Math 251 A Spring 2024: Homework 3. Due: May 20th

1. Let U be a domain in IR?, and suppose that u € L'(U) satisfies

/UuAgb:O

for all smooth functions ¢ with compact support in U. Show that there is w which is equal
to uw a.e. such that w is harmonic in U.

2. [Harnack inequality] Let B, denote B,(0) and define oscp, u := supg u — infp,_ u.

(a) Show that supp, J, U< Crinfp, , uif uis a positive harmonic function in B;.

(b) Using (a), show the oscillation decay of harmonic functions:

C,—1
< —
T Cp+1

where v is harmonic but not necessarily positive.
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(c) explain how (b) yields that u is Hélder continuous in By .

3. Show that for any € > 0 there is a constant C. > 0 such that

||DuHLoo(Bl) < G[Du]co,a + OEHUHL‘X’(Bl) for any u € Cl’a(Bl).

4. Let u € CY(B;) be a H'-solution to —V - (A(z)Vu) = f with f € L%Bj) and

continuous a;; with ellipticity constants A, A. Show that for any 0 < o < 1 we have

[ullge(s,s) < Clllullzoes) + 1fllzags));

where C' only depends on «,d, A, A and the mode of continuity for a;;. Explain why the
proof does not apply to the case to o = 1.

5. [Boundary regularity] For a given o € (0,1), let u € CY(B1)NC%(B;) be a H! solution

to =V - (A(z)Vu) = 0 in By, with continuous a;; in By with ellipticity constants A and A,
and boundary data g € C*(0B1). Show that

HUHca(BT) < CHQHC“(@Bl)7
where C depends on the same terms as in problem 4.

* For problem 4-5, one can use the following lemma which will be proved in class:



Lemma 0.1. Let v and f be as given in Problem 4. Then

IVullzas, ) < Cllulls,) + 1 fll2s0);

where C' = C(d, \,A).

6. [Existence via regularity]

We will show that there exists at least one solution u € C%(B;) N C(By) of the following
problem
Au=sinu in By, u =g in 0B,

with g € C1(9By). Consider the map T : X — X with X = CV/2(By), where T'(w) = u

with u being the unique solution of

Ay =sinw in By, wu =g in 0B.

(a) Show that T'(X) is contained in a compact subset of X.

(b) Apply the Schauder fixed point theorem to show that 7" has a fixed point.



