Math 251 A Spring 2024: Homework 4. Due June 7th.

1. Recall that, for any u € BV(U), there is a Radon measure p and a p-measurable
function o : U — IR? with |o| < 1 such that
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for all ¢ € C,}(U;]Rd). For a bounded domain U with C! boundary, show that if u; €
C>°(U) N BV (U) such that uy converges to u in L'(U) and [, [Dug| — [, |Dul, then we

have
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for all ¢ € C}(U; R?). (Namely Duy, converges to ody as measures, though this statement
requires showing the optional exercise below).

[Optional] Show that one can obtain the convergence for all ¢ € C.(U, IRY).

2. Let us denote B, := {|z| < r} in R?. Show that, if E minimizes Per(A) among
measurable sets A with A = L in BY, and if 0 € OF, then

min[|E N B,|, |E°N B[] > cqr?  forall 0 <7 < 1,

where ¢4 is a dimensional constant. The proof presented in class is not completely rigorous
as we discussed in class, since it assumes that
Per(E\ By, B)) = Per(E, B\ B,) + H"Y(ENdB,).

3. Using the isoperimetric inequality, show that
l[ull pas@-1) ey < CllDull 1 (jgay for any compactly supported u € BV (IRY).

Please characterize the optimal constant C.

4. Consider U € IR™ which is bounded and with smooth boundary, and consider mini-
mizing P(F,U) among sets in M :={F : xp € BV(U),|F NU| = 1}. Show that

(a) There is a minimizer E in M. Is E always unique? (provide a counterexample for
n > 2).

(b) Show that, under the assumption that 9ENU is locally a C2 graph, its mean curvature
is globally constant.

(¢) [Optional] Suppose now that in a small neighborhood N of xy € OF N oU, JF can
be presented as a C? graph. Show that OF meets OU orthogonally, i.e. the outward
normal v of F at x( is tangent to OU.



5. [Saddle points] Find a compact set S which consists of two sets S and Sz, each with
smooth boundary, such that it is a critical point of Per(E;R%) among sets of volume 1,
but it is not a local minimizer of the energy (among sets of volume 1). Namely, show that

(a) The mean curvature is constant on 95 (first variation is zero);

(b) There is a family of sets FE,, with volume 1 with |E,AS| — 0 such that

Per(E,; RY) < Per(S; RY).

6. Let B be a unit ball in IR%, and let X = H~!(B) denote the dual space of H}(B) with
the associated norm. For the energy E : X — IRU {+oc} defined by E(p) = [ |Dp|*dx if
p € HY(B), otherwise 400, derive formally the PDE representing the gradient flow of E in
X.

Here, similar to the first example we discussed in class, we will define the tangent space
at any point as H~!(B), with the inner product defined by

< U1, U >H—1(B)::/ flfgdx,
B

where f; € H}(B) solves —Af; = u;. Perturbation of a function u € H~'(B) by ¢ in the
tangent space is by addition, namely u + €¢, the same as in first variation and the first
example in class. This structure makes the time derivative the same as the standard one.



