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Abstract

This article presents a local regularity theorem for the one-phase
Hele-Shaw flow. We prove that if the Lipschitz constant of the initial
free boundary in a unit ball is small, then for small uniform positive
time the solution is smooth. This result improves on our earlier results
in [CJK] because it is scale-invariant. As a consequence we obtain
existence, uniqueness and regularity properties of global solutions with
Lipschitz initial free boundary.

1 Introduction

For (z,t) € IR"™ x IR (or some subset) let u(z,t) be a viscosity solution
(defined in the next section) of the Hele-Shaw problem

—Au(-,t) =0 in {u > 0},
(HS)
% = |Dul? on 0{u > 0}

where Du denotes the gradient of u in the space variables . We refer to

Q(u) = {x :u(z,t) >0} c R", Q(u) = {(z,t) : u >0} c R"
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Figure 1: Initial setting of the problem

as the positive phase of u and to
Ti(u) = 0 (u), T'(u)=02(u)

as the free boundary of u.

If w is smooth up to the free boundary, then the free boundary moves
with normal velocity V' = w;/|Dul, and hence the second equation in (HS)
implies that

ou
V = |Dul= -2
Duf = 2%,
where v is the outward spatial normal, with respect to Q¢(u), on I'y(u). (see

Figure 1)

The classical Hele-Shaw problem models an incompressible viscous fluid
which occupies part of the space between two parallel, nearby plates, and w is
the pressure of the fluid. The short-time existence of classical solutions with
initial surface Ty of class C?*® was proved by Escher and Simonett [ES].
When n = 2, Elliot and Janovsky [EJ] showed the existence and unique-
ness of weak solutions formulated by a parabolic variational inequality in
a Sobolev space. (See also Gustafsson [G].) Using this variational notion
of solutions, Sakai [S] showed that for n = 2, I';(u) for all time ¢t > 0 is
either analytic or has a cusp-type singularity caused by collision of two free
boundary components.

In this paper we prove a quantitative, geometric version of Sakai’s the-
orem in general dimensions. Of independent interest is an estimate on the
free boundary speed, or, equivalently, the size of the spatial gradient on the
free boundary (part (c) of Theorems 1.1 and 1.2).

Our first main theorem concerns global solutions starting from a Lip-
schitz initial free boundary. (See section 9 for the precise definition of global



solutions.) Let e, = (0,...,0,1) € IR" and
Q={zcR":z,<g(x)z=(2,2,) € R" ' x R}

where ¢ is Lipschitz continuous with Lipschitz constant L < L,,, a dimen-
sional constant. There is a positive harmonic function ug in €0y that vanishes
on 9y, and it is unique up to a constant multiple. Because there is only
uniqueness up to a constant multiple, we must normalize the solution at
subsequent times ¢.

Theorem 1.1. (Theorem 9.2) There exists a unique, global solution u of
(HS) in IR"™ x [0, 00) with initial positive phase Qo(u) = Qo, u(x,0) = up(x),
normalized at infinity by

RIEI;O %}e{leg =1 for each fized t > 0.
Moreover the following properties hold.

(a) Fort > 0 the free boundary T'y(u) is smooth and is a Lipschitz graph
with respect to e, with Lipschitz constant L;

(b) u is smooth in Q(u) fort > 0;
(c) If v € To(u) and x + de,, € T's(u) with d > 0, then

1 | Du(z + dey,
~ |Du(x — dey,

o Dl < o
t)]

)

for a constant C > 0 depending only on dimension.

Note that part (a) says that the Lipschitz constant is preserved (or de-
creases) with time. In fact, we show in Theorem 9.2(d) that if g(—a') =
g(a'), then u(—2',x,,t) = u(a’, z,,t), and the Lipschitz constant decreases
to zero locally uniformly as t — oo.

L,, can be taken to be any number L, < a,, where a,, is the Lipschitz
constant appeared in our earlier work [CJK]. For n = 2 we have ay = 1, for
which the initial harmonic function u(x,0) vanishes on the boundary at a
rate bounded below by the square of the distance to the boundary. For a
Lipschitz constant L < aq, some points of the free boundary can stay fixed



for small ¢t > 0, and the free boundary need not be smooth for those values
of t. (See [JK], [KLV].)

Theorem 1.1 is proved using Theorem 1.2, our main local theorem. We
also show that blow-up limits of local solutions are global solutions as in
Theorem 1.1. The local theorem says, roughly speaking, that u and T'y(u)
stay smooth as long as there is no invasion of fingers (another component of
Q(u)) from the top portion of the local neighborhood.

Let Qg be, as above, the region below the graph of the Lipschitz function
g with Lipschitz constant L < L,,. Assume further that g(0) = 0.

Theorem 1.2. (Corollary 5.6, Theorem 6.3 and Corollary 7.4) Suppose u
is a solution of (HS) in B2(0) x [0,T] with initial positive phase o N Ba(0),
and u satisfies u(—ey,0) = 1 with

u(z,s) < 10u(z,t), u(x,s) < (14 A7t — s))u(z,t) for 0 < s <t < T,

(1.1)
u(—en,t) < Au(—e,,0) = A for 0 <t <T, (1.2)

and

Qp(u) N B2(0) C (o + coen). (1.3)

Then there is a constant cg > 0 depending only on dimension and on A > 0
such that the following properties hold:

If 0 < r < ¢g is chosen sufficiently small that u(re,,T/2) > 0, then

(a) The free boundary T'y(u) is C' and is a Lipschitz graph with respect to
en with Lipschitz constant L' < Ly, in B.(0), and L' — L as r — 0.

(b) The spatial normal of T'y(u) in B.(0) is continuous in space and time.

(c) If x € To(u) N Br(0) and x + de,, € T't(u) N B,(0), then

1 | Du(z + dey,

c s |Du(z — dey,

|
n=¢

for a constant C > 0 depending only on dimension.

The role of constant A in Theorem 1.2 is clarified in the body of the
paper, where a slightly stronger theorem is proved than is stated here. Our
previous theorem in [CJK] gives smoothness for sufficiently small time, but



depends on global features of the initial configuration. That theorem also
treated only constant boundary data f(x,t) = c.

Concerning the validity of the hypotheses, we show in Lemma 2.14 that
(1.1) is satisfied by suitably re-scaled solutions of (H.S) in (IR" — K) x [0, c0)
with u(z,t) = f(z,t), x € K for a fixed boundary K, provided f(z,t) is
smooth and is strictly positive. Hypothesis (1.3) serves to define the time
scale T': it is chosen so that the free boundary moves at most a small multiple
of unit distance in time 7. The distance r is the distance the free boundary
moves in a comparable time 7'/2. The normalization u(—e,,0) =1 and the
second condition in (1.1) implies that T < Ty(n, A). On the other hand,
due to (1.2) T can be chosen to be bounded below by a positive constant
depending only on the dimension. Thus under conditions (1.1) and (1.2),
one should think of T" as comparable to unit size.

Hypothesis (1.2) is the last vestige of a global hypothesis. It is valid if T
is sufficiently small and in many typical situations. Because it measures the
change in size of u at a point well inside the region, it can only fail if there is
a change that swamps the effects of the initial conditions. We believe that
(1.2) only goes wrong when there are collisions.

The main idea of the proof is to compare solutions at each scale to
solutions on star-shaped Lipschitz domains, to which the estimates of [CJK]
apply. We use the notion of viscosity solutions and the main tool is the
comparison principle (Theorem 2.7). The crucial first step is a suitably
localized Carleson-type estimate.

In section 2 we state several preliminary results including the defini-
tion and properties of viscosity solutions of (HS). In section 3 we prove a
Carleson-type estimate (3.1). This property is used in Section 4 to show
that level sets of u are flat (Proposition 4.1). In Section 5 we prove the non-
degeneracy of the solution on the free boundary and the Lipschitz continuity
of I'(u). In Section 6 and 7 iteration methods developed in [CJK] are used
to derive further spatial regularity of the solution and the free boundary.
The key steps in the iteration process are estimates on the change of direc-
tion of Du over time (Lemma 6.1 and Lemma 7.1). In Section 8 we prove
regularity of I'(u) in time. In Section 9, as an application of the main results
obtained in previous sections, we prove existence, uniqueness and regularity
properties of global solutions of (HS) with Lipschitz initial free boundary
with appropriate conditions at infinity. At the same time, we show that the
blow-up limits of local solutions are global solutions of the type in Theorem
1.1.



2 Preliminary results

We will recall the definition of wiscosity solutions for (HS) introduced in
[K1]. Roughly speaking, viscosity sub and supersolutions are defined by
comparison with local (smooth) super and subsolutions. In particular, clas-
sical solutions of (HS) are also viscosity sub and supersolutions.

Let K be a compact subset of IR™ and ) = (IR" — K) x (0,00). Also let
¥ be a cylindrical domain D X (a,b) C IR"™ x IR, where D is an open subset
of IR".

For a nonnegative real valued function u(x,t) defined in a cylindrical
domain D X (a,b),

Qu) = {(z,t) s u(z,t) >0}, U(u) ={z: u(z,t) > 0},

[(u) = o{(x,t) : u(z,t) =0}, Ti(u)=0{x: u(x,t) =0}.

Definition 2.1. A nonnegative upper semi-continuous function u defined
in ¥ is a viscosity subsolution of (HS) if

(a) for each a < T < b the set Q(u) N{t < T} is bounded; and

(b) for every ¢ € C**(X) such that u — ¢ has a local maximum in Q(u) N
{t <to}NE at (20,t0),

(Z) — Agf)(:t?o,to) <0 if u(:l?o,to) > 0.

(i1) (¢ — [Do|*) (w0, t0) <0 if (z0,t0) € I'(u) if — Ad(zo,t0) > 0.

Note that because u is only lower semi-continuous there may be points
of T'(u) at which u is positive.

Definition 2.2. A nonnegative lower semi-continuous function v defined in
Y is a viscosity supersolution of (HS) if for every ¢ € C*Y(X) such that
v — ¢ has a local minimum in X N{t < to} at (zo,1o),

(4) — A¢(wo,t0) > 0 if v(xo,t0) > 0,

(1) If (20.t0) € T'(v),|Do| (20, t0) # 0 and
—Ap(zo,t9) <0,

then
(¢¢ — [Dg|*) (o, to) > 0.



Definition 2.3. u is a viscosity subsolution of (HS) with initial data uy and
fized boundary data f > 0 if

(a) w is a viscosity subsolution in Q,

(b) u=wuy att =0; u < f on OK;

(c) Qu)N{t =0} =Qup);
Definition 2.4. u is a viscosity supersolution of (HS) with initial data ug

and fized boundary data f if v is a viscosity supersolution in Q) with v = vy
att=0 and v > f on OK.

For a nonnegative real valued function wu(z,t) defined in a cylindrical
domain D X (a,b),

u*(z,t) = lim sup u(§, s).
(&,5)eDx(a,b)—(x,t)

Definition 2.5. u is a viscosity solution of (HS) (with boundary data g
and f) if u is a viscosity supersolution and u* is a viscosity subsolution of
(HS) (with boundary data uy and f.)

Definition 2.6. We say that a pair of functions ug,vo : D — [0,00) are
(strictly) separated (denoted by ug < vo) in D C IR"™ if

(i) the support of ug, supp(ug) = {ug > 0} restricted in D is compact and

(i3) in supp(ug) N D the functions are strictly ordered:

up(z) < vo(x).
The following properties of viscosity solutions are frequently used in our
paper.
Theorem 2.7. (Comparison principle, [K1]) Let u,v be respectively viscos-
ity sub- and supersolutions in D X (OLT) C Q with initial data ug < vg in D.
Ifu<wvondD and u <v on ODNQ(u) for 0 <t < T, then u(-,t) < v(:,1t)
in D forte[0,T).

Theorem 2.8. ([K2]) Let u be a wviscosity solution of (HS). Then w is
harmonic in Q(u). Indeed u(z,t) = h(zx), where

hi(z) = inf{v € P withv =1 on OK and v >0 on I';}.

where P s the set of superharmonic functions in  which are lower
semi-continuous in ;.
Moreover T'(u*) = T'(u).



Next we state several properties of harmonic functions:

Lemma 2.9. (Dahlberg, see [D]) Let uj,us be two nonnegative harmonic
functions in a domain D of IR"™ of the form

D={(a',z,) € R" ' x IR: |2'| <2, |x,| < 2M,z, > f(2')}

with f a Lipschitz function with constant less than M and f(0) = 0. Assume
further that w1 = uo = 0 along the graph of f. Then for

Dyjp ={l2'| < 1,|zn| < M,z > f(2')}
we have

ur (2!, xy)  ug(0, M)
ug(z, zy)  uq(0, M)

0<C1 < <G

with Cy,Co depending only on M.

Lemma 2.10. (Jerison and Kenig, see [JK]) Let D, u; and uy be as in
Lemma 2.9. Assume further that

u1(0, M/2)

w0, M/2)

Then, uy (2, xy) Ju (2, x,) is Holder continuous in Dl/Q for some coefficient
a, both o and the C“ norm of uy/us depending only on M.

Lemma 2.11. (Caffarelli, see [C1]) Let u be as in Lemma 2.9. Then there
exists ¢ > 0 depending only on M such that for 0 < d < ¢ %u(@,d) >0
and

u(0,d) _ Ou u(0,d)

< — <
d - axn(o’d) <Gy

Cy
where C; = Cy(M).

Lemma 2.12. (Caffarelli, see [C1]) Let u be harmonic in By. Then there
exists g > 0 such that if

u(z + ee) > u(x) for e > ey and x,x + ee € B1(0)

or a unit vector e € IR" then e-Vu >0 in By/(0).
/



Lemma 2.13. ([JeKi], Lemma 4.1) Let Q be Lipschitz domain contained
in B19(0). There exists a dimensional constant 3, > 0 such that for any
¢ € 09, 0 < 2r <1 and positive harmonic function u in Q N Be.(C), if u
vanishes continuously on B, () N O, then for x € QN B,((),

u(z) < C(lxri)ﬂ"sup{u(y) 1y € 0Bo (() N}

where C' depends only on the Lipchitz constants of ).
We finish this section by showing that (1.1) is a generic assumption.

Lemma 2.14. Let w solve (HS) in (IR" — K) x [0, 00) with smooth boundary
data f > 0 on OK and initial positive phase Q1. Let us normalize such that
u(—en,0) = 1. Then (1.1) holds with

T = sup{t : sup 7f($1, )

< 10},
2, €K,0<1;<t [z, 72) }

and with
A =sup{fi(z,t) ;2 € K,0<t<T}.

Proof. 1. Let A as given above. Then for any 7' > 0 we have f(x,t) <
(14 Ae)f(x,s) where [t —s| < eand 0 <t,s <T. By Theorem 2.7, for any
e>0

u(z,t +1t0) < (1+ Aet)u(z, (1 +€)t +tg) for 0 <t <1/A
for any 0 < ty. Differentiating in € > 0 yields
(Atu + tug)(x,t + to) = t(Aou + ug) (2, t + to) > 0.
Since tg is arbitrary, we conclude
wu > —Aufor 0 <t <T

This proves the second inequality in (1.1).

2. By definition of f, f € [a,10a] with a > 0 for 0 < ¢ < T. Since the
positive phase Q;(u) expands in time, it is clear from the maximum principle
of harmonic functions that u(x,s) < 10u(x,t) f 0 <s <t <T. O



3 A Carleson-type estimate

Our first goal is to show the e-flat result, i.e. to show that the level sets of u
stays e-close to those of Lipschitz functions with small Lipschitz constants,
at least for a small amount of time. For this we will first prove that u is
”almost” increasing in the direction of —e,, in appropriate space-time scale.
From this section, suppose u is a solution of (HS) in Bs(0) x [0,7] with
initial positive phase 9 N By(0).

Proposition 3.1. There is a constant co > 0 depending only on dimension
and on A > 0 such that if u satisfies the first condition of (1.1), (1.2) and
(1.3), and 0 < r < ¢ is sufficiently small that u(rey,,T/2) > 0, then the
following property holds: for small t > 0 such that u(re,,t) =0,

t) < Cu(—aep, t 3.1
zerggﬁo)um ) < Cu(—aen,t) (3.1)

where a =17 > 1, 0 <y <1 and C are dimensional constants.
o For A C IR", denote
A+ se, = {z+ se, 1 x € A}.

o For P € By(0) N (IR™ — ), denote by t(P;u), the time the free boundary
of u reaches P, i.e.,

t(P;u) = sup{t > 0 : u(P,t) = 0}.
The proof of Proposition 3.1 follows from the following lemma:

Lemma 3.2. There is a dimensional constant ¢, > 0 such that if u satisfies
(1.3) with ¢, and 0 < r < ¢, is sufficiently small that u(rey,,T) > 0, then
the following property holds:

to to
)dt <C —aep, t)dt 3.2
[ max wtetyit <€ [T u-ae (3.2)

where tg = t(rep;u), a =17 > r, v < 1 and C are dimensional constants.
Further suppose u satisfies the first condition of (1.1), and for 0 <t <ty

27mg/2 < u(_enat) < 2m3/2
~ u(—epn,0) —

where mg is the largest integer such that r < 27™0. Then

at < Cu(— n’t
s By ot < Cul=aen, 1)

for 0 <t <ty/2 and a dimensional constant C'.

10



Proof of Proposition 3.1. Let mg be the smallest integer such that
A< 2m8/2 and 270/ < co-

Then by Lemma 3.2, (3.1) holds for a = 27™0 ( = 27™0/7) and small ¢ such
that
t < min{t(rey;u),T}/2

and hence the result follows. a
For the proof of Lemma 3.2, we first show the following two lemmas.

Lemma 3.3. If g € B2(0) and min{u(z,T) : © € Bs(xo)} = 0, then

T
/ u(zo,t)dt < C(n)s?.
0

Lemma 3.4. There is a dimensional constant ¢, > 0 such that if u satisfies
(1.3) with ¢, and 0 < r < ¢ is sufficiently small that u(re,,T) > 0, then
the following property holds: for tg = t(ren;u),

Qi N By-m (0) C (Qo +277ey,) (3.3)

where m > 1 is any integer such that r < r7 <27 0 < v < 1lisa
dimensional constant.

Proof of Lemma 3.3: Let
ro = inf{r : min{u(z,0) : x € B,(xo)} = 0}.
and change the coordinate so that g = 0. We construct a radially symmetric

barrier as follows: let ¢(z) be the harmonic function in B1(0) — By /2(0) with
¢ =0on dB1(0) and ¢ =1 on 9By /5(0). Let

t
a(t) = Cru(0,1) and r2(t) = C(n) / a(s)ds + 12,
0
where C'7 > 0 is a dimensional constant to be chosen later. Then

h(z,t) == a(t)o(r(t)1z).
is a subsolution of (HS), since

V =17/(t) < |D¢| = C(n)a(t)r~1(t) on Ty(h) = OB, (0).

11



Now we compare h with u in the domain
X = (IR" = By1)/2(0)) x (0,T).

At t =0 h < u by definition of r and Harnack inequality for u. As long as
Qi(h) C Qi(u), h(-;t) < u(-,t) on OB, /2(0) due to the Harnack inequality
for u, if C'y is chosen sufficiently small. Therefore h cannot cross u from below
for the first time in Q(h). On the other hand, as long as h(-,t) < u(-,t) on
0B,1)/2(0), h(-,t) < u(-,t) due to Theorem 2.7. Thus we conclude that
h <w in ¥, and in particular

B’I‘(T) (0) C QT(h) C QT(’U,)

By our hypothesis r(T") < s, which means

T T
/ a(t)dt:/ Cru(0,t)dt < C(n)s>.
0 0

This yields our conclusion. a

Proof of Lemma 3.4: We prove the lemma by induction for 1 < m <
mg, where myg is the largest integer such that 7 < 270, Suppose (3.3)
holds for some m € N. To simplify notations, denote

Bl - Bz—m (0), BQ - BQ—m,4/5(0), B3 - B2—m,3/5(0), B4 - Bz—m—l (0),

and pg = =27 le,,.
Let h(x,t) = h*(z) be the harmonic function in (Qo +2~°™e,) N B; such

that
0 on g+ 27,

h'(z) =
u(z,t) on 0Bj.

Due to the maximum principle for harmonic functions, u(-,t) < h! in Bj.
In particular, for x € [gN By and 0 < s < 27°™,

u(z + sen,t) < hi(z+ se,)
9—5m 9—m
< -
s o 2—m 10

024km2m/ u(x,t)dz
0B1

oht (-

€n)

IN

IN

—dkm (y, m | u(x 0y
€2 u(po. ) +2" [ (e t)da)

12



where S = 9B1N{Tg+se, : 0 < s < 275"}, C and k are positive dimensional
constants. Denote the last term of the above inequality by my, i.e.,

my = C27%™ (u(po, t) + Qm/ u(zx, t)dz).
S

It then follows from above arguments that
u(z + sep,t) < my (3.4)

for z € Ty N By and 0 < s < 279™. Next, let w; be the harmonic function
in ¢ N By such that

u(z,t) on 0By Ny,
wi(x) =
mMy on I'g N Bs.

Then u(z,t) < w(z) in Qg N By, and by Lemma 2.9

a t) < a
peiax (@) < max wi(@)

< C(myg + u(po,t)).

Above inequality and (3.4) imply

max u(z,t) < C(my +u(po,t))
r€0B3

< 0(2_4km+m/su(:c,t)dx+u(p0,t)). (3.5)

Now for xg € I'g N By, construct a wedge Ay, with vertex z:

—m

Ay = z0+ {(2/,20) : L|2| < 2 < T}’
which is contained in Bs — . Let v(x,t) solve (HS) with

v(z,t) = zrggg{gu(m, t) on the fixed boundary 0Bs,

Fo(v) = Axo,
Note that by Theorem 2.7 u < wv for 0 <t < t3. Hence for

d(xo) := max{s : u(xg + sen, to) > 0,29 + se, € By},

13



d(xzg) < d(wo,to;v) :=1inf{d: xo+ de, € I'y,(v)}
to
S C( maXIGaBg Qf(x7t) dt)a
0 2=m=
to to
< 0(2—4km+2m/ /u(;c,t)dxdt +/ %dﬂa (3.6)
0 S 0

where
S =0B N{Ty+se,:0<s<27m),

the second inequality follows from Lemma 2.13 with a constant 1/2 < a < 1
depending on n, and the last inequality follows from (3.5).
On the other hand, if (3.3) holds for m, then Lemma 3.3 implies

to
/ u(z, t)dt < C271% for z € S.
0

It follows that .
0
/ / u(z, t)dedt < C2715™,
0 S

to t
We proceed to find an upper bound of / U(Qpior’n)dt: construct a wedge
0

—m

~ 2
Ay = 20+ {(2/,20) : BET <z, < —L|2'|}

in 9, and a ball B inside A,,. Let w solve (HS) with

w(z,t) = cu(po,t) on the fixed boundary 0B,

FO (w) = Azo .

If ¢ is a sufficiently small dimensional constant, then due to Harnack in-
equality for harmonic functions and Theorem 2.7

w < wu for 0 <t <ty

Due to Lemma 2.13

(/to Wdt)ﬁ < d(0,tp;u) :=inf{d : de, € 'y, (u)} =r (3.7)
0

14



for a dimensional constant 3 > 1. Let v = 1/(12(3) and let mg be the largest
integer such that 77 < 27™0. Then if m < myg, (3.6) and (3.7) imply

d(:l?o) C(2f4kmfl3m +T1/ﬁ2m)a
0(2713m + 2711m)1/2

Co—11m/2.

ININ TN

Here C is a dimensional constant, and the second inequality follows from
rY = pl/(20) < 9=mo < 9=m Thys if m > my = mi(n), then

d(xo) < 275(m+1) )

For m < mj, (3.3) holds if we let ¢ < 2751, 0
We are now ready to prove Lemma 3.2 using Lemma 3.4.
Proof of Lemma 3.2: Let mg be the largest integer such that 7 <
270 where «y is given as in Lemma 3.4. For 0 <t < ty = t(re,;u) and
1 < m < mg, denote

Apm = max{u(z,t) : 2 € dBy-m(0) N {To + se, : 0 < s < 275™},
Note that, due to (3.5),

Apmr1 < max  u(x,t)
OBy rm.55(0)

< u(z, t)dz + u(pm,t))

cm /
OBy —m (0)N{Co+sen:0<s<2-5m}
< 0(2_4mAt,m + U(pm, t))

where p,, = —27™ le,, and C is a dimensional constant. Then by iteration

on m we obtain that

mo
Aty < C™0272M5 Ay + Y Cmomma G )y ().
m=1
Here, by Harnack inequality, u(p,,t) is bounded as follows:
u(pmat) < Cénofmu(pmo’t) (3'8)

where Cj is a constant depending on n. Hence, if my > m for a sufficiently
large constant m depending on n and Cj, then

Apmg <278 (Ap 1 + (Do, 1)) (3.9)

15



where p,, = —27mo~le . Observe that

to to to
/ Apqdt < / max u(z,t)dt < C/ / u(z, t)dtde < C (3.10)
0 0 «€B1/2(0) 8B (0)

where the last inequality follows from Lemma 3.3.
Next let
a=2""0"1~p7, (3.11)

Then by (3.9) and (3.10)

to to to
/ max u(z,t)dt < / Agadt + C/ —aep, t
0

x€0B,(0)

< C(2° mO—i—/ u(—aep, t)dt). (3.12)
0

It follows that

o(=mo-1)/7v <

max u(x,t)

to .
ol / €9Ba(0) €050 e

to
C(2-mitmo 4 gmo / w(—aen, t)dt)°
0

IN

IN

to
< C2tmitmole 4 o(gmo / u(—ae,, t)dt)* (3.13)
0

where the second inequality follows from Lemma 2.13 with 1/2 < a < 1
depending on n, and the third inequality follows from (3.11) and (3.12). If
mo > m(n) >> 1,

Co(=mgtmo)atl ~ o(—mo—1)/v

where C' > 1 is a constant given in (3.13). Thus (3.13) implies
to
o=mo=D/y < C(2m°/ u(—aey, t)dt)®
0
and we get

to
g(=mi+mo)a < o(=mo—1)/7 < C(gmo/ u(—aep, t)dt)”. (3.14)
0

16



By (3.12) and (3.14)

to to
/ max u(z,t)dt < C’(Q_mg +/ u(—aep, t)dt)
0 x€0B.(0) 0

to
< C/ u(—aep, t)dt.
0

To prove the second part of the lemma, we further assume u(z,s) <
10u(x,t) for 0 < s <t <T, and

110 < YEml) . gmi
~ u(—epn,0) ~

for 0 < t < ty = t(rep;u). Then by Harnack inequality for harmonic
functions
max u(—aey,t) < 10u(—aey,, ty) < C™ M

0<t<to
where a = 270~ and C is a dimensional constant. Hence by Lemma 2.13

to MQM
( / ¢ dt)? > r
0 a

for a constant 0 < 6 < 1 depending on n, which implies

i < CWOQMOT*UﬁM < 9kmo yr
to — -

where k is a positive dimensional constant.
Since

to
10451 > Ato/2,1 for s > tp/2, and / Aadt < C,
0

it follows that
to

;_(())Ato/Q,l < s Apadt < C.
Hence if t < t(/2, then
A1 < 104421 < C% < o2k N
for positive dimensional constants C' and k. Then by (3.9)
Agmg < C2778 (2570 N 4 t(pym ) (3.15)

17



and, due to Harnack inequality,
W(Pimo,t) > C27F™0u(—e, /2,8) > C27Fm0

for k = k(n) > 0. Since M = 2™/2 if mg > m for a sufficiently large m
depending on n, then (3.15) implies

At,mo < Cu(pMO’t)
and hence for ¢ = 2-™0~1

t) < Cu(—aen, t).
pohax  ulw,t) < Cul—aen 1)

4  e-flatness of level sets of v in a ball

In this section, we show the flatness property of u satisfying the hypothesis
of Proposition 3.1, i.e., satisfying the first condition of (1.1), (1.2) and (1.3).
0 < r < ¢ will denote a sufficiently small constant such that u(rey,T7/2) >
0.

To show the e-flatness of u (Proposition 4.1), we will construct a star-
shaped barrier w for u. Proof of the proposition will need more arguments
than that of Lemma 3.2 in [CJK] due to the fact that the Holder continuity
of w in time (Corollary 2.3 in [CJK]) does not hold here.

We begin by introducing some notations.

o For nonzero vectors v1,vy in IR", we define a(vy,v2) to be the (smaller)
angle between vy and vs.
© We say that a function f has a cone of monotonicity

W(,v) :={peR":alp,v) <0}

or f is monotone for the cone W(0,v) in D C IR™ if f is monotone increasing
along every direction p € W(6,v) in D.
Consider a star-shaped domain €’ such that

(i) QN BQ(O) =QoN BQ(O);

(i1) € is star-shaped with respect to every x € K’ C ' for a sufficiently
large ball K.

18



Let vy be the harmonic function in ' — K’ with data 1 on 0K’ and 0 on
€Y, and let v be the solution of (HS) with v(z,0) = vo(z) and v(z,t) = 1
on OK'. Tt follows from comparison arguments (see Lemma 3.3 in [CJK])
that v is starshaped with respect to K’. In particular, v(-,¢) is monotone
in B1(0) for the cone W (0 — €, —e,,) for 0 < ¢ < t(en;v), if K’ is sufficiently
large depending on €. Here € is a small constant to be chosen later.

Based on v, we will construct a supersolution w**? and a subsolution
w*? of (HS) such that in B,(0), w® < u < w**? and the level sets of w**
and w*"P are close to each other.

We begin by constructing a concentric ball By of B1(0) as follows: Let
ko, k1 and ko be sufficiently large numbers satisfying

ko

k k =
0>k, 7 ko + k1 + ko

where v is a constant given as in Lemma 3.4. ( ko, k1 and ko will be
determined later in the proof.) Let k = ko + k1 + ko and let ¢ = ri/k
(¥ =r). We denote

By := Beko (0) C Bl(O) =: Bjy.
Since 77 = %0, Lemma 3.4 implies
Qi N By C (Qo + €*¢e,) N By

for tg := t(re,;u). Next define

2
H = (Ig — e™trie, ) n 3B

where 2By = Byekq s3(0). Observe that

radius(Bg) > dist(H,Tg) > max dist(x, ).
z€l't NB2

If k; is sufficiently large, Lemma 2.10 implies that for any positive har-
monic functions h and g in By N )y, vanishing on [y, there exists a constant
¢ > 0 such that

h
l1-e<—<1+€onH. (4.1)
cg

Let h(z,t) := h'(x) be the harmonic function in By N 2 such that

0 on I'y,
ht = (4.2)
u(z,t) on 0By N Q.
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Then
h'(z) < u(z,t) in Bs.

Since h := h! and ¢ := vy are both positive harmonic functions in By N €,
which vanish on I'g, h and g satisfies (4.1) with ¢ = ¢, i.e., there is a constant
¢; such that

ht
l-e<—<1+4e€onH. (4.3)
CtVo
Hence we get
(1 —e€)cvg < u(zx,t) for z € H. (4.4)

Similarlylet h(z,t) := h'(z) be a harmonic function in By N (Qg + € oe,,)

such that
0 on Iy + eFoe,,,

ht = (4.5)
u(z,t)  on OBy N (Qy + Foe,,).
Then .
u(z,t) < h'(z) in Bs. (4.6)
Since €70 < efotk = dist(H,T), from a similar argument as for hf, we

obtain a constant ¢; such that

7t

l—e< <i4eonH (4.7)
CtVo
Therefore we have
u(z,t) < hH(x) < (1 + €)éwo(x) for z € H. (4.8)

Let w be the star-shaped solution of (HS) with
Qo(w) = Qp(v),
w(x,t) = (1 —3€)e; on OK'.
In other words,

w(z,t) = (1 — 3e)cv(zx, (1 — 36)/0 csds).

We now state our main proposition:
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Proposition 4.1. Suppose u satisfies the first condition of (1.1), (1.2) and
(1.8) with ¢g > 0 depending only on dimension and on A > 0. Suppose
0 < r < ¢ is sufficiently small that u(re,,T/2) > 0, then the following
property holds: there is an integer k > 0 depending on dimension such that
if 0 < s < r and € satisfies € = s, then the level sets of u(-,t) stay se-close
to those of w in Bas(0) for 0 <t < t(sen;u). In particular u is se-monotone
for the cone W (6 — €, —ey,) in Bas(0) for 0 <t < t(sep;u).

Proof. Without loss of generality, we may assume s = r. We will perturb w
by order of € to construct ws*P and w*".
Let @ be the star-shaped solution of (HS) with

Qo(w) = Qo(v),

W(z,t) = (1 + 3€)é: on OK',
namely
t
B, t) = (1 + 36)é(x, (1 + 3¢) / £ads).
0
Since r = " < €fotF1 Corollary 2.3 in [CJK] implies
v(z,t)) < (1 +€)vo(x) for x € H

where t)) := t(ren;v) = t(fen;v). Thus for 0 < s <7, v € H and t =
t(sen;w),

w(z,t) = (1 —=3e)cv(z,t(sen;v))
< (1 =2¢)cpvp(x)
< (1-=eu(zx,t), (4.9)

where the last inequality follows from (4.4). Similarly if z € H and t =
t(sep;w) then

w(z,t) = (14 3e

>
> (1+eu(z,t) (4.10)

where the last inequality follows from (4.8).
Based on w we construct a supersolution w*"? as in Lemma 3.2 of [CJK],
by bending the free boundaries of w up above I'y(u) in %Bg — %Bg. Define

1
P(x) = 2P (@1, ooy Tno1, = + 27]?)
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where x = (z1,...,x,) € IR". Since 1 is the composition of reflection about
x

T, = 1 and the conformal mapping sending x to W’
x

¢:=1(x+e,) —en

is also conformal. Observe that ¢ fixes 0 and will bend the free boundary
of w up above I'y(u) in %Bg — %Bg. Set S; to be the strip between H and
I'y(w) and define

2
WP, 1) = (1+ (6~ (@),0) in R = 9(S) 0 2By,
Note that w*"P(-,¢) is harmonic in R and

Li(w*™) = o'y (w))

in %Bg. By a similar argument as in Lemma 3.2 of [CJK], w*“P is a super-
solution in 2By x [0, T].
Now we compare w*“P and u in

1 .
S = (53BN R) x [0,7],

where T' = min{tg, t(re,; wP)}, to = t(ren; u).
First note that, due to (4.6), (4.10) and the fact

o |p(x) — 2| & 2P0 < Fothr  dist(H, To(u)), (4.11)
1R

we have )
u(z,t) < wP(x,t) on ¢(H) N §B2 x [0, T7].

Secondly observe that in %Bg — %Bg and for 0 < ¢t < T

T(u) € (| @o(w)+ sen)) x [0,7]

SSESkO

due to Lemma 3.4. On the other hand,

Ly(w™?) = ¢(Ty()) € | (To(@) +sen) = | J (To(u)+ sen).

SZEQkO 5262160
Hence it follows that
2 1 -
Q(u) + €20 /2¢,, € Q(w*™P) in (B2 = 3B2) x [0, 7] (4.12)
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Due to (4.10), (4.12) and Lemma 2.10, we obtain

u(z, t) < W (z,t) on a(%B2 AR) x [0,7].

Therefore u < w*? on the parabolic boundary of ¥, and Theorem 2.7
yields that
u < w™Pin ¥. (4.13)

Similarly we construct a subsolution w*" as follows. Let 1) be the com-
position of reflection about z,, = 1 and the conformal mapping sending x to

W, then ¢ := ¥(x +e,) — e, will bend the free boundary of w down
x —2e,

below I't(u) in %Bg - %Bg. Let us define

w(z,t) = (1 - u(é™ ! (2),1)

Then w*“?(-,t) is harmonic in R := %Bg N¢(S;), where S; is defined similarly
as in S;. From an argument parallel to the one for showing (4.13), we get

1 _
W' <y e (532 NR) x [0,7"],

where T’ = min{tg, t(re,; w*)}.

Let B3 = B,(0) = By (0). Then in B3, if 0 <t <T" and 0 < s < r,the
level sets {x € Bs : u(x,t) = s} are located between {z € B3 : wP(x,t) =
s} and {z € Bz : w*"(z,t) = s}, which are in the er-neighborhood of
{r € By : w(z,t) = s} and {x € Bs : w(z,t) = s}, respectively. Since
w is monotone in B;(0) for the cone W (0 — ¢, —e,,), to conclude it suffices
to prove that the level sets {z € B3 : w(x,t) = s} are contained in the
re-neighborhood of the level sets {z € B3 : w(z,t) = s} of w.

Recall that w and @ are star-shaped solutions with the same initial
domain, and with different fixed boundary values (1 — €)c¢; and (1 + €)é,
respectively. By (4.4) and (4.8), ¢; and ¢& satisfy

i

t(.%'

()

~—

1< 2 < (1420
Ct

(4.14)

>

for z € H. Let g = —efotkie, € H, then

- t)
t <1 max,epp, U(7, Bko\ 1.t
h (xO) = ( +C u(—ekoen,t) € )h’ (.’IJ())

23



for C' > 0 and 8 > 0 depending on n, since h; = hy = u(x,t) on 0BaN{hy >
0}, and since )
Ly(h) = Ty(h) + €*e, in B,

with €* much smaller than e*0+*1 = d(z,T'y(h)) for 0 <t < T'. Therefore
if k¢ is sufficiently large, (4.14) implies

Ct
1< =<1
T T + u(—ekoey,, t)

maXﬂ?EaBQ U(IE’ t) (4 15)

By Proposition 3.1,

t) < Cu(—€oe,,t
max u(z,t) < Cu(—€e™ey, t)
and thus

1<% <14Ce
Ct

for a dimensional constant C'. Now (4.16) and Lemma 3.3 of [CJK] yields
that the level sets of w and w are contained in the Cre-neighborhood of each

other.
O

5 Non-degeneracy and Lipschitz continuity

Our next goal is to improve Proposition 4.1 to conclude that wu(-,t) is Lips-
chitz in space in B, (0) for 0 < ¢t < t(rey;u). For this purpose we first need
to show that u is non-degenerate on I'(u) in e-scale (Proposition 5.1).

Proposition 5.1. Let u be a solution of (HS) with 0 € T in B2(0) x IR™.
In addition suppose that t(en;u) = 1, u satisfies (1.1) with A <1 and u(-,1)
is e-monotone for 0 < € < €, for the cone W(0,—e,), 0 > w/4 in the region
Bsy(ey,) for t € [0,1], where €, is a dimensional constant and ty = t(ey).
Then there exists a dimensional C' > 0 such that

Byja(en) N (4 + sen) C Qugcey (5.1)
fort(en/2;u) <t <t(ep;u) and 0 < s <e.

The proof is parallel to that of Proposition 4.1 in [CJK], but we state
the proof below to illustrate the use of (1.1).
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Proof. For Py € Byjy(en) N (u), denote t; = ¢(Py). The goal is to show
that u(Py + sep, (14 Ce)t1) > 0 for some C(n) > 0. Let P, = Pi + te,, R =
By2(P2) — Byj10(F2) and ¥ = R x [0,11]. Define the function

w(z,t) = Béig(x) u(y — €eep,t)

where ¢ defined in R satisfies the following properties:
(a) A(p™@")=0 inR;
(b) »=A4n on 9By 19(P2);

(0 ¢=1/Vv2 in 0By 5(P).

Here @, > 0 is a dimensional constant chosen such that Lemma 9 in
[C1] applies, A, is chosen sufficiently large that ¢(P;) > 2. Note that also
|Dyp| < C where C depends on @, and A,,.

Now we compare w and u in Y. First due to the e-monotonicity of u
(in space) we can argue as in [CJK] to check that w > u on the parabolic
boundary of 3. Observe that, formally speaking, w satisfies

Wt

| Dwl

> (1—-0(e))|Dw| on T'(w) N X,

due to the definition of w. It follows that for some constant C = C'(n) > 0
wi(x,t) == (1 + Ce)w(z, (1 + Ce)t) is a supersolution of (HS) in 3,

(For rigorous proof see the proof of Proposition 4.1 in [CJK].)
Note that t; < 1. Thus if u satisfies (1.1) with A < 1 then w < wy(z,t)
and therefore Theorem 2.7 yields

u(z,t) < wp(z,t) in X.

On the other hand by (c) and the definition of w, w(z,t) < u(z + se,,t) at
P for 0 < s < € and thus we can conclude.
U

The following corollary and its proof correspond to Corollary 4.4 in
[CIK].
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Corollary 5.2. Let u,e be as given in Proposition 5.1 and let t = t(e,;u).
Then there exists C(n) > 0 such that for x € T'y(u) N By a(en),

sup  uy(y,t) > Ce.
Y€ Bae ()

In terms of our original u, the following holds:

Corollary 5.3. Let Py € I'y,(u) and d(Py,Py) = r, t1 = t(P1;u) > to.
Furthermore suppose that u is re-monotone for 0 < ¢ < €, for the cone
W(b,e,),0 > m/4 in Bor(Py) X [to,t1]. Then there exits a dimensional
constant C > 0 such that

sup  u(y,t) > TE.

yeBQ're(m) tl - tO
fort=1t;.

Remark. Corollary 5.3 states that the lower bound on the normal
velocity, or |Du| on I'(u), is proportional to the distance d it has moved
in e, direction from its initial position. Furthermore this lower bound is
obtained uniformly in the space neighborhood of size d, suggesting that the
regularization of the free boundary occurs in scale of d in space and t(de,; u)

in time.
Proof. Let
() = @u(rw, (t1 —to)t + to)
and apply Corollary 5.2 to . U

The following lemma is a modification of Theorem 5.1 in [CJK]. The
proof is parallel to that in [CJK].

Lemma 5.4. Suppose u solves (HS) in Bs(0) x [0, to], to = t(en;u) such that

(a) u(-,t) is e-monotone for a cone W (0, —ey,) in Ba(ey,) for 0 <t <tg.

(b) u satisfies
sup u(y,t) > Ce (5.2)
Y€ Bae ()

for x € Ty(u) for 0 <t <t.
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Ift/2—0 < tan=1(L,,) for a dimensional constant L, > 0 and 0 < € < 1/100
then there is a constant 0 < A < 1 depending only on C and n such that
u(-,t) is Ae-monotone for W(0', —ey,) in By_ya(en) for e/6 <t <ty with
0 =0 — /14,

Corollary 5.5. Let u be as in Proposition 5.1. Then T'y(u) is Lipschitz in
space with Lipschitz constant L < L' = L4 Ce'/"* < L, in By(0) x [1/2,1],
where C' is a dimensional constant.

Proof. 1. Due to Corollary 5.3, (5.2) holds for u in By(0) x [1/4,1] with
dimensional constant C. By iterating Lemma 5.4 and Proposition 5.1, it
follows that w(-,¢) is monotone in the cone W (6', —e,,) in By(ey,) for b <t <

1, where
§=2—Ce/IDP N/ b =c+4 C/On NF/O

for C' = C(n, A), a dimensional constant 0 < ¢ < 1, and
0 = 0 — /1550 AR/, (5.3)

Hence if a(r, A) is chosen sufficiently small such that the corresponding € in
Proposition 4.1 is sufficiently small, the lemma holds for 1/2 <t < 1. O

Corollary 5.6. Let u, v and k as given in Proposition 4.1. Then for 0 <
s < r, u is Lipschitz in space with Lipschitz constant L < L' + 147 L,
in Bs(0) x [0,t(sen;u)].

Proof. For any 0 < a < r and zg € I'g N B(0), let

i(e.t) = Wafa(e  20).40)0). 1) = tzo + acyin).

We then apply Proposition 4.1 and Corollary 5.5 with @ to derive the lemma
for %to <t <tp. Since r is arbitrary small, we get the Lipschitz property of
T'i(u) in By(0) for 0 < t < t(aen;u). O

Corollary 5.7. Let u and r be as given in Proposition 4.1. Then for 0 <
t <t(sep;u) with 0 < s <r,

and

Chu(—sep,0) —
where C1 = Cq(n, A).
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Proof. Due to Corollary 5.6 u is Lipschitz in space in B,.(0) x [0, t(re,; u)]
with 7 = r(n,A). Hence it follows that I';(u) is Lipschitz in B,(0) for
0 <t < t(rep;u), and which implies

max u(x,t) < Cu(—res,t
max u(r.1) < Cu(—re,.)
where 0 < t < T and C is a dimensional constant. Furthermore, since
u(—ep,t) < Au(—ey,0), By Harnack inequality

t) < Cru(—sen, 0
gg%)um ) < Cru(—sex, 0)

for0 <s<r,0<t<t(sey;u) and C; = C1(n, A). Then the results follow
from a similar argument as in Theorem 2.1 and Corollary 2.2 of [CJK]. O

6 Regularity in space

In section 6-7 we modify iteration argument used in section 9-10 of [CJK]
to yield further regularity of I'(u).

The main idea is that the nice properties of u in the positive phase
propagates to the free boundary over time. In particular in [CJK] u; <
C|Du|? in the positive phase, due to the fact that {;(u) was a globally
Lipschitz domain with Lipschitz constant L < L,. This property, ensures
that the direction of the spatial gradient Du(—e,,t), which represents the
direction of propagation of the flow in unit scale, does not change too quickly
in time (see Lemma 9.1 in [CJK]).

In our case u; is no longer bounded since ;(u) may not be Lipschitz
outside of B;(0). Hence we need a new argument to control the change of

Du :
Du] over time.

Lemma 6.1. Let u solve (HS) in B1(0) x (—1,1) with (1.1), 0 € I'yp(u) and
t(en;u) = 1. Suppose

(a) u(-,t) is monotone for the cone W ey, 0y) in B1(0), with 0y > 7/2 —
tan=(Ly,).

(b) u(-,t) is monotone for the cone W (v, 0;) in By—i+1(0) x (0,2748;) with
y=m/2—-0,> =2

Then for integer | > ly where lg depending only on 6y and n, there exist
a unit vector vz € IR™ and 0 < ho(n) < 1 and 0 < ro(n) < 1 such that
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u(+,t) is monotone increasing in By-1-5(—2"""Le, ) x (0,7927'8;) for the cone
ne W(l/l+1,01+1) with
d1+1 < hody.

Proof. 1. Let u and w be given as in Proposition 4.1. Then the following is
true due to Proposition 4.1:

lu —w|(x,t) < C27%w(—27"e,,t) in By—141(0) x [0,£(2  e,;u)]  (6.1)

where C' > 0 and 0 < a < 1 only depend on n.

Due to the hypothesis and (6.1), ws(-,t) is 207 Dlmonotone for the
cone W (ey, 0;) in By—111(0) x [0,t(2 e,; w)], and thus due to Corollary 5.2
in [CJK], w(-,t) is monotone for the cone W (v;41,0;) with

0, =, — C2 o/

where C' only depends on 6y,n . Let 0, = m/2 — §;. Observe that, due to

t(rep;u) > rt(en;u) =1r/2.

In particular
t(27 e w) > (1 — 270 (27 ey u) > 27071

Note that due to Lemma 9.1 in [CJK] applied to w, there exist a unit
vector v € IR™, 0 < ri(n) <1 and 0 < hg = ho(n) < 1 such that

a(Dwsa, vy) < hod) in By-1-3(—27"e,,) x [0,712705]. (6.2)
Since 8§ > 172, hod] < hod; for sufficiently large I, where
0<ho=1/2+hg/2 <1.
2. Take a unit vector p € IR"™ such that
a(p,v) < /2 — (2 — ho)d.

Due to (6.2), for 0 < e < 1 and 0 < ¢ < ro27L5;, there exists cg > 0
depending on n such that

w(—2le,, t)

w(- + 27l€p, t) > Co2il€(1 — il())(sl 51

+w(-,t) (6.3)
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in By-1—3(—27le,) for 0 <t < 712715, Now by (6.1),

u(-+27lep,t) > (1 —C27w(- + 27 lep, t)
> (co(1 — ho)ed; — C27Nw(—2'e,, t) + w(-, 1)

> (1 =27 (cohoed; — 2027 u(—2" ey, t) + ul-, ),

in By-1-3(—27"e,,) for 0 < t < r127%6;, where the second inequality is due
to (6.3). In other words u(-,t) is 2 'e-monotone in the direction of p in
Byi-3(—27Ye,) if 1 is sufficiently large with respect to 1 — kg, o and € such
that

C()(l — BO)E(S[ > C()(l — ho)eliQ > (027,

Thus if we choose € = €(fp,n) > 0 small enough, then Lemma 1 in [C2]
implies that

p- Du(z,t) > 0in Byi—s(—27"e,) x [0,712705)],

for 1 > lp(6p,n), which proves our assertion.
O

Below we state a modified version of Lemma 9.3 in [CJK]. The proof is
parallel to that in [CJK]. Combined with Lemma 6.1, the following lemma
says that, for (zg,t) € I'(u), % converges as we take smaller neighbor-
hoods of (zg,tg). The rate of this convergence, in comparison with the size
of the neighborhood, determines the regularity of I'(u) in space.

Lemma 6.2. Let u solve (HS) in B1(0) x [—7,7],0 < 7 < 1 with
(0,0) € T'(u), t(en;u) = 1 and |Du| > mg on I'(u).

In addition suppose there exists a unit vector v € IR"™ and 0 < by < 1 such
that
a(Du, —eyp) <6 in B1(0) x (—7,7).

with & smaller than a dimensional constant, and
a(Du(x,t),v) < bod in Byjie(—en) X (—=7,7).

Then there exists a unit vector v1 € IR™ and a constant 0 < ¢ < 1 depending
only on n,mg and by such that

a(Du(x,t),v1) < 01 in Byys(0) X (=7/2,7/2)

where 61 < 6 — cT.
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Now we go back to our original solution u. Let us fix Py € T'g N B;.(0)
50 € [t(Py + sep), t(Po + 2sey,)],0 < s <r and zg € I'y,(u) N Bss ().
Change the coordinate and re-scale as follows:
(z,t) = %’U,Q(S.%' + zp, at + s0), v = t(sen; u). (6.4)

Next, we construct blow-up family {u;} of u which satisfy the hypothesis
of Lemma 6.1 as follows:

wi (@, t) = Aogii(27 'z, aut),

where ag = 1 and for [ > 1

oy = t(27 e, ).

Note that u; (I = 1,2....) is a viscosity solutions of (HS) in B;(0) x (—1,1)
with the property t(en;u;41) = 1. Also recall that I'(u) is Lipschitz with
Lipschitz constant L < L,, and by Corollary 5.3

|Duy(x,t)] > mg for (x,t) € (B1(0) N (w;)) x (—1/2,1).

with mg = mo(n).

Now we apply an iteration argument, starting with sufficiently large [
if necessary. Suppose that w;(-,t) is monotone for the cone W(y;,0;) in
BQ(O) X (—51,51) where

0 =7T/2—01 > l_2.

Then @ satisfies the hypothesis of Lemma 6.1, and thus there exists a unit
vector v and 0 < ro(n), ho(n) < 1 such that u;;(-,t) is monotone increasing
in By16(—en) X (=2700;,2r0d;) for the cone W (011,v) with 641 < hod;.
Now Lemma 6.2 applies to u;+1 to yield the enlarged cone of monotonicity
Wi, (91+1) with

7)2 — 0141 = 6141 = 0 — crgd?, ¢ =c(n) (6.5)

for w1 in By/3(0) X [=70d;,706;]. Now we can repeat the process with
811k, where k = k(n) such that 27% < rg.
From (6.5) we obtain

C
0~ —
l 1’
which yields the differentiability of I'(u) in space at (0,0):
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Theorem 6.3. Let u and r be as given in Proposition 4.1, and let 7 =
t(rey;u). Then T'(u) is C in space in B.(0) x [—7,7]. In particular, there
exist constants ly, Cy > 0 depending only on n such (xg,ty) € I'(u),

T¢(u) N By—i (o) for |t —to] < 27
1s a Lipschitz graph with respect to direction @—Z‘(—Q_l en,to), with Lipschitz

constant less then % if l > 1.

7 Upper bound of the spatial gradient on the free
boundary

To derive an upper bound of |Du|, we need stronger regularity than C! of
I'(u) in space. For this we need a refined version of Lemma 6.1 as below:

Lemma 7.1. Suppose u is as given in Lemma 6.1 with 72 < § < 171,
Then for 1 € N,I > Iy where ly depending only on n and 6y, there exist a
unit vector v, € IR™ and 0 < ro,ho,k < 1 such that u(-,t) is monotone
INCreasing in

-1
32_1_5/ﬂ(—wen) x (0,027 1%))
along every direction n € W(01,v1) with
o141 < hody-

Here rog = ro(0p,n) and k,ho only depends on 0y and n.

Proof. Proceeding as in the proof of Lemma 6.1, one can construct a star-

shaped solution w of (HS) with s = 2—\}; Moreover arguing as before, w(-,t)

is monotone for the cone W(e,, 0)) i

By-111(0) x [0,t(27len;w)],

where 0 = 6, — C27 71!, C' = C(n). Observe that &, = § + C27 11! < 2]~
for sufficiently small [, and by Proposition 10.5 in [CJK] applied to w

wi(w,t) = [Dwl*(=2'VD) e, )(1 + O(7H)
in the region

B%(Zlﬂ),l(—(zl\/i)*len) x [0,t(27 en; w)]
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where 0 < k < 1/2 and C' > 0 depends only on n.
Due to Lemma 9.1 in [CJK] applied to w, there exists a unit vector
v € IR™ and 0 < hg < 1 such that

a(Dw, 1) < hody in By 1 (—(2VD) en) x [0,7027 1143
8
Parallel argument as in the proof of Lemma 5.1 yields the conclusion. [

We can now apply an iteration argument as in section 6 to the family of

functions .
141 Las
u " (x,t) = 41Fu(——=, Oit
(z,t) By (Qlﬂ Git)

where @ is defined in (6.4) and

2—1
Vi
Namely, {@'} is defined similarly as {u'} in section 6, but replacing the
scaling factor 2! by 2v/1. Then the corresponding §; obtained for @; satisfies

141 = 0 — 6F1F,

B = t(

€n;U)

and we obtain § ~ (77, where 1 < v < 2. Thus the following theorem is
obtained for :

Theorem 7.2. There exist constants lp > 0 and 1 < v < 2 depending only
on n such that for a free boundary point (zg,ty) € I'(a) N (B1(0) x [0,1]), if
I > ly then I'(2) N By-i(xo, to) is a Lipschitz graph with Lipschitz constant
less then 77,

Then by Theorem 2.4 in [W] we obtain the upper bound of |Dul:

Corollary 7.3. The spatial gradient Diu(-,t) ewists in Qi(u) N B1(0) for
0<t<1 and

|Du(-,t)] < C in Q(u) N B1(0) for 0 <t <1,
where C' is a dimensional constant.
In terms of our original function u, we obtain the following statement:

Corollary 7.4. Let u,r and 7 as given in Theorem 6.3. Then for any
Py eTyNB.(0), 0<ty=t(Py+ se,) <7 we have

~ |Du(Py — sep, t)|

t
< Cy in Qy(u) N Bs(Py + sey) for 50 <t <ty.

Here C1 and Cy are dimensional constants.
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8 Regularity in time

It remains to address the regularity of I'(u) in time. Here we will use the
fact that, due to the second condition in (1.1), e?*w is increasing in time,
and therefore one-sided limits u(z,t™) and u(z,t") exists for all (z,t).

Proposition 8.1. Let u, r and 7 be as in Theorem 6.3. Then I'(u) is
Lipschitz continuous in time in B.(0) x (0,7). More precisely, if (zg,tog) €
I'(u), then

Ut

| = li — =1|D t=
(@010) " yeatu ooy scto [Da] %) = 1Pul(E o)

and

. Ut
Vi = 1 L (y,5) = | Dul(z, tT
(9307tl) (y,S)EQ(U)l{?Io,to),s>to |DU| (y7 3) ‘ U’(Z’, 0 )

Remark Note that v may have jump discontinuities in time, and thus
one cannot ensure that free boundary velocity is continuous in time.

Proof. 1. For [ =1,2,... let us define
ul(z,t) = 2u(zo + 272, tg + 27%) in By (0) x [—21,21].

Without loss of generality we may assume that e, := @—Z‘(xo, to). The-
orem 6.3 yields that

a(Dul,ep) — 0 as | — oo if k # n, (8.1)

locally uniformly in R".
Moreover, due to Theorem 7.2 and Theorem 2.4 in [W],

|Du(-,t) — Du(xg — 27 "ep, t)| < 1/m in Qi (u) N By—m(x0) (8.2)

for [t — to| < 27™.
2. Let us we define, for a given domain ¥ € R" !,

dy(x,t) := signed distance function to X.
Formally speaking,

Ut

m = |DU| on F(U)
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in a small neighborhood of (z¢, ). In particular dg ) is uniformly Lipschitz
in time with respect to [. Due to a barrier argument based on Corollary 7.3,
one can show that T'(u!) has bounded normal velocity. Therefore if we define

u®(z,t) ;= limsup  ul(y,s)
l—00,(y,8)—(z,t)
and
Uso (T, t) 1= lim inf ! Y,S),
( ) l—00,(y,s)—(z,t) ( )
Then due to Arzeli-Ascola, dq,e) and dq,,,) are given by a local uniform
limit of respective subsequences of {dg,1}ien-
3. Due to (8.1) and (8.2),

u™(z,t) = a1(t)(a2(t) — xn)+, and uso(x,t) = by(t)(b2(t) — ).

where ay(t) and by(t) is increasing, a(0) = b2(0) = 0 and Lipschitz
continuous in time. Also observe that, due to (1.1) (1 + 27 At)u! increases
in time, and thus u® and u«, increases in time, and in particular a;(¢) and
b1(t) has one-sided limits.

4. We prove that a;(0—) = b1(0—). Suppose

|a1(0—) — b1 (0—)| > 6 > 0.

By definition of ay(t),b1(t), one can choose sufficiently large l1,lo and z;,y;
so that

|a1(0—) = Du" (1, 51)|, [b1(0~) — Du(yy, 57)| < 6/4 (8.3)

with z7,y; € B1(0) and sf — 0~ as [ — o0o. On the other hand, due to
(1.1), u(—2"™e,,07) exists for any m, and thus if |s] — s?| and |s}|,|s?] is
sufficiently small depending on m with sll, 312 < 0, then

[u(—2""ep, st) — u(—2""ey, s?)|
2—m

< 5/4. (8.4)
Now due to (8.1) and (8.2), if I and m is chosen sufficiently large,
|Du(—2"™ep, st) — Du'(z;,51)| < 6/4 (8.5)

and
|Du(=2""ey, s7) — Dul(y1,s?)| < 6/4. (8.6)

Putting (8.3)-(8.6) together, one obtains |a;(0—) — b;(0—)| < §, a con-
tradiction.
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5. Parallel argument holds for other cases to obtain
a1(0—) = b1(0—) = |Du|(zo,to—) and a1(04) = b1 (0+) = |Du|(xg, to+).

Now it is straightforward from barrier arguments, using the fact that
{u'} are viscosity solutions of (HS), to prove that

a(0—) = b(0—) = [Dul(zo, to—) and a5(0+) = b5(0+) = [Dul(zo, to+),

O

9 Global solutions with initially Lipschitz free bound-
aries

As an application of Theorem 1.2, we will show existence, uniqueness and
regularity and properties of global solutions of (HS). Let

Qo :={z, < g(2'),z = (2',2,)} (9.1

where ¢ is Lipschitz continuous with Lipschitz constant L < L, and
g(0) = 0. Then there is a unique harmonic function uy in 2y such that
uo(—en) =1 and up = 0 on T.

Definition 9.1. A lower semi-continuous function u(z,t) in IR™ x [0,00) is
a global wviscosity solution of (HS) with initial data ug if

(a) u(x,t) is a viscosity solution of (HS) in Br(0) x (0,00) for any R > 0,
(b) w increases in time, and

(¢) u locally uniformly converges to ug as t — 0.

Let u be a global viscosity solution with initial data ug. To address
uniqueness and regularity properties of u, we normalize the solution by
assuming that

—Re,,t
i M Bonst)
R—o0 uo(—Ren)

Lemma 9.2. Suppose u is a global solution of (HS) with (9.1). Then for
any € >0 and T > 0 there exists Ry > 0 such that if R > Ry

=1 for each ¢t > 0. (9.2)

d(z,To(u) N Br(0)) < €R for any x € T'y(u),0 <t <T. (9.3)
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Proof. Denote the following property by (P) r:
(P)t.r u < eR? on dBR(0) x [0, 1]

where € > 0 is a sufficiently small dimensional constant. Note that by (9.2)
and the Harnack inequality, there exists Ry = Rg(t) > 0 such that

u(z — Rep,t) < 2u(z — Re,,0) < CeR*™@ (9.4)

forx e T'gN BR(O) and R > Ry.

Now suppose that (9.3) is violated at ¢ = tp. This means that for any
€ > 0 there are sequences R — oo with which (P)y, g, fails. (Otherwise
a barrier argument using radially symmetric barriers will yield (9.3).) In
other words, at every R, = 2FRy(tg) there exists z; € Bg, (0) such that
u(xg, to) > eRi. Since u increases in time, we have

u(zy,t) > eR2 for t > tg.

Again from a barrier argument it follows that at ¢t; = tg+ %, the positive
phase €, (u) contains Bspg, (zx) for any k. But then Bsp, (rj) contains
x = —Rpe,. This and the Harnack inequality contradicts (9.4) if Ry is
chosen sufficiently large so that Ry > Rg(t1) and € >> R, *. O

We now state our main theorem:

Theorem 9.3. There exists a unique global solution w of (HS) with initial
data uy which satisfies (9.1). Moreover the following properties hold for u :

(a) For any t > 0, T'y(u) is a Lipschitz graph with respect to the direction
en with Lipschitz constant L in IR"™.

(b) T'(u) N {t > 0} is smooth in space and time.

(c) For any x € Ty(u) such that x + de,, € T'y(u),

o1 < | Du(z + dey,

t)]
< .
~ |Du(x — dey, t)| — ¢ (9:5)

)

for a dimensional constant C > 0.

In addition, if g(—z") = g(a'), then u(z', zp,t) = u(—2', x4, t) and the Lip-
schitz constant of the graph T'y(u) in any bounded neighborhood in space
decreases in time. In particular the Lipschitz constant of T'y(u) at time

C
t(den;u) in {x : |z,| < 27'd} is less than min[L, Z_W] with 1 <y < 2.
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Before proving Theorem 9.3 we first apply the theorem to show that the
local solution u given in Theorem 1.2 has a unique blow-up profile at ¢ = 0
if the subsequence is chosen such that the blow-up limit of the initial data
is locally uniform. Let us define

1523

X €n _
’UJk(CC,t) = aku(%’ﬂkt)’ ap = u(——,O) 1aﬂk = ﬁa

k

where u is as given in Theorem 1.2. Note that by definition of viscosity
solutions for any = € IR"™

|u(z,t) — u(z,0)] — 0 as t — 0. (9.6)

Also observe that, since L,, is chosen such that u has less than quadratic
decay near the free boundary,

Br = (kzu(—%,O))*1 —0ask— 0.

Therefore for any ¢ > 0 and sufficiently small d

fu(—des, Byt) — u(—e,,0)
u(—dey, 0)

| u(—dkey, t)
uy(—dkey, 0)

—0ask—o0. (9.7)

Now the second equation Corollary 5.7 applied to u yields that I'y(ug) is

at most t7 away from I'g(ug) in Bg(0), where 0 < v < 1. Since I't(u) is

Lipschitz continuous in space, it follows from (9.7) with Lemma 2.13 that
up(—Ren,t)  up(—dken,t)

v, .
|uk(—Ren,0) uk(—dken,0)| ~ R *

if R < dk.
Hence for any € > 0 there exists R > 0 such that

lim sup | k(= -1 <e (9.8)

k—oo Uk (_Rerm 0
Due to Theorem 1.2 (a), (c) and Corollary 5.7 it follows that {uy} is
locally uniformly Holder continuous in space and I'(uy) is locally uniformly
Lipschitz continuous in space and Holder continuous in time. Hence by
Ascoli-Arzela, along a subsequence ug (-, t) and dgy,, ) locally uniformly con-
verges to u®°(+,t) and dow. It follows that

(W) (2,t) = Timsup u™(y, s)
0<s—t,y—zx
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and
s = liminf o™ .
(W™)«(2,t) = liminf u>(y, s)
It follows from the stability properties of viscosity solutions that (u®), is
a global solution of (HS). (9.1) follows from (9.8) and the local uniforml
convergence of ug to u. Lastly u™ increases in time due to the second
condition of (1.1). Due to Theorem 9.3 we have the following:

Theorem 9.4. u™ is the unique global viscosity solution of (HS) with initial
positive phase
Q6° = {u>(-,0) > 0}

satisfying (9.1).

Note that QF° is a subsequential limit of {u(-,0) > 0}, i.e., a subsequen-
tial limit of the blow-up profile of 2y at the origin.

Proof of Theorem 9.3.

1. Let Qg be as given in (9.1). First to show the existence, we consider
a sequence uy of star-shaped and Lipschitz initial positive phase QY which
coincides with Qg in By2(0), and with fixed boundary data my on Ky =
Bi(—Ney,) such that uy(—epn,0) = 1. Then due to the main theorem in
[CIK], {un}n is locally uniformly Hélder continuous in space and time,
and thus converges locally uniformly to u along a subsequence. It then
follows from the construction and the uniform Holder continuity of {ux} in
time that u satisfies (9.1) and (9.2). In addition u is increasing in time and
thus a global viscosity solution of (HS).

2. Next we show the regularity of u. For given R > 0, let us define the
re-scaled function

ug(z,t) .= C(R)R u(Rz, C(R)t),

where C(R) = m. Due to (9.2) it follows that, for any given 7" > 0

there exists Ry such that

T
Since w is increasing in time, so is ug.
Moreover due to (9.3), for given 7' > 0 there exists Ry > 0 such that if
R > Ry
QT/C(R) (uR) N Bl(O) C Qo + coen, (9.10)

where ¢g is as given in Theorem 1.2.
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Recall that I'g(ug) is Lipschitz continuous in IR". with small Lipschitz
constant L < L,. Due to (9.9) and (9.10), Theorem 1.2 and Corollary 5.6
apply to ug to yield that I'y(ug) is smooth, (9.5) holds, and is a Lipschitz
graph with Lipschitz constant L + 7 in B,.(0) for

0 <t < min(——— i )
~ S IMIN(—7—<,l\Tén; UR
C(R)

for any r < r(n), where 0 < o < 1 depends on n.

In terms of u, this means that I';(u) is a Lipschitz graph with Lipschitz
constant L + 7% in B,r(0) for 0 <t < min(T, t(rRey;u)).

Note that, due to Corollary 5.7 and the fact that L < L,,,

(rR)”

N S N 2
CCu(—rRen,O) z c(rR)

t(rRen;u) >

where ¢ is a dimensional constant. Hence if we choose
r=RYV(+2/2) gnd R =T,

then it follows that I'y(u) is a Lipschitz graph with Lipschitz constant L +
R™/2 in Bpza(0). Since R can be chosen arbitrarily large, we conclude.

3. Now we show the uniqueness of u. Suppose u and v are two global
solutions satisfying (9.2)-(9.3). For given R and x € IR", let Vp(z) :=
¢l ogop(x), where p(z) = 2 and ¢ = Y (x + en) — €,, Where

1 2
P(x) = W (21, ey Ty, — Ty + 2]2|7),
where © = (21, ...,x,) € IR". Since 1 is the composition of reflection about

T, = 1 and the conformal mapping sending x to U g is conformal. (Vg

ER
fixes 0 and will bend I'(u) in the direction of e, by eR on 0Bgr(0)). We
compare @ and v in Br(0) x [0,T], where

a(z,t) = (1+2¢/2)u((TR) " (2), (1 +3¢/2)1)

Since 1 —e < |DVpg| < 14¢€in Bg(0), @ is a supersolution of (HS) in Br(0).
Due to (9.3),

Q(v) € Q(u) in (B_1/25(0) — Br(0)) x [0,T]

if R is chosen sufficiently large with respect to € and T'. Moreover for suffi-
ciently large R, (9.2) and the construction of % yields that

v(=Rep,t) < (1 — €/2)a(—Renp, t).
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Recall that both I'(u) and I'(u) are Lipschitz in space, due to our previous
argument. Therefore Lemma 2.10 yields that v < @ in dBr(0) as long as
Q(v) C Q(u) in Bgr(0).

Now Theorem 2.7 yields

v <ain Bgr(0) x [0,T].

Since € can be chosen arbitrarily small and R — oo as € — 0, we conclude
that v < wu. Similarly u < wv.

4. Finally the last statement of our theorem follows from the uniqueness
of global solutions, Theorem 7.2 and the fact that Du is always parallel to
ep on the line {|z'| = 0}.

O
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