iN)M(I − iN) is a polynomial function of i with Fp coefficients
and degree ≤ 2. Since p > 3, we have 1j + · · ·+ pj = 0 in Fp for 0 ≤ j ≤ 2. Thus
Nσ(M) = 0 in gln(Fp).

(2) Up to conjugation, we may assume that σ = I + N as in the proof of (1).

Let σ̃ = I + Ñ ∈ GLn(Z/p2Z), where Ñ is the only nilpotent matrix in Jordan

form which reduces to N modulo p. Then σ̃ is a lift of σ and σ̃p = I + pÑ , so that
in particular σ̃p ̸= 1. If τ ∈ GLn(Z/p2Z) is another lift of σ, then τ = ãσ̃, where
ã = I + pa for some a ∈ gln(Fp). It follows from (1) that

τp = (ãσ̃)p = σ̃p + pNσ(a) = σ̃p ̸= 1. □

Lemma 5.3. Let F be a field, let Ṽ and W̃ be free Z/p2Z-modules of finite rank,
and let V and W be their reductions modulo p. If the class of

0 gl(V ⊕W ) GL(Ṽ ⊕ W̃ ) GL(V ⊕W ) 1

is negligible over F , then so is the class of

0 gl(V ) GL(Ṽ ) GL(V ) 1.

Proof. This follows from [DCF17, Lemma 3.4]. We include an alternative argument.

Let E ⊂ GL(Ṽ ⊕W̃ ) be the inverse image of GL(V ) ⊂ GL(V ⊕W ). The restriction

to Ṽ of any element of E belongs to GL(Ṽ ). It follows that restriction to Ṽ defines

a group homomorphism π : E → GL(Ṽ ). We obtain the following commutative
diagram with exact rows:

0 gl(V ⊕W ) GL(Ṽ ⊕ W̃ ) GL(V ⊕W ) 1

0 gl(V ⊕W ) E GL(V ) 1

0 gl(V ) GL(Ṽ ) GL(V ) 1.

π

As the top row of this diagram is negligible over F by assumption, by Lemma 2.3(2)
so is the middle row, and hence by Lemma 2.3(1) so is the bottom row. □

Proof of Theorem 5.1. Suppose that the class of (5.2) is negligible over F , for some
n ≥ 3. Then, by Lemma 2.3(1), the class of the restriction of (5.2) to the group
H2(Bn(Fp), gln(Fp)) is also negligible over F . This class is the restriction of the class
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of (5.1) to Bn(Fp). Since p does not divide [GLn(Fp) : Bn(Fp)], by Lemma 2.3(4)
we conclude that the class of (5.1) is also negligible over F . This reduces the proof
of Theorem 5.1 to proving that (5.1) is not negligible over F , for all n ≥ 3. By
Lemma 5.3, we are further reduced to the case n = 3.

We let A := gl3(Fp), B := B3(Fp), U := U3(Fp), T := T3(Fp), where T3 ⊂ GL3 is
the diagonal torus, and we let α ∈ H2(U,A) be the class of the restriction of (5.1)
to U . Concretely, α represents the extension

(5.3) 1 A Ũ U 1,

where Ũ ⊂ GL3(Z/p2Z) is the inverse image of U . Note that α belongs to the
image of the restriction H2(B,A) → H2(U,A), and so it is T -invariant; see [CF67,
Proposition 3 p. 99]. In order to complete the proof, by Lemma 2.3(2) it is enough
to prove that α is not negligible over F . Since char(F ) ̸= p, by Lemma 2.3(5) we
may assume that F contains a primitive root of unity of order p2. We have e(A) = p
and, as p is odd, e(U) = p. We are now in the setting of Theorem 1.3, and hence
H2(U,A)neg,F =H2(U,A). It remains to show that α does not belong toH2(U,A).

We introduce some notation that will be used throughout the remainder of the
proof. For each i, j ∈ {1, 2, 3}, let Eij ∈ A be the matrix with a 1 in the (i, j)-th
position and 0 everywhere else, let τij : T → F×

p be the multiplicative character
which sends (t1, t2, t3) to ti/tj , and let Fp(τij) be the 1-dimensional representation
of T given by multiplication by τij . As a T -representation, A decomposes as the
direct sum of the one-dimensional subrepresentations spanned by the Eij , and these
are isomorphic to Fp(τij). For every 1 ≤ i < j ≤ 3, let σij ∈ U be the matrix with
1 on the diagonal and on the (i, j)-th entry, and 0 everywhere else. We also define
N := ⟨σ12, σ13⟩ ⊂ U and Z := ⟨σ13⟩ ⊂ U . Observe that N is normal in U , that Z
is the center of U , and that N and Z are normalized by T .

To prove that α does not belong to H2(U,A), we will first show that α re-
stricts to a non-zero element of H2(N,A)T (Claim 5.4), and then prove that
resUN (H2(U,A))T = 0 (Claim 5.7).

Claim 5.4. The class α restricts to a non-zero element of H2(N,A)T .

Proof. Since T normalizes U and N , the inclusion N ↪→ U is T -equivariant. As α
is T -invariant, by [CF67, Proposition 3 p. 99] the class resUN (α) is also T -invariant.
It remains to show that resUN (α) is non-trivial.

Suppose first that p > 3. In this case, by Lemma 5.2 the element σ13 ∈ U
does not lift to an element of order p in GL3(Z/p2Z). Thus resUZ (α) is non-trivial
extension, and hence in particular resUN (α) is non-trivial.

Suppose now that p = 3. If resUN (α) = 0 in H2(N,A), then N should lift to
an isomorphic subgroup of GL3(Z/9Z), that is, there should exist two elements
σ, τ ∈ GL3(Z/9) such that σ3 = τ3 = [σ, τ ] = 1, σ reduces to σ12 modulo 3, and τ
reduces to σ13 modulo 3. We now prove that such σ and τ do not exist. Indeed,
let σ̃12 = I + E12 and σ̃13 = I + E13 in GL3(Z/9Z). We have (σ̃12)

3 = I + 3E12,
(σ̃13)

3 = I + 3E13 and [σ̃12, σ̃13] = 1. All the possible σ (resp. τ) are of the form

ãσ̃12 (resp. b̃σ̃13), for some a, b ∈ A, where ã = I + 3a and b̃ = I + 3b. Define

σ := ãσ̃12 and τ := b̃σ̃13. The conditions σ3 = τ3 = [σ, τ ] = 1 are equivalent to
Nσ12

(a) = −E12, Nσ13
(b) = −E13 and (σ13 − 1)a = (σ12 − 1)b. Here we write

the U -action on A in additive notation, and we let Nσij
:= 1 + σij + σ2

ij . Letting
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a = (aij), a matrix computation shows

Nσ12
(a) =

0 a21 0
0 0 0
0 0 0

 , −(σ13 − 1)a+ (σ12 − 1)b =

∗ ∗ ∗
∗ ∗ a21
∗ ∗ ∗

 .

Thus −1 = a21 = 0, a contradiction. It follows that no such σ and τ exist, and
hence resUN (α) is non-trivial when p = 3 as well. □

Claim 5.5. Let H1 ⊂ H2 ⊂ U be subgroups of U , such that |Hi| = pi for i = 1, 2.
Then Im(φH1) ⊂ Im(φH2).

Proof. For i = 1, 2, we write ∂ : H1(Hi,Q/Z) → H2(Hi,Z) for the connecting map
associated to the short exact sequence 0 → Z → Q → Q/Z → 0.

Let χ1 ∈ H1(H1,Q/Z) be a generator. As e(U) = p, we have H2
∼= (Z/pZ)2, and

hence H1 is a direct factor of H2. It follows that there exists χ2 ∈ H1(H2,Q/Z)
such that χ1 is the restriction of χ2. Thus ∂(χ1) is the restriction of ∂(χ2), and so
by the projection formula [NSW08, Proposition 1.5.3 (iv)], the square

AH1 H2(H1, A)

AH2 H2(H2, A)

NH2/H1

∪∂(χ1)

cor
H1
H2

∪∂(χ2)

commutes. We deduce that φH1(a ⊗ ∂(χ1)) = φH2(NH2/H1
(a) ⊗ ∂(χ2)) for all

a ∈ AH1 , from which the claim follows. □

Consider the map

ψZ : A
Z ⊗H2(Z,Z) ∪−→ H2(Z,A)

cor−−→ H2(N,A).

Claim 5.6. The subgroup resUN (H2(U,A)) ⊂ H2(N,A) is contained in the sub-
group generated by the images of resUN ◦φU , resUN ◦φN , and ψZ .

Proof. By definition, H2(N,A) is generated by the images of all the φH , where H
is a subgroup of U .

Let H ⊂ U be a subgroup of order p2 such that H ̸= N . Then U = NH and
N ∩H = Z, and hence by [NSW08, Proposition 1.5.3(iii) and Corollary 1.5.8] we
have a commutative diagram

AH ⊗H2(H,Z) H2(H,A) H2(U,A)

AZ ⊗H2(Z,Z) H2(Z,A) H2(N,A).

∪

res⊗ res

cor

res res

∪ cor

The composite of the maps of the top (resp. bottom) row is φH (resp. ψZ). It
follows that Im(resUN ◦φH) ⊂ Im(ψZ).

If H ⊂ U has order p, then it is contained in a subgroup H̃ ⊂ U of order p2, and
hence by Claim 5.5 we have Im(φH) ⊂ Im(φH̃). If H̃ = N , then Im(φH) ⊂ Im(φN ),

which implies Im(resUN ◦φH) ⊂ Im(resUN ◦φN ). On the other hand, if H̃ ̸= N , then
Im(resUN ◦φH) ⊂ Im(ψZ) by the case of subgroups of order p2 considered above. □

Claim 5.7. The subgroup resUN (H2(U,A))T ⊂ H2(N,A) is trivial.
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Proof. As p does not divide the order of T , taking T -invariants is exact on T -
representations with Fp coefficients. Thus, in view of Claim 5.6, in order to prove
that resUN (H2(U,A))T = 0 it suffices to show that Im(resUN ◦φU )T , Im(resUN ◦φN )T

and Im(ψZ)
T are trivial.

We first show that Im(resUN ◦φU )T = 0. The map φU is given by cup product, and
hence it is T -equivariant. Thus resUN ◦φU is T -equivariant. A matrix computation

shows that AU = ⟨I, E13⟩. Moreover, letting ∂ : H1(U,Q/Z) ∼−→ H2(U,Z) be the
connecting homomorphism for 0 → Z → Q → Q/Z → 0, we have

H2(U,Z) = Fp · ∂(χ12)⊕ Fp · ∂(χ23),

where χij : U → Fp is the projection to the (i, j)-th coordinate. The T -action on
H1(U,Q/Z) = Hom(U,Q/Z) is induced by the T -action on U and the trivial action
on Q/Z: in formulas, for every character χ : U → Fp, every t ∈ T , and every u ∈ U ,
we have (t · χ)(u) = χ(t−1ut). By [NSW08, Proposition 1.5.2], the connecting
homomorphism ∂ is T -equivariant, and hence H2(U,Z) ∼= Fp(τ21) ⊕ Fp(τ32) as a
T -representation. Therefore, as T -representations,

AU ⊗H2(U,Z) ∼= (Fp ⊕ Fp(τ13))⊗ (Fp(τ21)⊕ Fp(τ32))
∼= Fp(τ21)⊕ Fp(τ32)⊕ Fp(τ23)⊕ Fp(τ12).

In particular (AU ⊗H2(U,Z))T = 0, and hence Im(resUN ◦φU )T = 0.
Next, we show that Im(resUN ◦φN )T = 0. Let S ⊂ U be the subgroup generated

by σ23. Then N ∩ S = {1} and U = NS, so that by [NSW08, Corollary 1.5.7] the
map resUN ◦ corNU : H2(N,A) → H2(N,A) is given by multiplication by the S-norm
NS :=

∑
s∈S s. Since T normalizes S, we deduce that resUN ◦ corNU is T -equivariant,

and hence that resUN ◦φN : AN ⊗H2(N,Z) → H2(N,A) is T -equivariant.
We have AN = ⟨I, E12, E13⟩ and H2(N,Z) = Fp · ∂(χ12) ⊕ Fp · ∂(χ13), where

now ∂ denotes the connecting homomorphism ∂ : H1(N,Q/Z) ∼−→ H2(N,Z). As T
normalizes N , the map ∂ is T -equivariant. It follows that, as T -representations,

AN ⊗H2(N,Z) ∼= (Fp ⊕ Fp(τ12)⊕ Fp(τ13))⊗ (Fp(τ21)⊕ Fp(τ31)).
In particular, we have

(AN ⊗H2(N,Z))T = ⟨E12 ⊗ ∂(χ12), E13 ⊗ ∂(χ13)⟩ .
We have s ·E13 = E13 for every s ∈ S. Moreover, a matrix computation shows that
σ23 · χ12 = χ12 and σ23 · χ13 = χ13 + χ12 in H1(N,Q/Z). As S normalizes N , the
map ∂ is S-equivariant. Therefore, using that H2(N,Z) is p-torsion and p is odd,
we get

NS(∂(χ12)) = 0, NS(∂(χ13)) = p∂(χ13) +
p(p− 1)

2
∂(χ12) = 0 in H2(N,Z).

All in all, we get

NS(E13 ∪ ∂(χ13)) = E13 ∪NS(∂(χ13)) = 0 in H2(N,A).

Since χ12 extends to a character of U , by the projection formula φN (E12 ⊗ ∂(χ12))
belongs to the image of φU , and hence resUN (φU (E12⊗∂(χ12))) = 0 by the previous
case. Thus Im(resUN ◦φN )T = 0.

Finally, we show that Im(ψZ)
T = 0. Since T normalizes Z and N , by [NSW08,

Proposition 1.5.4] the corestriction H2(Z,A) → H2(N,A) is T -equivariant, and
hence so is ψZ . Observe that AZ is contained in the subspace of upper-triangular
matrices. We have H2(Z,Z) = Fp · ∂(χ13), where now ∂ denotes the connecting



GALOIS REPRESENTATIONS MODULO p THAT DO NOT LIFT MODULO p2 19

homomorphism ∂ : H1(Z,Q/Z) ∼−→ H2(Z,Z). As T normalizes Z, the map ∂ is
T -equivariant, and hence H2(Z,Z) ∼= Fp(τ13). It follows that

(AZ ⊗H2(Z,Z))T = ⟨E13 ⊗ ∂(χ13)⟩ .
(In fact, when p > 3, we even have (A ⊗ H2(Z,Z))T = ⟨E13 ⊗ ∂(χ13)⟩. When
p = 3, we have (A⊗H2(Z,Z))T = ⟨E13 ⊗ ∂(χ13), E31 ⊗ ∂(χ13)⟩, but E31 does not
belong to AZ .) Observe that χ13 : Z → Q/Z is the restriction of χ13 : N → Q/Z.
It follows that E13 ∪ ∂(χ13) ∈ H2(Z,A) is the restriction of E13 ∪ ∂(χ13), viewed
as an element of H2(N,A). Therefore

ψZ(E13 ⊗ ∂(χ13)) = corZN (E13 ∪ ∂(χ13))

= corZN (resNZ (E13 ∪ ∂(χ13)))

= p(E13 ∪ ∂(χ13))

= 0.

This proves that Im(ψZ)
T = 0 as well. □

Claim 5.4 and Claim 5.7 imply that α does not belong to H2(U,A). This com-
pletes the proof. □

Remark 5.8. (1) For p > 3, one can simplify the proof of Theorem 5.1. Indeed,
let Z be the center of U = U3(Fp), let A = gl3(Fp), let α ∈ H2(U,A) be the class
of (5.1) for n = 3 viewed as an U -module. Since p > 3, the restriction of α to
H2(Z,A) is non-zero; see the proof of Claim 5.4. Moreover, again because p > 3,
by Lemma 5.2 we have NZ(A) = 0, and using this and the double coset formula
[NSW08, Proposition 1.5.6] one can show that all classes in H2(U,A) restrict to
zero in in H2(Z,A). This proves that α is not negligible over F for p > 3. This
argument does not work for p = 3 because resUZ (α) = 0 in H2(Z,A) in this case.

(2) If the restriction of the class α to H2(N,A) were not negligible over F , one
could use this to simplify the proof of Theorem 5.1. However, this is not the case:
one can show that α restricts to a negligible class in H2(N,A).

Proof of Theorem 1.4. Let U := U3(Fp) ⊂ GL3(Fp), and consider the following
commutative diagram with exact rows

(5.4)

0 gl3(Fp) Ũ U 1

0 gl3(Fp) GL3(Z/p2Z) GL3(Fp) 1.

(The top row is in fact (5.3).) Let V be a p-dimensional faithful representation of U
over F , and let L/K be the generic Galois U -extension F (V )/F (V )U . Since F con-
tains a primitive p-th root of unity, by a theorem of Chu and Kang [CK01, Theorem
1.6] the field extension K/F is purely transcendental, that is, K ∼= F (x1, . . . , xp),
where the xi are algebraically independent over F .

Embed L/K into a separable closure ofK, consider the corresponding continuous
homomorphism ρU : ΓK → U , and write ρ : ΓK → GL3(Fp) for the composite of
ρU and the inclusion U ↪→ GL3(Fp). We claim that ρ does not lift to GL3(Z/p2Z).
Indeed, if ρ lifts to GL3(Z/p2Z), then ρU lifts to Ũ , that is, the pullback toH2(K,A)
of the class of the top row of (5.4) is trivial. Since L/K is a generic Galois U -
extension, by Proposition 2.1 this implies that the top row of (5.4) is negligible
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over F . As the top row of (5.4) is the pullback of the bottom row and U is a p-
Sylow subgroup of GL3(Fp), by Lemma 2.3(4) the bottom row of (5.4) is negligible
over F , contradicting Theorem 5.1. (More simply, we could have noticed that the
bulk of the proof of Theorem 5.1 consisted in proving that the top row of (5.4) is
not negligible over F .) Thus ρ does not lift to GL3(Z/p2Z), as claimed.

For every n ≥ 3, let ρn : ΓK → GLn(Fp) be the composite of ρ and the inclusion
GL3(Fp) ↪→ GLn(Fp) as the top-left 3× 3 block. By Lemma 5.3, for all n ≥ 3, the
homomorphism ρn does not lift to GLn(Z/p2Z). □
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