SYMMETRIES OF STOCHASTIC COLORED VERTEX MODELS

PAVEL GALASHIN

ABSTRACT. We discover a new property of the stochastic colored six-vertex model called
flip-invariance. We use it to show that for a given collection of observables of the model, any
transformation that preserves the distribution of each individual observable also preserves
their joint distribution. This generalizes recent shift-invariance results of Borodin—Gorin—
Wheeler. As limiting cases, we obtain similar statements for the Brownian last passage
percolation, the Kardar—Parisi-Zhang equation, the Airy sheet, and directed polymers. Our
proof relies on an equivalence between the stochastic colored six-vertex model and the Yang—
Baxter basis of the Hecke algebra. We conclude by discussing the relationship of the model
with Kazhdan-Lusztig polynomials and positroid varieties in the Grassmannian.
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1. INTRODUCTION

We study various symmetries of the stochastic colored six-vertex model. 1t is a special case
of a “higher spin” colored vertex model introduced in [KMMO16], related to the stochastic

version of the R-matrix for the quantum affine algebra Uq(;\[n+1) studied earlier in [Baz85),
FRTS8E, [Jim&6al [Jim86b]. The model admits a very simple description: one fixes a subdomain
of the square grid and considers a family of paths that enter it from the bottom left. Once
two paths meet at a vertex of the grid, they either cross with probability b or do not cross
with probability 1—b. The value of b depends (in a certain integrable way) on the coordinates
of the vertex and on the parity of the number of times these two paths have crossed before,
see Figure [T] and Section [T.1
The main motivation for our work comes from the recent shift-invariance results of [BGW19].

In fact, the flip-invariance property (Theorem and Figure [2)) was originally formulated
as an attempt to give a simple explanation for the shift-invariance of [BGW19]: one can
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FIGURE 1. When two paths of colors ¢; < ¢y enter a cell (4, ), they proceed
in the up-right direction according to these probabilities. Here p is equal to

pi = L2 sce ().
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F1GURE 2. The flip theorem states that the two partition functions shown
in the middle are equal to each other. The picture on the far left (resp.,
far right) represents a configuration of the stochastic colored six-vertex model
contributing to P™V (resp., to PV See Example

realize their shift as a composition of two flips, see Figure [ and Remark [£.10] We show
in Theorem that this happens more generally: whenever a transformation preserves the
one-dimensional distributions of a given vector of height functions, we prove that it can es-
sentially be obtained as a composition of several flips, and therefore it preserves the joint
distribution of this vector of height functions. Thus, in a sense, one can view flip-invariance
as the fundamental symmetry of the model inside the class of distribution-preserving trans-
formations that we consider.

Our proofs rely on a connection between the stochastic colored six-vertex model and the
Hecke algebra H,(Sy;z) of the symmetric group. Specifically, we make a simple observation
(Proposition showing that the probabilities induced by the model coincide with the
coeflicients in the expansion of the Yang-Baxter basis [LLT97| of H,(Sy,;2) in the standard
basis. This observation allows us to greatly simplify the proofs of our results. We also use
it to give a simple proof (discovered independently by Bufetov [Buf20]) of the color-position
symmetry [BB19] for the Asymmetric Simple Exclusion Process (ASEP).

The stochastic colored six-vertex model specializes to many other probabilistic objects of
interest. Following [BGW19], we obtain versions of our results for the Brownian last passage
percolation and directed (1+41)d polymers in random media, as well as two universal objects,
the Kardar—Parisi-Zhang (KPZ) equation and the Airy sheet, see Section [L.4 We refer the
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reader to [BGW19, Figure 2] for the full chart of objects that can be obtained as limits of
the stochastic colored six-vertex model (which includes many objects not considered here,
for example, the colored ¢-PushTASEP, TASEP, ASEP, and the Bernoulli-Exponential last
passage percolation).

Another consequence of the Hecke algebra approach is a family of unexpected connections
between the stochastic colored six-vertex model and well studied algebraic objects such as
Kazhdan—Lusztig polynomials [KL79, [KL80] and positroid varieties [Pos06, BGY06l KLS13]
reviewed in Section [7] In particular, we give an interpretation of the flip-invariance prop-
erty in the language of Grassmannians in Proposition [7.5] We hope to further explore the
connections between the above objects in future work.

1.1. Stochastic colored six-vertex model. An up-left path P is a lattice path in the
positive quadrant with unit steps that go either up or left. A skew domain is a pair (P, Q) of
up-left paths with common start and end points such that P is weakly below ). We denote
by n := |P| = |Q| the number of steps in P and @), and we label their steps by Py, P, ..., P,
and Q1,Qa, ..., Q,, respectively. The area between P and () is subdivided into unit squares
called cells whose Cartesian coordinates are pairs of positive integers, see Figure [4fleft).
Fix a skew domain (P, @), two sets of formal variables x = (x1, 22, ...) andy = (y1,¥2, .- . ),
called, respectively, column and row rapidities, and a parameter 0 < ¢ < 1. To describe the
model, we consider colored paths, where a color is just an integer assigned to each path that
determines its “priority” in the model dynamics. Suppose that for each ¢ = 1,2,...,n, a
path of color ¢ enters the domain through the edge P.. The n paths then propagate in the
up-right direction according to the following rule: once two paths enter a cell (4, j) from the
left and from the bottom, they proceed in the up-right direction according to the probabil-
ities given in Figure [l The probabilities depend on a parameter p, which for a given cell

(,7) equal{]

1.1 YTt

(1.1) Pij —
We apply this sampling procedure to all cells between P and @, proceeding in the up-right
direction, see Figure (right) for an example. This procedure gives rise to a random color
permutation m = (w(1),7(2),...,m(n)), where for ¢ = 1,2,...,n, the path of color ¢ exits
the domain through the edge Q). We let S,, be the group of permutations of {1,2,...,n},
and for each m € S,,, we denote by PP?(x,y) the total probabilityﬂ of observing 7 as the
color permutation.

1.2. Flips in rectangular domains. We formulate our first result which we call the flip
theorem. The proof of the main result (Theorem [1.6) will essentially consist of repeated
applications of this fundamental hidden symmetry of the model.

For positive integers M, N, an M x N-rectangular domain is a skew domain (P, Q) such
that P goes M steps left and then N steps up while () goes N steps up and then M steps
left. The lengths of P and @ are given by n := M + N. We let x = (z1,...,xy) and

y = (ylv"'7yN)‘

IThis choice of parameters ensures that the model is integrable, i.e., satisfies the Yang—Bazter equation.
2This is a probability distribution in the sense that P2?(x,y) > 0 and > ores, PPQ(x,y) = 1 when
0 < ¢ <1 and x,y are specialized so that 0 < z; < y; for all 7, j.
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FiGURE 3. Applying the flip theorem to a 2 x 3 rectangle leads to a non-trivial
identity, see Example [1.3] For each of the four configurations, its probability
equals the product of the entries in the corresponding table shown below it.

We will be interested in the probability of observing a color permutation satisfying given
horizontal and vertical boundary conditions. For a permutation 7 € S,,, we let

HMN .= {(i,n(i)) | i > M and w(i) < N}, VMY .= {(i,7(i)) |i < M and 7(i) > N}.
For two sets H = {(l1,71),. .., (ln, )} and V = {(dy, uy), ..., (dy,u,)} of pairs, we denote
PP (x, ) = ) PrOx, y).
7€Sn: HY'N =H and VN =V

Thus P™V(x,y) is the probability of observing a color permutation with specified endpoints
of each path that connects the opposite boundaries of the rectangle.
For a set of pairs H = {({1,71),..., (In, )}, we define its 180-degree rotation by

180°(H) :=={(n+1—=r,n+1—10),....(n+1—=rp,n+1—-1,)}.

Additionally, denote rev(y) := (yn,yn_1,---,%1). We are ready to state the flip theorem,
which is a special case of Theorem [I.6] below.

Theorem 1.1. For an M x N-rectangular domain (P, Q) and any H and V, we have
(1.2) PEY(x,y) = PEEY(x rev(y)).
Example 1.2. Figure [2 illustrates Theorem [I.1]in the case M = 4, N = 7, and
H = {(6,6), (7,4), (9,5), (10,7)}, 180°(H) = {(5,2), (6,6),(7,3),(8,5)}, V ={(4,10)}.
Example 1.3. Let M =2, N =3, H = {(3,2),(5,3)}, V={(2,4)}. The left (resp., right)

hand side of (|1.2)) is the sum of probabilities of the two configurations shown in Figure (3| on
the left (resp., right). Thus we get

PV (x,y) = prap2s(l — p12) (1 — p21) (pra(1 — gi22) + p22(l — p1g))
PV (o rev(y)) = prspas(l = p1a)(1 = pas) (pr2(l — gp2i1) + pai(l = p12))-
A quick calculation verifies that the right hand sides coincide as rational functions in (¢, x,y).

Remark 1.4. In the above example, the number of configurations contributing to each side
of (|1.2) was the same (equal to 2). This is true in general, see Section
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FIGURE 4. Left: a skew domain (P, Q) shown together with row/column
rapidities. Middle: a (P, Q)-cut C = (I,d,u,r). Right: a configuration of the
model for which the height function Ht” ’Q(C’ ;X,y) is equal to 2 since there are
two paths that connect the left and right boundaries of the dashed rectangle.

Remark 1.5. Theorem is stated in the case of ordered incoming colors: for each c, the
color of the path entering through the edge P. equals to c¢. As we explain in Remark [3.4]
Theorem holds more generally when the colors entering from the left are ordered and are
larger than the colors entering from the bottom (which may be ordered arbitrarily).

Our proof of Theorem is given in Section [3.2] It is quite short and makes repeated use
of the Yang—Baxter equation combined with the machinery of Hecke algebras that we
develop in Section 2 In contrast, deducing Theorem [L.6] from Theorem [I.1] requires a long
technical argument which is presented in Sections [] and [5

1.3. Main result: height functions. Following [BGW19|, we study height functions de-
fined as follows. Given a pair of integers 1 < 1i,) < n and a permutation 7= € S,,, the value
of the associated height function is simply given by Ht.(i,j) := #{c > i | m(c) <j}. Let us
reformulate this slightly, taking the geometry of the domain into account.

Let Zs, = {1,2,...} and denote by (P,Q)z C Z>; X Z>; the set of cells inside the
domain (P,Q). A (P,Q)-cut is a quadruple C = (I,d,u,r) of positive integers satisfying
[ <r,d < u,and such that ({,d), (r,u) € (P,Q)z while (I —1,d—1),(r+1,u+1) ¢ (P,Q)z.
Define 1 < i,j < n so that the bottom left corner of the cell (I, d) belongs to both P, and P4
while the top right corner of the cell (r, u) belongs to both Q; and Qj+1, see Figure [fmiddle).
Given a permutation 7 € S, we set

(1.3) HtD9(0) := Ht,(i,j) = #{c > i | 7(c) <i}.

In other words, Ht??(C) counts the number of colored paths that connect the left and
right boundaries of the sub-rectangle {l,l +1,...,r} x {d,d+1,...,u} of (P,Q)z, see Fig-
ure (right). We let Ht"9(C;x,y) denote the associated random variable.

Let suppy(C;x) = {1, 2141, ..., 2.} and suppy(C;y) := {Ya,Yar1,-- -, Y.} denote the
unordered sets of column and row rapidities covered by C. Let us say that x' = (2, 2},...)
is a permutation of the variables in x if there exists a bijection ¢ : Z>; — Z>; such that
T; = x4(;) for all i € Z>,. Our main result is the following equality between joint distributions
of two vectors of height functions, conjectured by Borodin—Gorin—Wheeler.
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FIGURE 5. An application of Theorem [L.6} the joint distributions of the two
vectors of height functions are the same. This transformation is called a double

H-flip, see Lemma [4.§]

Theorem 1.6. Suppose that we are given the following data:
e two skew domains (P,Q) and (P',Q’);

e a permutation x' of the variables in x and a permutation 'y’ of the variables in'y;

e a tuple (C1,Cy,...,Ch) of (P,Q)-cuts and a tuple (C},C%, ..., CI) of (P',Q)-cuts.
Assume that for each i =1,2,...,m, we have
(1.4) suppy (Ci; x) = suppy (C5; %) and  suppy (Cisy) = suppy (C5; y').
Then the distributions of the following two vectors of height functions agree:
(HtP’Q(Cl;X, ¥), - Ht%9(Chi x, y)> < (HtPI’Q/( {;X’,y’),--.,HtP"Q'(C;@;X’,y’))-
An illustration of Theoremis shown in Figure[5| For example, we check that supp, (Cs;y) =
{Y1, Y5, Y6} = suppy (C3;y'), in agreement with ([1.4)

Remark 1.7. The distribution of an individual height function Ht"?(C;; x,y) depend on
the variables in suppy(C;; x) and suppy, (C;;y), and it is straightforward to check that the
condition (|1.4) is necessary in order for a distributional identity

HtPQ(Cy; x,y) £ HET 9 (CL X, )

to hold. The content of Theorem [1.6] is that this condition is also sufficient even when one
considers joint distributions of multiple height functions.

Examples of various transformations satisfying the assumptions of Theorem are given
in Figure [5| and Section (cf. Figures and . These examples include the shift-
invariance of Theorems 1.2 and 4.13], see Remark

3In fact, it follows as a simple consequence of the Yang-Baxter equation that the distribution of
Ht” ’Q(Oi; x,y) is symmetric in the variables suppy (C;;x) and (separately) suppy, (Ci;y), see Section
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FIGURE 6. The geometric meaning of the intersection matrix IM*(d, u).

1.4. Applications. Following [BGW19], we describe some probabilistic models and univer-
sal objects which can be obtained as limiting cases of the stochastic colored six-vertex model
and state analogs of Theorem for them. In particular, the generalized shift-invariance
property [BGW19, Conjecture 1.5] of the KPZ equation is given below in Theorem [1.10] We
closely follow the notation and exposition of [BGW19, Section 1].

For simplicity, we restrict to the case where the skew domain is a vertical strip of some
fixed width M. We start by introducing the notion of an intersection matriz which, in view
of our results below, plays a role similar to the covariance matrix of a multivariate Gaussian
distribution.

Definition 1.8. Given vectors d = (dy,ds,...,d,) and u = (uy,ug,...,uy,) in R™, we
introduce two m x m symmetric matrices IM(d, u), IM*(d, u) whose entries are given by

(1.5) IM;; := min(u;, u;) — max(d;, d;), IMX]- =max(IM,;;,0) foralli,j=1,2...,m.

We refer to IM™(d, u) as the intersection matriz of (d,u) since its (i, j)-th entry equals the
length of the intersection of line segments [d;, u;] N [d;, u;], see Figure [6]

Brownian last passage percolation. Fix a collection { B, () },cz of independent standard
Brownian motions on the real line. Given [,r € Z and d,u € R satisfying [ < r and d < wu,
the last passage time 3(,4)—(ru) is defined by

r

( 6) 3(l,d)~>(r,u) d:tz<tl+r1n<a.d.>.(<tr+1:u Zl( l<tz+1) Z(tz))

The following result is a special case of Theorem [6.10]

Theorem 1.9. Fiz M € Z>y and consider vectors d,d’,u,u’ € R™ satisfying d; < u; and
d; <l for alli = 1,...,m. Suppose that the intersection matrices of (d,u) and (d’,u’)
coincide: IM*(d,u) = IM*(d’,w’). Then we have a distributional identity

d
(1.7) (300.d1)= (M) - - - 5 B0dm) = (Mim)) = (30,d)(Mu)s - - - > D0, (M) -

Similarly to Remark [1.7, we expect that the condition IM*(d,u) = IM*(d’,u’) is not only
sufficient but also necessary in order for (1.7 to hold.
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KPZ equation. Consider a two-dimensional white Gaussian noise 7(z,t). For y € R,
define a random function Z%(¢,z) as a solution to the following stochastic heat equation
with multiplicative white noise:

1
A 52;3) +nZ2W teRso,x €R; ZW(0,2) = 6(z —y),
where the initial condition is given by the delta function at y. We will consider the random
variables ZW) (¢, 1) for fixed t € Rsq and different pairs (z,y), and we assume that the white
noise 7 is the same for different values of y. The formal logarithm #H := — In(Z®)) satisfies
the celebrated Kardar—Parisi-Zhang (KPZ) equation [KPZ86]:
1 1 9

The KPZ universality class has been a subject of intense interest throughout the past two
decades, see [Corl2l [QS15] for reviews.

For the following result, we consider vectors x,y € R™ that do not necessarily satisfy
z; < y;. In fact, we will swap x and y and use the matrix IM(y,x) from Definition
rather than the intersection matrix IM+(y,x). The geometric meaning of the entries of
IM(y, x) is that for all large enough L, the length of the intersection [y;, z; + L] N [y;, x; + L]
is given by IM, ; +L.

Theorem 1.10. Lett € Ryg and x,x',y,y’ € R™. If IM(y,x) = IM(y’,x') then
(2w, o 200 () ) £ (20 (1,21), .. 200 (1))

In particular, this result implies [BGW19, Conjecture 1.5].

Airy sheet. It is believed [CQRI5| that the large time limit of Z®)(¢,z) (as well as the
universal limit of various directed polymers and last-passage percolation models) is described
by the Airy sheet A(z,y). We define it in building on recent results of [DOVIE|. For
(z,y) € R?, the random variable A(z, y) has the Tracy—~Widom distribution [TW93, [TW94].

Theorem 1.11. Lett € Ryg and x,x',y,y' € R™. If IM(x,y) = IM(X',y’) then

(A@1, 1), - Al ) £ (A 9, Al i)

Directed polymers. The limit transition from the stochastic colored six-vertex model to
the objects described above is obtained through a sequence of intermediate steps. First, one
passes to the fused vertex model [BWIS, [Kualg§, KMMO16] which then gets degenerated
further to the Beta polymer [BC17], the Gamma polymer [CSS15LI0015], and the O’Connell-
Yor polymer [OY01]. We will define these objects in Section [6]

Note that our proof of Theorem [I.6|has the following advantage. The general Beta polymer
depends on a choice of parameters (0;);ez., and (p;);ez.,. The shift-invariance of [BGW19]
is stated for the Beta polymer that is homogeneous in the vertical direction, i.e., when all
parameters p; are equal to each other. The result is expected [BGW19, Remark 7.4] to hold
more generally for the Beta polymer that is inhomogeneous in both directions. Our proof
allows to confirm this: we show that the analog of Theorem holds for Beta polymers with
arbitrary parameters (0;)icz., and (p;)jez.,, see Theorem .
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1.5. Related work. In a very recent preprint [Dau2(], the author relies on the geometric
RSK correspondence [KirQ1l, INY04] to describe several transformations similar to the ones
we construct. The models considered in [Dau20)] are mostly disjoint from the models studied
here: we focus on the stochastic six-vertex model and Beta polymers, while [Dau20] works
with the last passage percolation with geometric or exponential weights and log-gamma poly-
mers. There is a certain overlap among the limiting Gaussian objects, such as the Brownian
last passage percolation or the KPZ equation. For example, [BGW19, Conjecture 1.5] that
we obtain as a consequence of Theorem [1.10]can also be deduced from [Dau20, Theorem 1.1].

The central transformation of this paper, Theorem shares some similarities with the
notion of a decoupled polymer model [Dau2(), Definition 2.2] that captures the class of models
to which the RSK correspondence applies, see [Dau2(), Theorem 2.3]. It would be interesting
to understand whether our flip theorem leads to an analog of the geometric RSK correspon-
dence for the stochastic colored six-vertex model. We thank Vadim Gorin for bringing the
paper [Dau20] to our attention.

1.6. Outline. We give background on Hecke algebras in Section [2| and use them to prove
Theorem in Section 8] The next two sections are devoted to the proof of Theorem [L.6}
in Section [4 we describe a family of transformations and use Theorem [I.1] to show that they
preserve joint distributions of height functions. In Section [§], we show that any transfor-
mation satisfying the assumptions of Theorem can be obtained as a composition of the
transformations constructed in Section [l In Section [6] we describe the limiting transitions
of [BGW19] and use them to prove the results stated in Section [1.4] Finally, we discuss the
relationship of the stochastic colored six-vertex model with Kazhdan—Lusztig polynomials
and positroid varieties in Section [/} We include some examples and a conjecture relating
Theorem to more general wiring diagram domains in Section [7.5]

Acknowledgments. I am deeply grateful to Alexei Borodin for sparking my interest in
this problem and for his guidance throughout the various stages of the project. 1T am also
indebted to Vadim Gorin for the numerous consultations and explanations. Additionally,
I would like to thank Thomas Lam and Pavlo Pylyavskyy with whom I discussed some
questions and objects from Section [7} Finally, I am grateful to the anonymous referees for
their extremely careful reading of this manuscript and many suggested improvements. This
work was partially supported by an Alfred P. Sloan Research Fellowship and by the National
Science Foundation under Grants No. DMS-1954121 and No. DMS-2046915.

2. HECKE ALGEBRA AND THE YANG—BAXTER BASIS

One of our main tools is a certain direct relationship between the stochastic colored six-
vertex model (which we from now on abbreviate as the SC6V model) and the Yang-Baxter
basis of the Hecke algebra of S,, introduced in [LLT97]. A simple proof of the color-position
symmetry of [BB19] is given in Section[2.2] Another non-trivial property of the SC6V model
that becomes obvious in the language of Hecke algebras is known as the non-local relations
of Borodin-Wheeler [BW18], see below.

Fix n > 1. For integers i < j, we denote [i,j] := {i,i + 1,...,7}, and for i > j, we set
[i,7] :== 0. For i € [1,n—1], denote by s; € S,, the transposition (i,i+1). For indeterminates
q and z := (z1, 22, . .., 2,), we consider the Hecke algebra H,(S,;2), which is an associative
algebra over C(q;z) := C(q, 21, . . ., z,) with basis {1}, }wes, and relations

(2.1) T,Ty = Ty  if l(uw) = L(u) + l(w), and (T;+q)(T; —1)=0 forie[l,n—1],
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where T; := T, and {(w) denotes length of w € S, i.e., the number of inversions of w. For
the identity permutation id € S,,, we have Tiq = 1 € H,(S,; z).

For j € [1,n] and u,w € S,, we use the convention that (vw)(j) := w(u(j)). For k €
[1,n — 1] and p € C(q;z), we write

Ri(p) == pTy + (1 —p) € Hy(Sn; 2).

Given an arbitrary permutation 7 € S, and k € [1,n — 1], the above relations imply the
following rules for multiplying 7). by Ry (p):

T, + (L —p)T,,  if l(msg) = L(m) + 1,
2.2 T, R = .
(22) «(p) {qumk + (1 —gp)T, if l(msy) =(m) — 1,
T+ (1 —p)T;, if {(spm) =£(m) + 1,
2.3 R T = .
(2:3) (p) {qusw + (1 —qp)Ty, if l(spm) =L(m) — 1.

We note the formal similarity between and Figure . We will make this precise in
Proposition [2.3| by interpreting the SC6V model in terms of products of elements of the form
Ri(p). With this interpretation, (2.3) turns into the non-local relations studied in [BWIE§],
Theorem 5.3.1]. In the language of Section [1.3| applying (resp., (2.3)) corresponds
to adding a single square to the top right (resp., bottom left) boundary of a skew domain
(P, Q). Then (2.2)) can be proved using a simple bijection on configurations that only changes
them locally inside that square. The analogous bijection proving is much more com-
plicated and involves changing the configurations globally. See the discussion after [BW18§],
Theorem 5.3.1] for further details.

2.1. Wiring diagram domains. We would like to consider the SC6V model described in
Section [1.1] associated to more general domains that we call wiring diagram domains.

Let i = (iy,1i9,...,1,) be an arbitrary sequence of elements of [1,n — 1], and choose an
arbitrary family p = (p1,p2,...,p,) of elements of C(g;z). The sequence i gives rise to a
wiring diagram as in Example and Figure[7} there are n paths called wires, and each wire
moves horizontally left-to-right. The wires start on the left at heights 1,2,...,n. For each
J € [1,r], the wires at heights i; and i; + 1 cross at the point (j, 1+ %) and then proceed
to the right at heights 7; + 1 and ¢;, respectively.

Let us also fix a permutation o € S, called the incoming color permutation.

Definition 2.1. The SC6V model inside (i,p) with incoming colors o is a probability dis-
tribution on S,, denoted (P (z)),cg,, defined as follows. Suppose that for each ¢ € [1,n],
a path of color o(c) enters the wiring diagram of i on the left at height ¢. We say that
the incoming colors are ordered if o = id. For each j € [1,r], the two paths entering the
crossing point ( J, i + %) from the left proceed to the right according to the probabilities in
Figure , where the parameter p is equal to p;. Once all paths reach the right boundary of
the wiring diagram of i, they give rise to a random outgoing color permutation m defined so
that for ¢ € [1,n], the path of color ¢ exits at height 7(c). We let Pi#7(z) denote the total
probability of observing 7 as the outgoing color permutation.

Example 2.2. Let n =5,i=(4,2,3,2,1,2,3), and p := (p1,p2,...,p7). The corresponding
wiring diagram domain is shown in Figure (left). An example of a configuration of the
SC6V model inside (i,p) with incoming color permutation ¢ = (3,1,2,5,4) and outgoing
color permutation 7 = (1,4,2,5, 3) is shown in Figure [f|right) together with its probability.
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P1 3

5 4~ 4

4 v = | N 2!

3 P2 Py P 3 9 55 !

2 1 '3

1 3] 1]
i=(4,232123) o (L=ap)pa(l = ps)apagps(l — ape)pr -1

FIGURE 7. Left: a wiring diagram domain from Definition . Right: a
configuration of the SC6V model inside (i,p), see Example

Our first goal is to interpret the probabilities Pi#:7(z) in terms of elements of H,(S,;z).
Let us write

(2.4) Y = T, Ry (p1) Riy (p2) - Ri (pr) = Y 6227 (2) T,

TESR
Proposition 2.3. For all i, p, o, and 7, we have
(2.5) PP(z) = 1P (2).

Proof. We prove this by induction on r. The case r = 0 is trivial. Suppose now that
holds for some i = (i1,42,...,4.), p = (P1,P2,...,Pr), 0 € S, and all 7 € S,,. Choose
ke[l,n—1] and p € C(q;2z) and let ' := (i1, i9,...,%, k), p' := (p1, P2, ..., P, p). Consider
a permutation 7w € S,, such that ¢(mws;) = ¢(m) + 1.

The following transition formulas are easily deduced respectively from Definition and

from Equations (2.2)), (2.4):

PL"7()\ _ (1-p qp \(P¥(2) P72 _ (1-p  ap ) [(5P7(2)
PLY7(2) pool-an)\PR(z)) \kE () poo1-ap) \w2(2))
By the induction hypothesis, we have Pi#7(z) = x1#7(z) and Pi®7(z) = 1#7(z), therefore

TSk TSk

we get that the left hand sides are equal, completing the induction step. 0

2.2. Color-position symmetry. Color-position symmetry in interacting particle systems
has been studied in e.g. [AAV11 [AHR09, BB19, BW18, [Kua20]. As a warm up, we explain
the recent results of [BB19] using the machinery of Hecke algebras. Let i = (iy,19,...,1,)
and p = (p1,p2,...,p,) be arbitrary. First, following [BB19], we would like to consider the
case where the incoming colors are ordered, i.e., ¢ = id. In this case, we usually omit ¢ from
the notation and write Y and Pi®(z) instead of Y#id and Pi#id(z).

For i = (iy,i9,...,%,) and p = (p1,Pp2,...,P,), let us denote rev(i) = (iy,...,1i2,171),
rev(p) = (pr,...,P2,p1). The color-position symmetry of [BB19] amounts to the following
statement.

Theorem 2.4 ([BBI9, Theorem 2.2]). For alli, p, and w € S,, the coefficient of T, in Y
is equal to the coefficient of Tp—1 in Yrevirevip) .

Pi?(z) = PP (g),
Proof. Consider the anti-automorphism D : H,(S,;z) — H,(S,;z) sending 75 to T,-1 for
each ™ € S,,. It reverses the order of multiplication, sending Y* = R;, (p1)R;,(p2) - - - Ry, (p,)
to Yrevirev®) — R (p,)--- Ry, (p2) R, (p1). The result follows. O
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Ys =27 7 4

N{Y2 =26 6 3

Z5 5 4 Y1 =25 5 2
Z4 4 1 Tr =24 4 1
z3 3 2 Tog =23 3 7
Z2 2 3 M5B3=Z22 6
z1 1 5 Te=21 1 5

Y for w™ = (5,3,2,1,4) wMN for M =4, N =3

F1GURE 8. Left: the wiring diagram domain associated with a Yang-Baxter
basis element Y. Here p;; = —L—=+, see (2.0). Right: The case of a Grass-

zj—qz;’

mannian permutation w*" from Example .

Remark 2.5. The above proof was also independently found by Bufetov [Buf20]. Connec-
tions between Hecke algebras and the ASEP have been discovered in the literature a number
of times throughout the years, see e.g. [ADHR94, [Can17, [CdGW15, [CMW18]. On the other
hand, the equivalence between the SC6V model and the Yang-Baxter basis of [LLT97] dis-
cussed in Section [2.3| appears to have not been pointed out before.

Next, we would like to reduce the case of an arbitrary incoming color permutation o to
the above case ¢ = id. Given o € S, a reduced word for o is a sequence j = (j1,72, .-, j1)
such that 0 = s;,5;,---s;, and [ = {(0). For two sequences i = (i1,...,%), j = (j1,--., ),
let (i,j) = (i1,...,%r,71,...,J1) denote their concatenation. For I > 1, denote by 1! :=
(1,1,...,1) the sequence that consists of [ ones.

Lemma 2.6. Leti= (i1,i2,...,%.), p = (p1,P2,...,P), and o € S, be arbitrary, and choose
a reduced word j = (j1, ja, - - ., Ji) for o, wherel = ((o). Leti := (j,i) andp’ := (1',p). Then

Yi,pp — Yi/,p’,id.
Proof. By definition, Y#d = R; (1)--- R;,(1)Y™id. Since Ry(1) = Ty, we get Y1 #5id =
T, Y4 which is by definition equal to Y. OJ

Remark 2.7. Lemma [2.6] yields a generalization of Theorem to the case of arbitrary
incoming colors: for the SC6V model inside (i,p) with incoming colors o, the probability of
observing 7 as the outgoing color permutation is equal to the probability of observing 7!
as the outgoing color permutation for the SC6V model inside (i’,p’) with ordered incoming
colors (0’ = id). Here i’ = (rev(i), rev(j)), j is a reduced word for o, and p’ = (p, 14)).

2.3. Yang-Baxter basis. The Hecke algebra #,(S,; z) has a basis called the Yang-Bazter
basis {Y"}yes,, introduced in [LLT97]. It is defined via the following recurrence relation.
For the identity permutation id € S,,, we set Y4 = Tjg = 1 € H,(S,;z). For any w € S, and
k € [1,n — 1] such that ¢(ws;) = ¢(w) + 1 (equivalently, such that w™ (k) < w™'(k+1)), we
have
Zi — Z4

(2.6) YU =Y Re(Puw-1 (w1 (1)), Where  p; ;o= — :

25— 4%

This is a special case of the construction from the previous subsection, see Figure (left): we
have Y = Y for a reduced word i of w and a particular choice of p. The element Y™ can
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be computed via this recurrence in various ways (which correspond to the various reduced
words for w), but the result is uniquely determined because the elements Ry (p) satisfy the
following Yang-Bazter relation: for any a < b < ¢ € [1,n] and k € [1,n — 2], we have

(2.7) Ri.(Pap) Bi1(Pa.e) Br(Poe) = i1 (Poc) Bi(Pac) Biv1(Pap)-

Consider the entries P¥(z) of the transition matrix between the bases {Y"} and {7 }:

(2.8) YU =Y PY(2)T,.

TI'ESn

By Proposition [2.3] each of these coefficients equals the probability of observing 7 as an
outgoing color permutation for the SC6V model associated with a reduced word for w.

2.4. From skew domains to wiring diagram domains. Let (P, () be a skew do-
main with n = |P| = |@Q|. Recall that the column and row rapidities are given by x =
(x1,m9,...) and y = (y1,¥2,...). The SC6V model inside (P, () gives rise to a proba-
bility distribution (PL9(x,y))res, on permutations. We claim that there exists a permu-
tation w?? € S, and the values z = (21, 2y,...,2,) such that for all # € S,, we have
P2"%(z) = PPQ(x,y). Indeed, recall that the steps of P and Q are given respectively by
P, P, ...,P, and Q1,Qs,...,Q,. Let i € [1,n]. Suppose that P; is a vertical step located
in row r € Z>;. Then there exists a unique vertical step @); of () in the same row, and we set
2 =1y, and wP?(3) := j. Similarly, suppose that P; is a horizontal step located in column
¢ € Z>;. Then there exists a unique horizontal step @); of ) in the same column, and we set
2 = 7, and wP9(i) := j. Comparing the descriptions of the SC6V model in Sections
and we find the following result.

Proposition 2.8. For any skew domain (P,Q) and any w € S,,, we have
PY"(2) = PPO(x.y).
A similar statement holds for the case of an arbitrary incoming color permutation o.

Example 2.9. In the setting of Section [I.2] consider the SC6V model inside an M x N-
rectangular domain (P, Q). We have n = M + N, z = (xp,...,21,91,-.-,Yn), and the
permutation wM¥Y = wP? is defined by w”N (i) = i + N modulo n (thus w*" is a
Grassmannian permutation of length M N). We can write it as a product

(2-9) w N = (8M5M+1 T 5M+N—1) ) (SM—lsM s 3M+N72> T (3182 T SN)

of MN simple transpositions. They correspond naturally to the cells in [1, M] x [1, N] =
(P,Q)z. The case M =4, N = 3 is shown in Figure [§|right).

3. FLIP SYMMETRY

Our goal is to prove Theorem [1.1] and state a more general version that will be used in the
proof of Theorem [I.6] Throughout the first two subsections, we fix an M X N-rectangular
domain (P, Q), a vertical boundary condition V = {(dy,u1), ..., (dy,u,)}, and an integer h.
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3.1. Boundary conditions and the Hecke algebra. Let H = {({1,71),..., (ln,71)} be a
set of pairs. Let SAT(H,V) := {m € S, | HM" = H and VMV = V} denote the set of all
permutations m € S, satisfying given horizontal and vertical boundary conditions (H, V).
For an arbitrary element

(3.1) Y = Z krTy € Ho(Spiz), let YEY .= Z kr € C(q;2).
mESn TESAT(H,V)
For H = {(l1,71),-..,(ln, )} and a permutation 7 € S,,, we denote

7 -H:={(r(ly),r1),...,(7(ln),rn)} and H-7:={(l1,7(r1)),..., (s, 7(rn))}.

Let r € [1, N — 1]. We write H < H - s, if for all 7 € SAT(H, V), we have {(m) < {(7s,.).
Similarly, we write H > H - s, if for all 7 € SAT(H, V), we have {(7) > {(7s,). It is easy to
check that if neither H > H - s, nor H < H - s, is satisfied then we must have H = H - s, as
sets of pairs. Indeed, for each m € SAT(H, V), the condition that 7 satisfies H implies that
either 71(r) = I; for some j € [1,h], or 7 (r) € [1, M], and similarly for 7 *(r + 1). If
both 7=1(r), 7 *(r + 1) belong to [1, M] then H = H - s,. Otherwise, H determines whether
7t (r) <7t (r+1) or 7~ 1(r) > 7~ 1(r+1), which determines respectively whether H-s, > H
or H- s, < H. Similarly, for [ € [M + 1,n — 1], we write H < s; - H (resp., H > s; - H) if for
all m € SAT(H, V), we have ¢(m) < {(s;m) (resp., {(m) > L(s;m)).

For an element Y € H,(Sy;z) and r € 1, N —1],1 € [M +1,n — 1], (2:2)-([2.3) give

(YEY, ifH-s, = H,
(3.2) (Y- R (p)™ = pYEsV 4 (1 —gp)YEY, ifH-s, <H,
\quH'S“V + (1 —p)YEY ifH-s, > H;
(YEY, if 5, - H = H,
(3.3) (Ru(p) - Y)™ = S pY eV 4 (1 — gp)VEYif 5 H < H,
(pY BV + (1 —p)YEY if s - H > H.

Let us prove one of these identities, the other cases being completely analogous. Sup-
pose that H - s, > H and let A := SAT(H,V). Then we may assume Y = ), kT +

> e borsy Trs,y 50 YV =57 ke and YRV =3 k. Applying (2.2), we find
Y- Ri(p) = Z tor (0T s, + (L= p)T7) + Z Fors, (P17 + (1 — qp)Txs,)

TEA TEA
= Z (’iﬂ(l - p) + ’iwsrqp> T7r + Z (K/T&'Sr(l - QP) + ’iwp) TTI'ST‘
TEA TEA

Thus (Y - Re(p)™" =3 s (r(1 = p) + fims.qp) = (1—p) YV gpY ™Y which completes
one of the cases in (3.2)).

3.2. Proof of Theorem [1.1 We would like to show that for any horizontal boundary
condition H = {(I1,71), ..., (In,74)}, we have PHV(x,y) = P E.V(x rev(y)). We will do
this by induction, making extensive use of Equations f. We will induct on the set
R(H) := {r1,re,...,r,} using a certain partial order defined below.

Let w := w™¥" be the Grassmannian permutation from Example and let YV €
H,(Sn;z) be the corresponding element of the Yang-Baxter basis. Equation implies

(34) Y. Rr(pl,l—i-l) = Rl<pl7l+1) : Sl;z(Yw) for r € [1, N — 1] and [ :=1r + M,
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QolQs Q71 Qs! 1 1 1Q0QsQrlQsl | Q0! Qs 071 Qsl
ys [ ) Qs | Y1| Pyt —Qs | V1| B —Q; |
a2/ Qi Yol P 2 Y| R Qs |
Y3 P / | Qo oys| A ) |l g B / s !
2 By 0. a1/ Q2! Ya| Py Qs |
) P 1 0w nf [ e ws| s / e
AN D N D AN U D N D R 17D SR

Ty Tg T3 T4 | T Ty A3 T4 3:51’":}52’ T3 Ty

PH“’V(X,y) — P'ISOO(H[,),V(X’Y/) — P180 H")V(X,I‘(‘V(y))

FIGURE 9. The base of the induction in the proof of Theorem The first
equality is true by definition, and the second equality follows by applying a
sequence of Yang—Baxter moves to flip the order of y3, y4, ys.

where s;., is the automorphism of H,(S,,;z) that swaps 2z, and 2.

Let Hy := {(M +1,1),(M +2,2),...,(M + h,h)} be the horizontal boundary condition
where the corresponding h colored paths are fully packed at the bottom of the rectangle. In
this case, we have 180°(Hy) = {(n,N),(n —1,N —1),...,(n —h+1,N — h+ 1)}, and the
corresponding h paths are fully packed at the top of the rectangle.

Since V, P,Q,x are fixed, we denote P[H,y| := P™V(x,y). The idea of the proof is
to first show the result for Hy and then use (3.4) to express P[H,y| inductively for any
H in terms of P[Hy,y]. Because of the 180°-symmetry of f , it will follow that
P[180°(H), rev(y)] can be expressed in terms of P[180°(Hy),rev(y)] in a symmetric way,
which will imply P[H,y| = P[180°(H), rev(y)].

We start with the base case P[Hy,y] = P[180°(H), rev(y)], illustrated in Figure [0} Re-
call from Figure (right) and Example that the variables x,y,z are related as z =
(Tar, Tpr—1y - 1, Y1, Y25 - -5 UN)- Let ¥ := (Yna1, YUnao, - YNs Yns Y1, - - -, Y1) and recall
that rev(y) = (yn,yn—1,---,y1)- It follows from the definition of the model that P[Hy,y| =
P[180°(Hy),y']. To go from y’ to rev(y), we use the standard application of the Yang—
Baxter equation, see e.g. Eq. (5.18)]: it is clear that Hj, := 180°(H,) satisfies
HY - s, = Sy - Hfy = Hy for all » € [1, N — h — 1]. Thus comblned with (3.2)-(3.3)
shows that P[180°(Hy),y’] is symmetric in the variables yni1,Yni2,-..,yn and therefore
equals P[180°(Hy), rev(y)]. This shows P[Hy,y] = P[180°(Hj), rev(y)], finishing the induc-
tion base.

Recall that for H = {(ly,r1),...,(ln,7n)}, we denote R(H) := {ry,re,...,rn} C [1, N].
For two h-element subsets I = {i; < iy < --- <} and J = {j; < jo < --- < jp} of [1, N],
we write [ < J if i1 < 71,40 < Jo, ..., 0p < Jn. We also write I < J if I < J but I # J. Note
that if R(H) = [1, k] is minimal in this order then either H = H, or P[H,y| = 0.

Let H = {(l1,71),- .., (ln,7n)}. Suppose that we have shown P[H', y] = P[180°(H'), rev(y)]
for all H' satisfying R(H') < R(H). If H = Hy then we are done, otherwise R(H) # [1, h],
so let r € [1, N — 1] be an index such that r ¢ R(H) but r+1 € R(H). Let H' :=H-s, > H
and denote [ := r + M. Applying the map Y — Y™V to both sides of and using the

relations (3.2)—(3.3), we get

(3.5) r (Y)Y 4k (YO = ks, (VO ks, (V)R
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H =H-s, H" =s-H-s,

FIGURE 10. The induction step in the proof of Theorem [L.1} one can express
P[H, y] recursively in terms of P[H', y] and P[H",y].

for some coefficients k1, k), K5, and &y, where H” := s, - H' = ;- H - s,. See Figure [10]

Since H' - s, = H < H', we get k1 = p; ;41 and ] = (1 — gpi+1). The coefficients &} and
k45 depend on whether H' < H”, H' = H"”, or H' > H”. For example, Figure [10| illustrates
the case H' > H"”. Recall that P[H,y| = (Y“})H’V by Proposition Thus (3.5)) allows us
to express P[H,y] as a linear combination of P[H',y], s;,,P[H',y], and s;,,P[H",y].

Let [ :=n —r,7:=n—1[. Observe that H < H - s, implies 180°(H) < 180°(H - s,.), where
180°(H - s,) = s7- 180°(H). Applying the map Y + Y8 WE)V t6 both sides of (3.4) yields
(36) R/Q(yw)lSOO(H’),V + R/2/(Yw)180°(H”),V _ Rlsl_;z(yw)woom),v + R&g{ﬂ(yw)lSO%H’),V
for some coefficients %y, R}, k5, and &5. Because of the symmetry between Equations (3.2))
and (3.3)), we find that the tuple (K, &}, k), k5) is obtained from (k1, K}, k5, k5) by replacing
Pri41 with prz, ;. For instance, we have &1 = prp,; and R} = (1 — qpypyq).

Since pris1 = (Sz.(Piis1)) lyoreviy), the transformation & — (s7,(K)) |ysrev(y) takes
(R1, R}, Ry, Ry) to (K1, kY, Kb, K5). Applying sg, to both sides of (3.6) and substituting y —
rev(y) therefore gives

koS P[180°(H'), rev(y)] + ka1, P[180°(H"), rev(y)]

(3.7) = 1, P[180°(H), rev(y)] + #;P[180°(H'), rev(y)].

Finally, notice that R(H') = R(H") < R(H). Applying the induction hypothesis, we get
(3.8) P[H',y] = P[180°(H'),rev(y)] and P[H",y] = P[180°(H"),rev(y)].

Combining (3.5), (3.7), and (3.8) with the fact that k1 = p; 41 # 0, we find P[H,y] =
P[180°(H), rev(y)], completing the induction step. O

3.3. Generalized flip theorem. In order to pass from rectangles to arbitrary skew do-
mains, we will need to state a certain generalization of the flip theorem to the case where
the incoming colors are not necessarily ordered.

Fix two elements i,j € [1,n — 1]. For simplicity, let us first assume that i +j = n so
that the map k& — i+ ) — k is a bijection [1,n — 1] — [1,n — 1]. (We explain how to lift
this assumption in Remark ) Consider an involutive anti-automorphism Y — (Y)}; of
H,(Sn; z) sending Tj, +— Tty for all k € [1,n — 1], thus we have

* Py—
(T, Ty + - T, )i = Tigir -+ Tk Ty -
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FIGURE 11. An application of the generalized flip theorem (Theorem (3.1)).

Fix M € [1,i] and N € [1,j] satisfying N +1 = M +j. Consider a permutation w € S,
defined for all r € [1,n] by
r+M+j—i, ifreli—M+1,i
w(r)=qr—N+j—i, ifreli+1,i+ N],

T, otherwise.

We let YXZX y = Y be the corresponding Yang-Baxter basis element, see Figure (left).

We also denote Yy, v == Yal, n |zsreviisrin (=), Where the substitution z — revii1 iy n(2) is
a shorthand for zii1 ¥ zitn, Zig2 = ZigN—1, - - -, ZieN = Zig1, see Figure [11|right).
Analogously to Section given a permutation 7w € S,,, we let

(3.9) HY = {(i,7(i)) | i >iand 7(i) <j}, VY :={(i,7(i))|i<iand 7(i) > j}.

For two sets H = {(l1,71),...,(ln,7n)} and V = {(dy,u1), ..., (dy, u,)} of pairs, we denote
SAT;(H,V) :={m € S, | Hy =Hand V) =V} and for Y = 3" o k:Tr € Ho(Sn;2), we
let (Y)]flj’V =D res ATy, (1Y) For 88 1D (3.1). Finally, we define

(3.10) 1807(H) == {(i+j+1—ri+ji+1—0),...,0+i+1—rpi+i+1—10)}

For 1 < a < b < n, we let S|,y denote the (parabolic) subgroup of S,, generated by
{si | k € [a,b— 1]}, and we let H,(S[,4;2) be the subalgebra of H,(Sy;2z) generated by
{Tr | ™€ Sy}

Theorem 3.1. Fiz n,i,j, M, N as above and let
Y, € Hq(s[iJrl,n];Z)v Yp € Hq(S[l,i];Z)v Yu € HQ(S[jJrl,n];Z)v Yr € Hq(S[l,j};Z)

be arbitrary elements. Then for all H and V, we have
180 (H),V

= ((YR):(J . YD . ?;(JJXN . YU . (YLX‘:]) | i

H,V
i i

(3.11) (YL Yo Vi Yy YR> |

l?]

See Figure [11] for an illustration when n =9,i=5,j=4, M =3, and N = 2.

Remark 3.2. The substitution z — revjii1 4 n)(2) is performed only for the element Y]:/’[jx N
the parameters appearing in the other four elements remain unchanged. Thus if the left
hand side Yy, - Yp - Y3, v - Y - Yr belongs to the Yang-Baxter basis, the right hand side

(YR)I; - YD Y- Yu - (Y2)F in general does not belong to the Yang Baxter basis.

i
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Proof. By the C(g; z)-linearity of the maps Y +— (Y’)E}E’V and Y = (Y)j;, it suffices to show
the result for the case Y, = T, Yp = T, Yu = T, Yr = T, for some wy, € Sjiy1n),
wp € Sp, Wu € Sjjt1,n), Wr € Spj. We do this by induction on the total length of these

permutations.
i)
The base case (YMXN>ij y

induction step, observe that Y7 commutes with Yy and Yy commutes with Yx. Let us for
example consider the case w;, = spw) with f(wy) = ¢(w}) + 1. Then Y, = T;Y/, where
Y} = Ty, and we also have (Y1)i; = (Y7)iTiyj—x. Recall that T} = Ry(1), thus the rules
for how both sides of change under multiplication by 7T} are obtained from f
by specializing p = 1. The induction step follows. The other three cases are handled
similarly. 0

H,V i 1809 (H),V
= (Y Mx N) is the content of Theorem (1.1l For the

Remark 3.3. We have assumed above that i +j = n. For general i and j, let us introduce
kmin == max(1,i+j+ 1 —n) and kyax := min(n,i +j). Then the map k — i+j —k
is a bijection sending [kmin, kmax — 1] to itself. In the statement of Theorem we then
additionally assume that the elements Yz, Y37, y, and Y all belong to H g (Sthmin ke s Z)-
The proof of Theorem [3.1| remains the same in this more general case.

Remark 3.4. Substituting Y, = Yy = Yz = 1 into , we find that the flip theorem
(Theorem holds more generally as described in Remark Thus the two assumptions
required for Theorem to hold are that the incoming colors entering the rectangle from
the left are increasing bottom-to-top and are all larger than the colors entering the rectangle
from the bottom. Theorem |1.1|fails in general if one of these two assumptions is not satisfied.

4. CONSEQUENCES OF THE FLIP THEOREM

Our proof of Theorem [1.6| will consist of two parts. In this section, we use the flip theorem
to construct a “zoo” of transformations on tuples of (P,Q)-cuts that preserve the joint
distribution of the associated vector of height functions. In the next section, we will show
that, after restricting to connected components, any transformation satisfying the conditions
of Theorem can be obtained as a composition of transformations constructed in this
section. We start by introducing some notation related to (P, Q)-cuts.

Definition 4.1. Let (P,Q) be a skew domain and consider a (P,Q)-cut C' = (I,d,u,r).
Recall from Section and Figure (middle) that we associate the numbers 1 < i,j < n
to C' so that i (resp., j) is the number of steps in P (resp., of @)) between its start and the
bottom left (resp., top right) corner of the cell (I, d) (resp., (r,u)). We call the numbers (i, j)
the color cutoff levels of C. Given another (P,Q)-cut C" = (I',d',u/,7") # C, we say that
C and C" cross if the closed line segments [({,d), (r,u)] and [(I';d"), (r',u’)] intersect in the
plane. Equivalently, C' and C” cross if [I,r] C [I',r'] and [d,u] D [d’, /] or vice versa.

For the rest of this section, we fix a skew domain (P, Q) and a tuple C = (C1,Cy, ..., Cy,)
of (P,Q)-cuts, where C; = (I;, d;, u;, r;) for i € [1,m]. We let

Ht"9(C;x,y) == (Ht"9(Cy; x,y), HtP9(Co; x, y), ... . HEP9(Cri %, y))

denote the associated vector of height functions.
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4.1. Admissible transformations: definitions. Given two integers | < r € Z>;, we let
revi, : Z>1 — Z>1 be the bijection defined by

l+r—Fk ifkellr]
revier) (k) {k’, otherwise, ora =

Definition 4.2. A transformation is a pair ® := (¢g, ¢y ) of bijections ¢, ¢y : Z>1 — Z>1.
We say that a transformation ® is C-admissible if there exists another skew domain (P, Q)
and a tuple C' = (C1,C%,...,Cl) of (P',Q')-cuts with C! = (I}, d},u},r}) such that for

1) e Pty

all i € [1,m], we have ng([lZ,rz]) (1L, 7] and ¢y ([d;, u;)) = [d,u}]. In this case, we say
that ® is strongly C-admissible if Ht"?(C;x,y) 2 Ht"9(C; ¥, y"), where X' == ¢} (x) =
($¢;Il(1),$¢;[1(2), ) and y' = oyt (y) = (y¢;1(1),y¢;1(2), ).

Remark 4.3. Having ¢y ([l;, r;]) = [I}, ] is equivalent to having suppy (Cy; x) = supp 4 (Cl; x')
for x' = ¢ (x): we have suppy (C};x') = {@ }oeprrr) = {2, ey, and this equals to

suppy (Ci; x) = {2t }rep; r,) When we take x, = ;.

Remark 4.4. Given a C-admissible transformation ®, the above tuple C" is uniquely deter-
mined by the conditions ¢y ([l;, 7)) = [I}, r}], ov([d;, uz]) [d}, u}], thus we denote C" = ®(C).
However, there are in general many choices for domains (P, Q) and (P, Q') such that C is a
tuple of (P, Q)-cuts and C’ is a tuple of (P’,Q’)-cuts. So it may appear that the notion of
strong C-admissibility depends on the choices of skew domains (P, Q) and (P’,Q’), but ac-
tually this is not the case as we show in Corollary [£.13] Thus proving Theorem amounts
to showing that each C-admissible transformation is strongly C-admissible. We now give a

list of strongly C-admissible transformations.

4.2. Admissible transformations: examples. In this subsection, we state that several
transformations are strongly C-admissible. We will prove these statements later in Sec-
tion 4.4} Fix some integers Mo, Noo € Z>1 satisfying (P, Q)z C [1, Ms] x [1, Nuo).

Color-position symmetry. Our first transformation comes from Theorem In fact,
this is the only transformation that is not a consequence of the flip theorem (although it is a
trivial transformation from the point of view of Hecke algebras as explained in Section 2.2)).
Recall that we have fixed a skew domain (P, @) and a tuple C = (C1,Cy, ..., Cy,) of (P, Q)-
cuts.

Lemma 4.5 (Color-position symmetry). ® := (revp a), revp,n.)) @ a strongly C-admissible
transformation.

Under this transformation, the domain (P, Q) and all (P, Q))-cuts rotate by 180 degrees.

Global flips. Our next transformation is a direct application of Theorem [3.1] In fact, we
describe two transformations, a global H-flip and a global V-flip. They are obtained from
each other by interchanging the horizontal and vertical directions, i.e., reflecting along the
line y = . We thus describe only one of the two transformations.

Lemma 4.6 (Global H-flip). Suppose that C' = (I,d,u,r) is a (P, Q)-cut that crosses C; for
all i € [1,m]. Then ® := (revyy a0 T€V] 4], T€V]qy) @5 a strongly C-admissible transforma-
tion.

See Figure (12| for an example. The dashed rectangle represents the cut C' = (I, d, u,r).
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FIGURE 12. A global H-flip (Lemma (4.6)).
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FIGURE 13. A local H-flip (Lemma .

Local flips. Similarly to global flips, we introduce local H-flips and local V-flips. For
d <u € Zsy, we say that Zs; X [d,u] is a horizontal C-strip if there does not exist i € [1,m]
such that either d; < d < u; <word < d; < wu < u;. In other words, for all i € [1,m], we
have either w; < d, or v < d;, or [d,u] C [d;,w;], or [d;, u;] C [d, u].

Lemma 4.7 (Local H-flip). Suppose that Z>y, X [d,u] is a horizontal C-strip. Let
4.1)  J={jel,m][dju] S [dul}, K:={ke[lm]|[du] C d ul}

Suppose that there exist integers | < r € Zsy satisfying [l,r] = [l;,7;] and [lg, 7] C [I,7] for
allj € J and k € K. Then ® := (id,revigy)) is a strongly C-admissible transformation.
See Figure (13| for an example with J = {1,2,3} and K = {4}. The dashed rectangle

represents the cut (I, d, u,r).

Double flips and shifts. The last pair of local transformations that we consider are double
H-flips and double V-flips.

Lemma 4.8 (Double H-flip). Let Z>y x [d',v'] and Z>, X [d,u] be two horizontal C-strips
with [d',u'] C [d,u]. Denote

(4.2) I:={ie[l,m]]|[du) C[d, ]},
(4.3) Ji=4y € [Lm] [ djuy) & [duly \ T

(4.4) K= {ke[l,m]]|[du] C [de ]}
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Suppose that there exist integers | < r € Zsy satisfying [I,7] C [l;,74], [I,r] = [l;,7;], and
Ukori) S 7] forallie I, j€ J, and k € K. Then ® := (id,revigy orevig ) is a strongly
C-admussible transformation.

See Figure [f for an example with d =3, u=9,d =5, v =6,1 =4, r =7, 1 = {1,2,3},
J ={4,5}, and K = {6}.

Remark 4.9. Under the double H-flip, the tuple (C;),c; rotates by 180 degrees while the
tuple (C;);es shifts up by u+ d — v’ — d’. The transformation makes sense when either I or
J is empty. If I is empty then it is essentially a special case of a local H-flip (or rather a
composition of two local H-flips one of which does not change the tuple of cuts). When J is
empty, we call this transformation an H-shift.

Remark 4.10. When J = {j} consists of one element and d’ + «' = d + u, the double
H-flip can be considered as an operation of shifting C; relative to (C})icpim\s. In this
case, Lemma (4.8 generalizes the shift-invariance results of [BGW19]. Specifically, [BGW19,
Theorems 1.2 and 4.13] correspond to the special case of Lemma[f.8 where |J| = 1, (d',u/) =
(d+1,u—1),and ITUJUK = [1,m)].

4.3. Equivalence classes of pipe dreams. In order to prove that the above transfor-
mations are strongly C-admissible, we need to introduce a certain equivalence relation
on the set of SC6V model configurations. Following the literature [BB93, [FK96, [KMO5]
on Schubert polynomials, we say that a (P, Q)-pipe dream (equivalently, a configuration
of the SC6V model) is a diagram II obtained by replacing each cell in (P,Q)z with ei-
ther a crossing + or an elbow “r. Thus the total number of (P, Q)-pipe dreams equals
2#(PQ)z and each (P,Q)-pipe dream II is naturally a union of n colored paths, so we
denote the corresponding color permutation by 7. For a (P,Q)-pipe dream II, denote
Ht9(C) = (HtD9(Cy),... , HtY9(C,n)). When the skew domain (P, Q) is fixed, we usually
omit the dependence on it from the notation.
The probability P(II) of a given pipe dream II is defined by

P(H) - H Wtﬂ(iaj)a where WtH(Z7]> € {pi,ja QPi,j7 1— pi,j71 - QPZ,]}
(ivj)e(PvQ)Z
according to the four possibilities in Figure . For all 7 € S,, we have PP¢(x,y) =

ZH:TFH:W P(H)
Recall that we have fixed a tuple C = (C1,Cy, ..., Cy,) of (P, Q)-cuts. For each k € [1,m],
let ix, ji € [1,n] be the color cutoff levels of Cj, (cf. Definition [4.1]).

Definition 4.11. Given a pipe dream II and a cell (i,j) € (P,Q)z, let ¢; < o € [1,n] be
the colors of the two paths entering this cell. For k € [1,m], we say that Cj involves (i, 7)
in ILif (4,7) € [lg, k] X [dg, ug] and iy, € [c1, e — 1], see Figure [14(left). We say that (i, ) is
(IT, C)-relevant if there exists k € [1,m| such that C}, involves (i, j) in II, otherwise we say
that (i,7) is (II,C)-irrelevant. Let (P,Q)z = Rel(IL,C) U Irrel(II,C) denote the sets of all
(IT, C)-relevant and (II, C)-irrelevant cells, respectively.

Lemma 4.12. Let II and IT' be pipe dreams such that 11" is obtained from I1 by changing its
values in some (I1,C)-irrelevant cells. Then

Rel(T1,C) = Rel(IT',C),  Trrel(IT,C) = Irrel(IT,C), Ht;9(C) = HtL2(C),  and
wtn (i, 7) = wtme (4, 4)  for all (i, 7) € Rel(IL, C).



22 PAVEL GALASHIN

i
SN S S ) E . U A B
| (i.7) Yu L)
: N | A
4 i | |
23 /// %"" B S I
i c' Yur 7
: ) A CA
S Ya ~ R
Ve ¥ /] |
L b | ;
p.P - Ya -
,,,,, N
17
X [Ty

FIGURE 14. Left: The cut C} involves (7, j) in IT while Cy and C5 do not, see
Definition [£.11] Right: The partition of the double H-flip skew domain from
Figure [5| as described in the proof of Lemma [4.8 The shaded areas contain
no cells from supp(C) (and therefore no (II,C)-relevant cells for any II).

Proof. Without loss of generality we may assume that II’ is obtained from II by changing
the value in a single cell (i, ) € Irrel(Il,C) from an elbow to a crossing or vice versa. Let
p1 and ps be the paths in II that pass through the cell (7, j) and let ¢; < ¢o € [1,n] be their
respective colors.

Let (¢,7") € (P,Q)z be some cell such that either (i’,;) € Rel(II,C) N Irrel(TII',C) or
(7/,4") € Trrel(I1,C) N Rel(I",C). Then at least one of the paths p;, po has to enter the cell
(7, j') after leaving (i, 7), which implies i < 4" and j < j'.

Moreover, there must exist k € [1, m] such that (¢, j') € [lg, 7] X [dy, ux] and iy, € [c1, co—1]:
the interval [c1, c; — 1] has to contain at least one such i; in order for the status of (¢, j) to
change between irrelevant and relevant. Because iy € [c1,co — 1], the cell (I, di) has to be
weakly below and to the left from (¢, 5), so (i,7) € [lg, 7] X [dg, ug]. It follows that C involves
(7,7) in II, so (4,4) is (II,C)-relevant, a contradiction. This shows Irrel(Il,C) = Irrel(IT', C)
and Rel(IT,C) = Rel(IT',C). Tt is also clear that Ht;/?(C) = Ht;%(C) because Ht?(C}) #
Ht%(Cy,) can only happen when Cj, involves (i, j) in II.

Suppose now that (i', j') € Rel(II,C) = Rel(Il', C) is such that wty (7', j') # wtr (i, 5'). As
before, this implies that ¢ <" and j < j'. Let k € [1,m] be such that Cj, involves (¢', j/) in II,
and let ¢} < ¢, be the colors of the paths entering (i, j) in II, thus i, € [¢], ¢, — 1]. In order
for wtr (7', 7') to change as we swap ¢; with ¢y, it is necessary to have {c|,c,} N {c1, 2} # 0
and [}, c, — 1] C [c1, co — 1]. But then Cj, involves (i, 7) in II, contradicting the assumption
that (i, j) € Irrel(IL, C). O

Let us say that pipe dreams II, II" are C-equivalent if they are obtained from each other
by changing the values of (II, C)-irrelevant cells. We denote by [II] the C-equivalence class
of TI. It consists of 2#1el01C) elements which all have the same height vector Htg’Q(C). By
Lemma [4.12, we have

(4.5) P(M):= Y PI)= [ wta(ij),
Il e[II]

(,)ERel(I1,C)
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where for (i, j) € Rel(II,C), wtr (i, 7) does not depend on the choice of II € [II]. Note that

(4.6) Rel(T1,C) € supp(C) := | ([li, ri] x [di, i) ,

i=1
where supp(C) does not depend on either IT or (P, Q). Thus, modulo C-equivalence, we may
restrict each (P, Q)-pipe dream only to the cells in supp(C) (or more generally only to the
cells in some set A containing supp(C)). One immediate application of this approach is that
the distribution of the height vector Ht"?(C; x,y) does not depend on the choice of (P, Q).

Corollary 4.13. Let (P,Q) and (P, Q") be two skew domains, and let C = (Cy,Cy,...,Cy)
be such that for all i € [1,m], C; is both a (P Q)-cut and a (P',Q")-cut. Then

HEP9(C;x,y) £ H 9 (Cx, y).

Proof. The set of relevant cells is contained inside supp(C) C (P, Q)z N (P, Q")z, so (P, Q)
and (P', Q") give rise to the same set of C-equivalence classes of pipe dreams. O

4.4. Admissible transformations: proofs. We are ready to prove Lemmas [£.5{4.8, We
start with a tuple C = (C1,Cy, ..., Cy,) of (P, Q)-cuts and then each lemma gives a transfor-
mation ® = (¢g, ¢y ). It is straightforward to check in each case that this transformation is C-
admissible, and following Remark 1.4 we have another m-tuple ¢’ = (C{,C, ..., C.,) := ®(C)
of (P, Q)’)-cuts for some other skew domain (P’ Q). As usual, for k € [1,m], we denote
Cr = (I, dgy ug, 1), Cp = (L., dyp, uy, 1), and we let (i, i) and (i}, j;.) be the color cutoff lev-
els of Cy and C}. Recall also that we have (P,Q)z C [1, My] X [1, Noo]. We let X' := ¢! (x)
and y’ := ¢y (y), cf. Remark .

Proof of Lemma[{.J. In this case, (P, Q') is just a 180°-rotation of (P, Q). Let wy € S,, be
the permutation of maximal length, defined by wg(i) =n+ 1 —i for all i € [1,n]. We claim
that the probability PP? equals the probability Pf:,”Q/ for 7' := wymtwy. This follows from
the analog of Theorem where instead of the anti-automorphism 7, — T,.-1, one uses the
anti-automorphism T, — T, r-1,4,. Observe also that jj = n — i, and i, = n —j; for all
k € [1,m]. We are done since by definition, Ht#** = Ht" =", O

For the remaining results, we need to discuss the further relationship between height func-
tions, horizontal /vertical boundary conditions, skew domains, and Hecke algebra elements.

We may assume that the paths P and () connect the bottom right and the top left vertices
of the rectangle [1, M| X [1, N, in which case n = My, + Nu. For a cell (i,7) € (P,Q)z,
let cont; ; := Mo, + j — i € [1,n — 1] denote its content. For a subset A C (P, @)z, denote

(4.7) Yar= [[ Reonts,(pij) € Ho(Sniz),
(i,5)€eA
where the (non-commutative) product is taken in the “up-right reading order”, so that the

term corresponding to (i, j) appears before the term corresponding to (i',5') for all i' > i
and j° > 7. The element Y, = Zwesn /-ﬁfT7r defines a probability distribution on S,,. For

k€ [l,m] and 7 € S,, we set Ht,(C)) := Ht*'* and this gives rise to a random variable
HtY4(Cy): for h € Zsg, the probability that Ht*4(Cy) = h equals D re S Hin(Cr)=h k2. We

let Ht"(C) = (Ht"*(Cy),...,Ht"(C},)). By Lemma [4.12] we have
(4.8) Ht'(C) £ Ht"9(C;x,y) if supp(C) C€ A C (P,Q)z.
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For the next result, we borrow some notation from Section [3.3] We assume that all indices
appearing in the statement belong to the set [kyin, kmax] from Remark .

Lemma 4.14. Let i,j € [1,n]. Let m,7" € S, be permutations satisfying
HY) = 1805; (HY)  and Vi = Vi

Then
(4.9) HEP " = Htlo" for allig <i and i, > j;
(4.10) Heo = HeE 700 for il iy > i and jo <.

Proof. The values Ht*"" and Ht!!'® can be expressed in terms of HY and V¥
HtiT?Jl — #{(d7 u) c Vlﬂ’_’ | d S iO and u > ]1} +J1 - iO)
HEP? = #{(l,r) € By | 1> iy and 7 < jo}.

The first equation immediately implies (4.9)), and comparing the second equation with the
definition (3.10]) of 180¢;, we see that (4.10)) also follows. O

)9
Remark 4.15. Given two (P, Q)-cuts C, C’ with color cutoff levels (i,j) and (i’,j’), note that
C and C’ cross (in the sense of Definition if and only if either i > iand jy <jori <i
and j’ > j, which is precisely when Equations (4.9)) and (4.10)) apply.

Proof of Lemmal[f.6 Let C = (I,d,u,r) be as in Lemma , and let i,j be its color cutoff
levels. Let L,D, A, U R C (P,Q)z be the intersections of (P,Q)z with [1,1 — 1] x [d, u],
[,r] x [1,d—1], [I,7r] x [d,u], [I,7] X [u+ 1, Ny}, and [r + 1, M| x [d, u], respectively. The
assumptions of Lemma imply that supp(C) CLUDUAUU U R.
After possibly changing M, and shifting (P, Q)z inside [1, M| X [1, Noo|, we may assume
that:
e l+r=1+M,,
b (P/>Q/)Z N ([Z7T] X Zzl) = (PaQ)Z N ([l,?”] X Z21)7 and
o thesets L' := (P, Q")zN([1,] — 1] x [d,u]) and R := (P, Q")zN([r + 1, M) x [d, u])
are the images of, respectively, R and L under the map (i,5) — (I+r—i,u+d—j).
We find that

(Y2)5; = Yr [y and (YR) = Y1 [y (xy) -
Denote Y 4 := Y}y |(X,y)H(X,7y/) and let

Y =Y, Yp -Ya-Yy-Yg, and Y :=(Yg) Yo -Ya-Yu- (Y1)

By Theorem , for all H,V, we have (Y)E’V = (Y)ifoij(H)’V. By (£.8), we get Ht" (C) 2

Ht"2(C;x,y) and HtY (C) L gt (C';x',y’). Finally, we have assumed that the cut C
crosses all elements of C, and therefore all elements of C'. Applying Lemma we find

HtY (C) £ HtY (C)). O
Proof of Lemmal[.7. Let l,d,u,r,J, K be as in Lemma Let D, A,U C (P,Q)z be the
intersections of (P, Q)z with Z>y x [1,d —1], Z>1 x [d,u], and Z>; X [u+ 1, N, respectively.
We may assume that A = [I,r] X [d,u] is a rectangle, in which case C' := (I,d,u,r) is a
(P, Q)-cut and we denote by i,j its color cutoff levels.
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Given a (P, Q)-pipe dream II, let us denote by
(4.11) Vi = {0 a @ upth}

the set of all pairs df A u?’n € [l,r] such that the path in II that enters A from below in
ATl

column d'™ exits A from above in column v/,

Let IT and II' be two (P, Q)-pipe dreams. We say that IT is (C, C')-equivalent to I1" if their
restrictions to D U (Rel(II,C) N U) coincide and in addition Vi = V4,. Our first goal is to
show that Rel(II,C) N U = Rel(Il',C) N U, and thus I is (C, C)-equivalent to II. Along the
way, we will also see that for each cell (7, j) € Rel(II,C) N U, we have wtr (7, 5) = wtr (4, 7).

For a (P, Q)-pipe dream II, k € [1,m], and (i,7) € [lx, ri] X [dk, ugl, let fo(l‘[) € {1,0}
(resp., E?;(H) € {1,0}) be equal to 1 if the path in II entering (4, j) from below (resp., from
the left) enters the rectangle [lx, rx] X [dk, ug] from the left, and to 0 if it enters the rectangle
Uk, 7] ¥ [di, ug] from below. Thus Cy involves (7, j) in 1T iff DZC]"(H) # EZC]’“(H)

Suppose that I is (C,C)-equivalent to II'. Our goal is to show that in this case, for
all k& € [I,m] and all (i,5) € U N ([l 7s] x [dp, ug]), we have Df#(II) = Df#(II') and
L) = L{F(IT). Otherwise, choose (i,7) € U N ([l 7x] X [dy, ux]) with the minimal
possible value of i 4+ j such that either DZC]’“(H) #* fo(ﬂ’) or EZCJ’“(H) #+ Eicj(ﬂ’). Suppose
first that DZC]’“(H) + Dic’]’?(ﬂ'). If (i,j — 1) € UN([lg, %] X [dg, ug]) then the restrictions of II
and I to (¢, 7 — 1) must be different, so (7, j — 1) ¢ Rel(II,C). Therefore C} does not involve
(i,j — 1) in II, so D+ (IT) = £ (I1) = DZCJ’“(H) By the minimality of ¢ 4+ j, we must

2,7—1 2,7—1
have Df*_ (II') = Dy (1I) and L (II') = L% | (IT), which implies Dy *(IT) = Dy *(IT),

1,7—1 7,7—1
a contradiction. Thujs we must hazle (1,7 — 1) ¢ U N ([lg,rx] X [di,ug]). I (2,5 — 1) ¢
U, 7] X [dj, ux] then by definition we have DZC]’“(H) = D%(H’) = 0. The only other option is
that (4,7 —1) € ([lx, r&] X [dk, ug)) \ U, which implies that (i,7—1) € A and k € K. We know
that Vi} = V4, and that the restrictions of IT and I’ to D coincide, so DZC]’“(H) = DSJ‘?(H’ ).
Suppose now that 5%’“ (IT) # ﬁlcy’“ (IT"). An argument similar to the one above shows that we
cannot have (i — 1,7) € U N ([lg, %] X [dg,ug]). But then (i — 1,7) & [lg, 7] X [d, ug], so
LI = L7E(IT) = 1.

We have shown that D * (IT) = D ¥(II') and L% (IT) = L5 (IT') for all (i, j) € UN ([, 4] x
[dk,ug]). This implies both of our desired statements: that Rel(II,C) N U = Rel(Il',C) N U
and that wty (i, 7) = wtrp (4, j) for all (7, 7) € Rel(IL,C) N U.

Fix some (P, Q)-pipe dream II; and denote by [IIy]c.c the (C,C)-equivalence class of II,.
Denote by op € S[1 4 the color permutation induced by the restriction of Iy to D on the top
right boundary of D. Applying Theorem (cf. Remark to the element T, - Y4, we
find that for any set H of pairs, we have

> P(II) = > P(II)

I€(ole,c: Hypl =H e[l ¢ Hyp,=180¢, (F)

(xy)=(x"y")

Summing over all possible classes [Iy]c.c and applying Lemma [4.14] the result follows. [

Proof of Lemma[{.8 We proceed similarly to the proof of Lemma 4.7 except that now we
want to apply two H-flips. Let L, D, A, A", U, R C (P,Q)z be the intersections of (P,Q)z
with [1,1 — 1] x [d, /], [I, Ms] x [1,d — 1], [I,7] x [d,u], [I,7] x [d,u], [1,7] X [u+ 1, Ny],
and [r 4+ 1, M) x [d',u'] respectively, see Figure [14right). Note that the shaded areas
1,0 — 1] x [/ 4+ 1,u] and [r + 1, M) x [d,d" — 1] contain no cells in supp(C), so supp(C) C
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LUDUAUUUR. We may assume that A’ C A are rectangles: A’ = [[,r] x [d',v] and
A=1l,r] x[d,u].

Introduce (P,Q)-cuts C' := (I,d,u,r) and C’" := (I,d',«',r) with color cutoff levels 1i,j
and i')j’, respectively. As above, fix a (P, Q)-pipe dream II;. The domain (P, Q) changes
into (P, Q’), however, the subdomains D, A, U stay invariant. We denote by [HO](I;C the

set of (P,Q)-pipe dreams that are (C,C)-equivalent to IIy. We also denote by [HO]P Q'
the set of all (P, Q’)-pipe dreams II' such that Vﬁo = V4, and the restrictions of ITy and
I to D U (Rel(Ily,C) N U) coincide. Recall that our probability space consists of 2#(Q)z
(P, @)-pipe dreams. The class [Ho]gg is considered an event, and for i € [1,m], we let
Ht(C; %, y)|[n P9 denote the random variable Ht"?(C;; x,y) conditioned on this event. Let

Ht(c X y)|[H PQ = (Ht(CmX y>|[Hocc>~e[1 m]

Let op € Sp ) be the color permutation induced by the restriction of Ily to D on the top
right boundary of D, and denote Y := T, - Y. - Y4 - Y. Consider subsets L', R C (P',Q')z
obtained respectively from L and R via the map sending (4,j) — (i,j +u+d —u' — d').
We may assume that L' and R are the intersections of (P, Q")z with [1,{ — 1] x [d”,u"] and
[r+1, Moo] x[d",u"], where v” := u+d—d', d" := u+d—u'. Thus supp(C') C L'UDUAUUUR'.
Let Y' := (T,, - Y - Ya - Yr) |xy)s(xy). We claim that Y’ is obtained from Y via two
applications of Theorem [.1] first at (V',j’) and then at (i,j). To see that, let us write
A= ApUA U Ay, where Ap and Ay are the intersections of A with [, 7] x [d,d" — 1] and
[l,r] x [u' 4+ 1,u], respectively. Thus Y4 = Y4, - Yar - Ya, and T,,,Ys, commute with Y7

while Y, commutes with Yz. Applying Theorem at (1,7’) sends
(4.12) Yo - (To,Ya,)  Yar - Ya, - Yr— (YR)T,J/ Ty, Ya,) Yy - Yy, - (YL)i*,’j,.

(In (4.12) and (4.13)), the five terms on each side, separated by the - symbol, appear in the
same order as the corresponding five terms on each side of (3.11)).) We may now apply
Theorem (3.1} at (i,j), sending

(413) (Vi)iy T+ (Yao YarYag) -1 (V)i = (V)i )iy o (Yo YarYaay ) -1+ (Vi )iy

The terms ((Y7)} ;)55 Ya,YaYa,, and ((Yr)i ;)i are obtained respectively from Yz, Yy,
and Y by substltutlng (x,y) — (X,¥). Each of the cuts ¢’ and C' (at which we applied

Theorem [3.1)) crosses Cy all k € I U JU K. By Lemma |4.14] we get
. d 1ol !
(4.14) Ht(C; x, y)|[Ho}§;8 = Ht(C';x',y )|[Ho]5,/¢Q/'
Summing over all possible classes [Ho]gjg, the result follows. U

5. PROOF OF THEOREM [L.6

Recall from Remark [£.4] that our goal is to show that each C-admissible transformation
is strongly C-admissible. We showed above that several C-admissible transformations are
strongly C-admissible. The purpose of this section is to show that, after passing to con-
nected components defined below, any C-admissible transformation can be represented as a
composition of transformations introduced in Section 4.2}

Throughout, we fix the following data:

e two skew domains (P, Q) and (P, Q");
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FIGURE 15. Left: a tuple C of cuts with disconnected overlap graph G°¥(C).
The sets supp(Cy) and supp(Cy) are shaded. Right: a C-admissible transfor-
mation that gives a counterexample to Lemma [5.9) when the assumption that
G°V(C) is connected is not satisfied.

e a tuple C := (C4,Cy, ..., Cp) of (P,Q)-cuts with C; := (I;,d;, u;,1;) for i € [1,m];
e atuple C':= (C},C%, ..., C! ) of (P',Q)-cuts with C! := (I}, d}, u},r}) for i € [1,m];

e a C-admissible transformation ® := (¢, ¢v) satisfying ¢’ = ®(C) (cf. Remark [4.4).
We assume that C; # C; for i # j.

5.1. Connected components. Clearly, if C;, C; satisfy [I;, 7;]N[l;, ;] = [di, wi]N[dj, u;] = 0
then the random variables Ht"”9(Cy;x,y) and Ht"?(C};x,y) are independent. One can
check that this remains true when only one of the two intersections is empty. A generalization
of this to joint distributions is given in Proposition below.

Definition 5.1. We say that two cuts C; and C; have overlapping rectangles if [l;,r;] N
1;,75] # 0 and [d;, u;) N [d}, uj] # 0. We denote by G°(C) the overlap graph of C: the vertex
set of G°¥(C) is [1,m], and 7 and j are connected by an edge if and only if C; and C; have
overlapping rectangles.

Remark 5.2. Since ® is C-admissible, the graphs G°V(C) and G°¥(C') coincide.

Proposition 5.3. Suppose that the set [1,m] is partitioned into two nonempty subsets
[1,m] = I UJ such that G°*(C) contains no edges connecting a vertex in I to a vertex
in J. Then the height vectors (HtP’Q(Ci;X, y)) and (HtP’Q(C’j; X, y)) are independent

(as random variables).
See Figure [15(left) for an example.
Proof. Denote C; := (C;)ier and C; = (C})jes, and let supp(Cy),supp(C;) C (P,Q)z be

the corresponding supports defined in . Consider a pipe dream II and a cell (a,b) €
Rel(II, C). By (4.6), we must have either (a, b) € Rel(IL, C;) C supp(C;) or (a,b) € Rel(IL,C;) C
supp(Cy). Suppose that, say, (a,b) € Rel(II,C;) and let i € I be such that C; involves (a, b)
in IT. Let p;,ps be the two paths of colors ¢; < ¢y entering (a, b) in II. Then p; must enter
the rectangle [I;,r;] X [d;, ;] from the bottom while p, must enter the same rectangle from
the left. Thus changing the values of II inside the cells of supp(C;) preserves Rel(Il,Cy),
wtr(a,b) for (a,b) € Rel(I,C;), and Ht%(C;). Similarly, changing the values of I inside
the cells of supp(C;) preserves Rel(IL, C;), wtr(a,b) for (a,b) € Rel(I1,C,), and Ht;%(Cy).

We are done by (4.5)). d

iel jeJ
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In view of Proposition[5.3, we assume from now on that the graphs G*'(C) = G*(C’)
are connected.

5.2. Non-crossing cut poset.

Definition 5.4. We write C; < C; if C; and C; do not cross (cf. Definition and in
addition C; is weakly up-left from C;, that is, [; > I, r; > r;, d; < d;, and u; < u;. We write
C; < C;if C; < C; and C; # C;. We denote by P = (C, <) the associated poset (partially
ordered set).

As follows from our examples in Section the posets Pe and Pe in general need not
coincide. For example, the color-position symmetry (Lemma reverses all relations in Pe.
However, for certain pairs of relations in P, we can show that their “relative orientation”
is preserved.

Definition 5.5. We say that the relations C;, < C;, and C;, < Cj, in P¢ are ®-linked if
either Cj, < ¢ and Cj, < Cj, or C;, > C} and C}, > CJ,.

Thus when @ is the color-position symmetry of Lemma [4.5, any two relations C;, < Cj, and
Ci, < Cj, are ®-linked. The following simple observation gives rise to a family of pairs of
relations that are ®-linked regardless of the choice of ®.

Lemma 5.6. Suppose that i,j,k € [1,m| are such that C; < C; and C; < Cj. Suppose

in addition that C; and C) have overlapping rectangles. Then the relations C; < C; and
C; < C are ®-linked.

Remark 5.7. Recall that if C; crosses C}, then they have overlapping rectangles, so the
above lemma applies in this important special case.

Proof. Suppose first that C; crosses Cy. Then €} and Cj, cross but none of them crosses C7,
which immediately implies the result. Suppose now that C; does not cross Cj. Since they
have overlapping rectangles, the (P, Q)-cuts C; = (I;,d;, ug, ) and Cy; = (g, dy, uj, ;)
cross and satisfy C; < C};, and C; < C} ;. The overlapping rectangles condition also implies
that both the intersection and the union of [I;,r;] and [l;, ry] is a single interval that is sent
by ¢u to some other interval. This shows that ® sends Cjy, Cy; to (P, Q')-cuts 7, :=
(15, d5, up, mp,) and € == (I, d}, uf;, ) that cross each other but do not cross Cj. Since each
of them crosses both C and Cj,, the result follows. O

Our next goal is to describe more ®-linked pairs of relations. We will repeatedly make use
of the transitivity property of ®-linked relations: if C;, < C;, and C;, < C}, are ®-linked
and C;, < (j, and C;, < C}, are ®-linked then C;, < C}, and C;, < C}, are ®-linked.

5.3. Rigid relations and indecomposable components. As it is apparent from local
and double H- and V-flips (Lemmas [4.7] and [4.8)), one needs to take special care of relations
between (P, Q)-cuts whose horizontal or vertical projections coincide.

Definition 5.8. We say that a relation C; < C; in P is rigid if [l;,r;] # [l;,7;] and
di, wi] # [dj,u;]. In this case, we write C; < Cj.

. . .. . . . ® ®
One immediate property of rigid relations is that having C; < C; < Cj or C; < C; < Gy,

®
implies C; < C%. The following lemma is a special case of Proposition [5.12 below.
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Lemma 5.9. Suppose that i,j,k € [1,m] satisfy C; < C; g Cr. Then the rigid relations
C; g Cy and C} g Ch are ®-linked.

Proof. We will use the following observation:
if C?, Cy do not cross and a € [I%,r}] \ [l},}], then C? < C} (resp., C% > CY)

CRAN1

(5.1) if and only if @ is larger (resp., smaller) than all elements of [I}, r].

Our assumptions on 4, j, k imply that C} does not cross Cj and Cj.

Let us assume first that [I;, r;]N[l;, ;] # 0, which in view of C; < Cj is equivalent to [; < ;.
We consider three cases: [I;, 7| N[, 7] € [l k], ks k] € [Liy ] UL, 7] and [l r] N[, 7] C
Uk, 7] C [li, ) U[L,75]. In the first case, let a € [l;,r;]N][l;, ;] be such that a ¢ [li, rx]. Then
op(a) is either strictly to the left or strictly to the right of ¢g([lk, 7x]) = [l}, 7). therefore
by (6.1)), we have either C},C} > Cj, or Cf, C < Cj, respectively. Thus the relations C; 2 Ch

and C; < Cy are ®-linked. Similarly, in the second case, let b ¢ [l;,r;] U [l;,r;] be such
that b € [ly, r]. Because the intersection [l;, ;] N [I;,7;] is nonempty, the image of the union
[li, 73] U [lj,75] under ¢p is a single interval [I',7] = [I}, 7] U [I},77]. Then ¢y (b) & [I',] is
either to the left or to the right of this interval, so we again find that the relations C} g Ck

and C} g Cy are ®-linked. In the third case, we have

(L rad O [Lrg)) € o] € ([ ri] U Gsms]) <= [y 1] € [l ] € [1, 7]
This yields I; <, < l; < r; <1, < ;. On the other hand, C; < Cj, implies [, < [; and
ry < rj, so we get [; = [ and r; = . This leads to a contradiction since C} g C). requires
L, 7] # [lk, 76]. We have completed the proof in the case [l;,r;] N [l;,7;] # 0.

A similar argument finishes the proof in the case [d;, u;] N [d;, u;] # 0. Suppose now that
Ly i) O[5 = [diy wi] N [dy,uj] = 0. In this case, we finish the proof by induction on the
graph distance dist(, j) between i and j in G°¥(C), which we have assumed to be connected.
The conditions [I;, ;] N [l;,7;] = [di, w;] N [d;, u;] = @ imply that dist(i,j) > 2. Consider the
shortest path from ¢ to 7 in G°V(C), and let i’ # 4, j be the first vertex after ¢ on this path. By
definition, C; and C; have overlapping rectangles. On the other hand, it is easy to see that
Ci does not cross C; because of the condition [l;,r;] N [l;,7;] = [di,u;] N [d;,u;] = 0. Thus
Cy < C} g Cy and dist(i, j) < dist(4, j), so we apply the induction hypothesis to conclude
that the relations Cj g Cy and C; g Cy are ®-linked. Since C; and C} have overlapping
rectangles, Lemma shows that the relations Cy g C} and C; g Cy are ®-linked, so by
transitivity, C; < Cy and C; < O, are ®-linked. 0
Example 5.10. Lemma does not hold without our running assumption that the graph
G°¥(C) is connected, see Figure [15|right).

The following notion is motivated by global H- and V-flips described in Lemma [4.6]

Definition 5.11. We say that C is indecomposable if there does not exist a partition [1,m] =
I'U J into nonempty subsets such that C; crosses C; for all s € I and j € J.

Proposition 5.12. Suppose that C is indecomposable. Then any two rigid relations C;, <
® .
Cj, and Cy, < Cj, are ®-linked.
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Proof. Assume that C;, < C;,. By Lemma , the relations Cj, g Cj, and Cj, g Cj, are
®-linked. If Cj, and Cj, cross then by Remark 5.7, the relations C;, < Cj, and C;, < Cj,
are ®-linked, and by transitivity this implies the result. If C;, and Cj, do not cross then

since the relations Cj, < Cj, and C;, < C;, are both rigid, Lemma shows that they are
®-linked, so we are done by transitivity. We have shown the result in the case C;, < Cj,.
The cases C;, < C;,, C;, < Cj,, and C;, < (), are completely similar. Thus we may
assume that C;, crosses C;, and C}, crosses C},.
Since C;, crosses C;, and C;, < C},, we see that either C;, < C}, or C;, crosses C},. If

C;, < U}, then by Remark , the relations C;, < Cj, and Cj, 2 C;, are ®-linked, and by

the same remark, the relations C;, < C;, and Cj, < (), are ®-linked, so the result follows.
The case C;; < C}, is handled similarly, thus we may assume that each of C; ,C};, crosses
each of Cj,, Cj,.

Since C is indecomposable, there exists a sequence ko, k1, . . ., ki, ke yq satisfying {ko, k1 } =
{i1, 51}, {ke, kesa} = {i2, j2}, and such that for all s € [0,t] we have either Cy, < Cj,,, or
Cr, > Cy, .. Out of all such sequences, choose the one with minimal possible ¢. Because of
the above assumptions, we must have ¢ > 3.

Since ¢ is minimal possible, we find that for any s € [1,¢t — 2], Ci, must cross Cj,,,.
Thus by Remark [5.7} the relations between Cy,, Ch,,, and Cy_,,, Cy,,, are ®-linked for all
s € [1,t — 2]. By transitivity, the relations between Cy,, Cy, and Cy, ,, Cy, are ®-linked.

Our next goal is to show that the relations between Cy,, Ck, and Cy,, Cy, are ®-linked.
Note that C}, must cross both Cj, and C},, otherwise we could remove ks from the sequence
(after possibly swapping ko and kp) thus decreasing t. Because Cj, does not cross Cy,, we
cannot have C;, < C, < C},. Recall also that C}, does not cross C,. Thus either Cy, crosses
C, (in which case the relations between Cy,, Cy, and Cy,, Cy, are ®-linked by Remark ,
or Cy, < Oy g Cj,, or Cy, g Cj, < Ch,. In the latter two cases, after possibly swapping
and k;, we see that the relations between CY,, Ck, and Cy,, C), are ®-linked by Lemma m

Similarly, we show that the relations between Cjy,_,,Cy, and Cy,,Cy,,, are ®-linked. The
result follows by transitivity. 0

5.4. Finishing the proof. So far our main focus has been on structural properties of C-
admissible transformations. Next, we describe how each such transformation can be repre-
sented as a composition of strongly C-admissible transformations constructed in Section [4.2]

Definition 5.13. Two C-admissible transformations are called flip-equivalent if they can be
obtained from each other by composing with the transformations described in Lemmas

4y
Recall that we have fixed a particular C-admissible transformation ®.

Lemma 5.14. ® is flip-equivalent to a transformation that preserves all rigid relations. More
specifically, after possibly applying the color-position symmetry (Lemma and several

global H-flips (Lemma , we may assume that for all C; g C; we have C} < (1.

® . .
Proof. Suppose that C; < Cj is such that C; > C}. If C is indecomposable then after
applying the color-position symmetry (Lemma , we find C; < C7, and for any other rigid

®
relation C, < Cy, we get C!, < C} by Proposition [5.12, If C is not indecomposable then
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we can split it into indecomposable components: [1,m] = I U I, U --- U I,. We assume
that these indecomposable components are ordered “by slope” so that for any 4,j € [1, s],
i < j,and any a € I;, b € I;, we have [lo,74] D [lp, 7] and [dg, ua] C [dp, up]. It is then
clear that for each p € [1, 5], one choose a cut C' = (I,d, u,r) crossing all cuts in C in such
a way that [l,,rs] 2 [[,7] 2 [lp,7s]) and [da,us] C [d,u] C [dp,up] for all a € [1,p] and
be[p+1,s]. Applying a global H-flip at C' will flip the first p components while leaving
the rest unchanged. Similarly, applying a second global H-flip, we can flip the first p — 1
components back. Thus each individual component I, can be flipped using a composition of
two H-flips. O

Definition 5.15. We say that ® is orientation-preserving if for any relation C; < Cj;, we
have C} < 1.

Proposition 5.16. ¢ is flip-equivalent to an orientation-preserving transformation.

Proof. By Lemma |5.14] we may assume that for all C; ®< C; we have Cf < C}. Let us say
that (a,b) is a bad pair if C, < Cy, and C?, > C;. For each bad pair (a, b), we must have either
Lo, Ta] = [lp, 6] OF [da, ua] = [dy, up), so assume that | < r are such that [l,, 7] = [lp, 7] = [I, 7]
for some bad pair (a,b).

Let B(l,r) denote the set of all bad pairs (a,b) satisfying [lo, 7] = [ly,75] = [I,7]. Choose
(a,b) € B(l,r) to be the pair which maximizes the value u, — d,, and let d := d,, u := u.
We claim that Zs; x [d,u] is a horizontal C-strip. Indeed, otherwise there would exist
i € [1,m] such that either d; < d < u; < word < d; <u < u;. Suppose for example that
d; < d < u; < u. These conditions imply that C; < (. Observe that d € [d;, u;] \ [dp, up) and
also d € [dg, ua) \ [dp, up). Since C, > Cj, shows that C! > C} so (i, b) is a bad pair, and
because [d;, u;] # [dp, up], we must have [l;, ;] = [ly, 7] = [I,7]. This implies (,0) € B(l,r),
and since we have u, — d; > u, — d,, we get a contradiction. The case d < d; < u < w; is
handled similarly, thus we have shown that Z>, x [d,u] is a horizontal C-strip.

Our goal is to apply either a local H-flip or a double H-flip inside Zx; X [d,u] so that
(a, b) would stop being a bad pair. We note that this operation may introduce new bad pairs
(a’, ") but for each of them, the quantity uy — d, will be strictly smaller than v —d = u,—d,.
Indeed, our flip only changes the orientation of the pairs (a’,b’) such that [d,, uy] C [d, u],
and for any pair satisfying [lu, 7o) = [ly,7w] = [I,7], dw = d, uy = u, and Cy < Cy, we
see that Cy crosses C,, Cy crosses Cy, Cp < Cp, and C, < Cy. By Remark [5.7, we get
that C!, > C},, so (a/, V') is already a bad pair and will stop being a bad pair after we apply
the flip. We have shown that it is enough to apply either Lemma [4.7] or Lemma inside
Z>1 x [d,u] so that, in the notation of ([{.1)~(4.2)), we would have a,b € J.

Following , let
J={jelm]|dju] Cldu}, K:={ke[l,m]|l[du]C[d u}.

—=

Since d, < dp and u, < up, we find that for all £k € K, Cj crosses both C, and C, and
therefore satisfies [ly, 7] C [I,7]. Thus if [l;,7;] = [I,r] for all j € J' then we can apply a
local H-flip (Lemma [4.7) and finish the proof. Otherwise, let I' := {i € J' | [l;,r;] # [I,r]}.
We need to apply a double H-flip for a careful choice of [d',u'] C [d, u].

First, we would like to show that for all ¢ € I’, C; crosses both C, and C,. To see that,
recall that [d;, u;] € [d,u] and [l;, ;] # [I,r]. Thus either d ¢ [d;, w;] or u ¢ [d;, u;] (or both),

so assume d ¢ [d;, u;]. Then we cannot have C; < C,. If C; crosses both C, and C), then we
are done. If C; crosses C, but not Cj, then [d;, u;| # [dp, up] so we must have C; g Cy. This
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contradicts Remark [5.7] since C} < C} but C! > C;. Thus we may assume that C; does not

cross Cy, and since d ¢ [d;, u;], we get C, g C;. We cannot have C, < C; < (' because then
we would have [l;, ;] = [[,r]. Thus C; £ C}, so there exists ¢ € ([dy, up] N [d;, w;]) \ [da, ], in
which case we arrive at a contradiction via (5.1). The case u ¢ [d;, u;] is handled similarly.
We have shown that for all i € I’, C; crosses both C, and C}.

We now proceed as in the proof of Proposition [5.12] An alternating {a,b}-path is a
sequence ko, k1, ..., k; of elements of J' such that {ko, k1 } = {a,b}, and for all s € [0,t — 1],
we have either C}, < C,,, or Cy, > Cy We say that such a path ends at k;. We let

s+1 s+1°

(5.2) J :={j € J'| there exists an alternating {a, b}-path ending at j}.

Clearly this set contains both a and b. We claim that J NI’ = ), in other words, that for
all j € J, we have [l;,7;] = [l,7]. Otherwise, consider an alternating {a, b}-path of smallest
possible length ¢ such that k, = j € JNI'. We showed above that C; crosses both C, and Cy,
so t > 3. Since ¢ is minimal possible, we see that Cj, crosses Cy,,, for all s € [1,¢ — 2], and
in addition Cj, crosses both Cj, and Cj,. By construction, C}, crosses neither Cy, nor Cy,.
If it also does not cross Cf, then we must have C, < Cy, < C (because [dy,, ur,] C [d,u]
and [lx,, Tk,] = [I,7]). This contradicts the fact that Cy, crosses both Cj,, C, but not Cy,.
Thus Cy, crosses Cy, ., for all s € [0,t — 2]. In particular, for all s € [0,¢ — 2], the relations
between Cy,,Cy,,, and Cy ., Cy,,, are ®-linked. Since t is minimal and k; € I, we find
Uk, 13Tk o) = (1, 7] # [lky, 7,]- We showed above that Cy, must cross both C, and Cj. Since
[dy,, ur,] € [d,u], we get [I,r]  [lg,, r,]. By construction, C%, , does not cross C,. Together

with [I,7] € [lg,, 7k, ], this implies [dg, ,,uk, ,] # [dk,, uk,], so the relation between Cy, , and
C, must be rigid. We arrive at a contradiction since the relation between Cy,,Cy, (i.e.,
between C, and C}) was reversed by ® while the ®-linked relation between Cy, ,,Ck, was
preserved by ® due to being rigid. We have shown that J NI’ = ().

Consider a graph G with vertex set J’ and edges {i, j} for all 4, j € J' such that C; and C;
do not cross. Then it is easy to check from that J is actually the connected component
of G that contains the edge {a,b}. Thus letting I := {J'\ J}, we find that for all i € I and
j € J, C; crosses Cj. Set d' := min;e;d; and v’ := max;eru;. We see that all conditions of
Lemma [4.§ are satisfied, and that moreover a,b € J. Applying the double H-flip, we proceed
by induction on u, — d, as described above. O

Proof of Theorem[1.6. By Proposition [5.16] we may assume that ® is orientation-preserving.
We will show that ® is a composition of H- and V-shifts as described in Remark [4.9] Specif-
ically, we would like to apply Lemma when d' = d+ 1 and v/ = u, in which case
gives J = ) and the transformation (id, revigy) o revigt1,,) swaps yq and (ya + 1,...,y),
preserving the order of the latter.

Let a € [1, N — 1] be such that ¢y (a) > ¢y (a+ 1). If there exist indices i,j € [1,m]
such that u; = a and d; = a + 1 then C; < Cj and C] > C} by , which contradicts the
assumption that ® is orientation-preserving. Thus let us assume that there does not exist
i € [1,m] such that u; = a. We set d := a.

We construct u > d + 1 by the following algorithm. First, set u := d + 1. If we have
found i € [1,m] such that d < d; < u < w;, we increase u by setting u := u;, and repeat this
procedure until there is no ¢ satisfying this assumption. It is straightforward to see that for
each @’ € [d+ 1,u] we must have ¢y (a’) < ¢y (d).

We claim that Zs; x [d, u] and Z>1 x [d+1, u] are both horizontal C-strips. By construction,
there is no i € [1,m] satisfying d < d; < u < u;. Suppose that we have found j € [1,m]
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satisfying d; < d < u; < u. We cannot have u; = d, thus d; < d+1 < u; < u. Because
of the way we constructed the interval [d + 1,u], there must exist some ¢ € [ such that
d;j < d; < wu; < ;. Thisimplies C; > C}, and since d € [d;, u;]\ [d;, u;], we get a contradiction
by (5.1). We have shown that Zs; x [d,u] and Zs1 X [d + 1, u] are horizontal C-strips.

Let [ :={i € [1,m] | [di,w;] C [d+ 1,u]} and K := {k € [1,m] | d € [dy,ux]}. By our
assumption, we have d 4+ 1 € [d, uy] for all k € K. Because Z>; x [d,u] and Z>y X [d+ 1, u]
are horizontal C-strips, we get that [d, u] C [dg,u] for all £k € K. We claim that C; crosses
Cy for all i € I and k € K. Indeed, if otherwise C; does not cross C) for some i € I and
k € K, we must have C; > Cj, by (5.1). But we have already shown that ¢y (a’) < ¢y (d)
for a’ € [d+ 1,u], which by contradicts the fact that ® is orientation-preserving. Thus
indeed C; crosses Cy for all i € I and k € K, so there exist [ < r such that [l;, ] C [I,7] C
[l;,r;] for all i € I and k € K. We may now apply the corresponding H-shift of Lemma
with d = d+ 1, v = u, and J = (). We have already observed that ¢y (a’) < ¢y (d) for all
a' € [d+ 1,u]. Therefore this H-shift reduces the number of inversions of ¢y .

We have assumed above that w; # a for all i € [1,m]. If this is not the case then we must
have d; # a+ 1 for all i € [1,m]. This case is treated similarly — we apply an H-shift with
d' = d (for some choice of d < a), v’ = a, and u = a+ 1. Applying these H-shifts repeatedly,
we arrive at the case ¢y = id, and then we apply a sequence of V-shifts until ¢y =id. O

6. APPLICATIONS

We degenerate the SC6V model proceeding step-by-step in the order specified in [BGW19,
Sections 6 and 7]. The nature of the limiting procedure in [BGW19] requires us to only
consider tuples of (P, Q)-cuts all of whose left endpoints belong to the same vertical line.

Definition 6.1. We say that C = (C4,...,C,,) with C; = (l;, d;, u;, 1) is a left-aligned tuple
of cuts if I; = 1 for all i € [1,m] and there exists an up-left path @ that contains the top
right corners of the cells (r;,u;) for all ¢ € [1,m]. Given a bijection ¢y : Z>; — Z>; and
another left-aligned tuple of cuts C' = (C1,...,C}), we write C' = ¢y (C) if I[ =1, = 1,
ri =r;, and ¢y ([d;, w;]) = [d}, u}] for all i € [1,m].

1)

Remark 6.2. In the language of Definition (id, ¢y ) is a C-admissible transformation. It
is thus a composition of double H-flips, H-shifts, and local H-flips described in Section [4.2]

In all cases discussed below, the convergence in finite-dimensional distributions was shown
in [BGW19| in order to prove the shift-invariance property, and we rely on the same conver-
gence result to take the limit of Theorem [1.6

6.1. Continuous model. Recall that the Beta distribution B(a,b) with parameters a,b €
R+ is supported on a line segment (0,1) C R and has density
['(a)I'(b)
I'(a+0)
Fix two families ¢ = (0;)icz., and p = (p;);ez., of real numbers satisfying 0 < p; < o; for all

(i,7) € Z>o X Z>1. The following descriptionﬂ of the continuous SC6V model can be found
in [BGW19, Section 6.4].

1 —-2)t O0<z<l.

4The description in [BGW19] is stated for the case when all p; are equal to a single value p, but their
limiting results, specifically, [BGW19, Corollary 6.21] are valid for an arbitrary choice of (p;);jez., -
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e For each (i,j) € Z>oxZ>1, we sample (independently) a Beta-distributed random variable
i ~ Bloi — pj, pj).

e We consider the vertices in Z>; X Z>;. To each of the four edges adjacent to a vertex of
Z>1 % Z>1 we will assign a (random) vector (mq,ms,...) of nonnegative real numbers.
We refer to m, as the mass of color ¢ passing through this edge.

e For i € Z>1, the edge entering the vertex (i, 1) from the bottom has all masses equal to 0.

e For j € Z~1, the masses (my, ma, ... ) assigned to the edge entering the vertex (1, j) from
the left are sampled as follows. We set m, = 0 for all ¢ # j and let m; := —In(no;).

e Suppose that (i,j) € Z>1 X Z>; has incoming masses (ai, as,...) and (S, fa,...) as-
signed to the bottom and left edges, respectively. The outgoing masses (y1,7e,-..) and
(01,09, ... ) assigned respectively to the top and right outgoing edges are defined by

exp(—0>.) = exp(—asc) + (1 —exp(—azc))niy;, c¢=1,2,...,

where 0>, 1= > 0 v and as. := Y ., ars. We define the remaining masses via the

mass conservation law: for c =1,2,..., we set v, := a. + (. — de.

Given a left-aligned tuple C = (C4,...,Cy,) of cuts with C; = (1,d;,u;,7;), we will be
interested in the random vector (Ht(Cy;0,p),...,Ht(C,,;0,p)) of height functions, where
each individual height function Ht(C;; o, p) is defined as the total mass of color > d; passing
through the right outgoing edges of the vertices (r;, d;), (r;, d;+1), ..., (r;, u;). For a bijection
¢y : Zs1 — L1, we denote ¢y (p) 1= (p¢;1(1), Po1(2) - .) (cf. Remark .

Theorem 6.3. In the above setting of the continuous SC6V model, consider two left-aligned
tuples C = (Cy,...,Cy) and C' = (Cy,...,C! ) of cuts. Suppose that we have a bijection
¢v : L1 — L>y such that ¢y (C) =C'. Then

(Ht(C1:0,p), ... . Ht(Cri0,p)) £ (HK(C10,0), ... . Ht(Clpi0,p)),  where p' = 6y (p).

Proof. The continuous SC6V model is obtained as the following limit. First, consider the
original SC6V model. Choose My, M, -+ € Z>; and Ny, Ns,--- € Z>, and subdivide the
positive quadrant into rectangles of sizes M; x N; for all (i, j) € Z>oXZ>1. One then combines
each rectangle into a single fused vertex by specializing the corresponding row and column
rapidities to geometric progressions in ¢ of lengths M; and NN;. The fact that the height
functions of the resulting fused SC6V model are specializations of the height functions of the
original SC6V model is shown in [BGW19, Theorem 6.2]. (It is stated for the case when all N;
are equal but translates verbatim to the case of arbitrary N;.) For each cut C; = (1,d;, u;, r;),
we can consider the unmerged cut C; = (1, d;,u;,7;) given by d; = Ny + Ny +- -+ Ng._1 + 1,
u; = Ny+No+- - -+N,,,, and 7; = My+Mo+- - -+ M,,. The unmerged Versionsng_V of ¢y and 6;
of C! are defined similarly. The two resulting tuples of unmerged cuts satisfy the assumptions
of Theorem and therefore the corresponding vectors of height functions have the same
distribution modulo replacing the row rapidities y = (y1, s, ... ) with (¢v)~*(y). Thus after
specializing the rapidities to geometric progressions and merging each M; x N; rectangle into
a single fused vertex, we see that the two height vectors have the same distribution in the
setting of the fused SC6V model. A similar argument can be found in the proof of [BGW19,
Theorem 6.3]. The result now follows from [BGW19, Corollary 6.21] which states that vertex
weights of the continuous SC6V model are obtained as particular limits of the fused SC6V
model vertex weights. d
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6.2. Beta polymer. Our next object is the directed Beta polymer [BC17] which is essentially
just a restatement of the continuous SC6V model from the previous subsection. We again fix
two families 0 = (0;)iez., and p = (p;);ez., as above. We first describe the model following
[BGWT9, Section 7.1]. )

e For each (i,j) € Z>o*xZ>1, we sample (independently) a Beta-distributed random variable
mij ~ Bloi = pj, p;)-

e We consider the vertices of the grid Zs¢ X Z>o with diagonal and vertical edges, that is,
for each (i,7) € Z>1 X Z>1, we introduce diagonal edges connecting (i — 1,5 — 1) to (4, j)
and vertical edges connecting (i,5 — 1) to (¢, 7). For each j € Z>,, we also have a vertical
edge connecting (0,7 — 1) to (0, 7).

e To each edge e we assign a weight wt(e): if e is a vertical edge connecting (7,7 — 1) to
(i,7) then we set wt(e) := 1, ;, and if e is a diagonal edge connecting (i — 1,7 — 1) to (¢, j)
then we set wt(e) :==1—n; ;.

e For [,d,u,r € Z>0 such that [ < r and r — [ < u — d, the delayed Beta polymer partition
function 359 (Ld _>(m is defined by

30 ) = > I wtme = ),
(L d)y=mrg—=mi41——mu=(r,u) k=f(m)
where m, — m—1 € {(1,1),(0,1)} for all k£ and f(7) := min{k | 7 — m—1 = (0,1)}. In
other words, we take the product of weights of all edges of our lattice path that occur
weakly after its first vertical edge.

Definition 6.4. For vectors d,u,r € (Z>¢)™, we denote C(d,u,r) := (C4,...,C,,), where
C;:= (1,d; + 1,u;,1;) for all i € [1,m].

Remark 6.5. We put d; + 1 above in order to account for the following discrepancy: for
C = (1,d,u,r), Ht(C;a, p) depends on oy, ..., 0, and py, . . ., py, while 3?0;23’;(7, » depends on

00, ..,0pand pgi1, ..., pu. It is thus natural to identify 3%’;;”_)(m) with the cut (1,d+1,u,r).
The following result confirms the prediction of [BGW19, Remark 7.4].

Theorem 6.6. Consider vectorsd,u,d’,u’,r € (Z>()™ such that both C(d,u,r) and C(d',u’,r)
are left-aligned tuples of cuts. Suppose that we have a bijection ¢y : Z>y — Z>1 such that
ov(C(d,u,r)) =C(d’,u',r) and set p' := ¢! (p). Then

B;o, B;o, B B
(61) <3(0:11[;_>(7«1’u1)7 s 73(0;5)—)(rm,um ) (3(OZ’I;—> (ri,ul)?” 3(0‘;/’ Tm,ugn)) :

Proof. By [BGW19, Proposition 7.2], the joint distribution of the left hand side of co-
incides with the distribution of the vector (exp (— Ht(Ci;0,p)),...,exp (— Ht(Cy,;0,p))) of
exponentiated height functions Ht(Cj;; 0, p) from Section Here (C4,...,Cp) =C(d,u,r)
as in Definition [6.4l The result now follows from Theorem [6.3] O

6.3. Intersection matrices. When taking the limits in the next subsections, we will spe-
cialize to the homogeneous case where all o; are equal to a single value o and all p; are equal
to a single value p satisfying 0 < p < . In view of this, let us discuss intersection matrices
introduced in Definition [I.8]

Proposition 6.7. Consider vectors d,u,d’,u’,r € (Z>()™ and let C(d,u,r) = (Cy,...,Cp)
and C(d',u',r) = (C1,...,Cl) be as in Definition [6.f] Assume that both C(d,u,r) and
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C(d',u',r) are left-aligned tuples of cuts. Then there exists a bijection ¢y @ Zsy — Z>y
satisfying ¢y (C(d,u,r)) = C(d’, v, r) if and only if IM*(d,u) = IM*(d’, u’).

Proof. In order to distinguish between subsets of Z and subsets of R, let us denote [d, u]z :=
{j€Z|d<j<u}and[d,ulg :={y € R|d <y <u}. Recall that C; = (1,d;+1, u;,r;) and
Cl = (1,d.+1,u},r}) for all i € [1,m]. Recall also that the entries of IM*(d, u) are given by
IM; = max(0, min(u;, u;) —max(d;, d;)), which is the cardinality of [d; +1, u;]zN[d; 41, u;]z.

If ¢y exists then it sends [d; + 1, u;]z N [d; + 1, u;]z bijectively to [d} + 1, uilz N [d) + 1, u}]z,
thus IMT(d,u) = IM*(d’,u’). Conversely, it suffices to show that for any I C [1,m], the
intersections (;c;[di +1, u;)z and (., [d} + 1, uj]z have the same cardinality. Indeed, we have

#(.][dZ + 1,u;]z = max (0, min{u; | i € I} — max{d; | j € I}) = min {IM;;]i,j € I} .
icl
Thus the assumption IM*(d, u) = IM*(d’, u’) implies the result for all I C [1,m)]. O

6.4. Gamma polymer. Recall that the Gamma distribution with parameter x > 0 is
supported on Ry with density

1 k—1
——
(k)
Let us now fix some x > 0 and describe the Gamma polymer [CSS15, [(OO15].

e For each (i,j) € Z>o X Z>1, we sample an independent random variable 7; ; which is
Gamma-distributed with parameter .

e We again deal with the grid Zs, x Z>, with vertical and diagonal edges. The weight
of each vertical edge connecting (4, j — 1) to (4, ) is equal to 7, ;, and the weights of all
diagonal edges are equal to 1.

e For I, d,u,r € Z>¢ such that | < r and r — [ < u — d, the Gamma polymer partition
function 3{, » ., is defined by

exp(—z), x> 0.

—(ru

Z,d)ﬁ(r,u) = Z H Wt(’ﬂ'k_l — 7Tk);

(L d)y=mg—m441—>—mu=(ru) k=d+1

where 7, — 1 € {(1,1),(0,1)} for all k. Note that since the diagonal edges have weight
1, only the vertical edges contribute to the product.

Theorem 6.8. Consider vectorsd,u,d’,u’,r € (Z>()™ such that both C(d,u,r) and C(d’,u’,r)
are left-aligned tuples of cuts. If IMT(d,u) = IM"(d’, o) then

r r d r r
( (0,d1)—=(r1,u1)s "+ ° aB(O,dm)%(rm,um)) - ( (0,d})—(ryuf)r - - - 73(0,d2n)—)(rm,u;n)> .

Proof. By Proposition , there exists a bijection ¢y : Z>; — Z>; sending C(d,u,r) to
C(d’,u’,r). The result now follows from Theorem [6.6| by substituting p; =™, 0, =™ + &
and taking a limit as ¢ — 0, see [BGW19, Section 7.2]. O

6.5. O’Connell-Yor polymer. Our next limiting transition leads to the following model.

e For each n € Zsq, let B,(t), t > 0, be an independent standard Brownian motion.
e For each [, € Z> and d,u € R satistying [ < r and d < u, define

oYy

()= (ru) = / exp iy ... dt,.
d=t;<tj41<-<try1=u

Z Bi(tit1) — Bi(t;)
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We extend the definition of a cut C' = (I, d, u, ) to the case where d < u are real numbers.
In this case, we say that C = (C,...,Cy,) is a left-aligned tuple of cuts if I; = 1 for all
i € [1,m] and for any i, j € [1,m], we have either r; < r; and u; > u; or r; > r; and u; < u;.

Theorem 6.9. Consider vectors d,u,d’,u’ € (Rs¢)™ and r € (Zxo)™ such that both
C(d,u,r) and C(d’, W, ) are left-aligned tuples of cuts. If IM*(d,u) = IM*(d’,u’) then

0)% 0)% a 0% 30Y
(0,d1)—=(r1,u1)r =+ 2 (0,dm) = (Tmyum) | — (0,d})—=(ri,uf)r - - 9 J(0,dh,) = (rmuy,) ) -

Proof. As explained in [BGW19, Section 7.3|, one obtains 38}:0 (ru) 85 @ properly rescaled
limit of SE,Ld)H(r,Lu) as L — oo. It is easy to check that there exists a sequence dp,ur,d’,u) €
(Zsp)™ for L =1,2,... such that for all L,

e C(dy,ur,r) and C(d),u,r) are left-aligned tuples of cuts,

[ IM+<dL, LIL) = IM+(dIL, u’L),

e the limit of %(dL,uL,d’L,u’L) as L — oo equals (d,u,d’,u’), and

e the limit of - IM"(d,uz) as L — oo equals IM*(d, u).

The result now follows by applying Theorem and taking the limit as L — oo. O

We are ready to consider the models described in Section [T.4]

6.6. Brownian last passage percolation. Recall that 3¢ 4)— () has been defined in ([1.6)).
Let us give a generalization of Theorem [1.9]

Theorem 6.10. Consider vectors d,u,d’,u’ € (Rs¢)™ and r € (Z>o)™ such that both
C(d,u,r) and C(d’,u,r) are left-aligned tuples of cuts. If IM*(d,u) = IM*(d’,u’) then

d

(3(07‘11)_>(7nlvul)7 e 73(0,dm)—>(rm,um)) = (3(07(1/1)4)(7‘1’“,1)7 et 73(07d{m)_>(7nm7u'lm)) .

Proof. As explained in [BGW19, Section 7.4, 3(;,4)—(ru) is obtained as a scaling limit of the
logarithm of 3(Oz§L) (ruL) 88 L — oo. The result thus follows from Theorem . 0

6.7. KPZ equation.

Proof of Theorem[1.10, The argument in [BGW19, Section 7.5] shows that one can obtain

ZW)(t, ) as a scaling limit of 3(005;)_>(tL Wia) 8 L — oo. Let L be such that ¢tL is an integer

and set r = (tL,tL,...,tL) € (Zso)™, v’ = (tVL,tVL,...,tV'L) € (Rso)™. We introduce
d,d u,u € (Rs9)" byd =y, d =y, u:=r"+x,and v := 1" +x'. Let 1,,x,, denote
the m x m matrix with all entries equal to 1. If L is large enough so that tv/L > d; for all
i € [1,m] then we have

(6.2) IM*(d, 1) = VL1 4+ IM(y, X) = tV L1y + IM(y', x') = IM*(d', 0).
Therefore Theorem applies and we obtain the result by sending L — co. 0J

6.8. Airy sheet. In view of the recent results [DOV18], one can define the Airy sheet A(z, y)
as a limit of the Brownian last passage percolation, cf. [BGW19, Equation (7.14)]:

3(0,2mn2/3)—>(n,n+2yn2/3) —2n — 2n2/3<y - il?) + (ZIZ' - y)2n1/3

(6.3) —

— A(x,y)

for x,y € R as n — oo.
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Proof of Theorem[1.11. We proceed as in the proof of Theorem for an integer n € Z>1,
set T = (n,n,...,n) € (Zso)™, d 1= 2n**x, d' := 2n*°x', u = r + 20?3y, and v’ =
r + 2n?y’. As in (6.2), we find IMT(d,u) = IM*(d’,u’) and then deduce the result from
Theorem by sending n — oo. O

7. ARBITRARY PERMUTATIONS, KAZHDAN-LUSZTIG POLYNOMIALS,
AND POSITROID VARIETIES

We discuss a surprising connection between the SC6V model and a family of algebraic
and combinatorial objects: Kazhdan—-Lusztig R-polynomials (see [KL79] or [BB05, Chap-
ter 5]), Deodhar’s distinguished subexpressions [Deo85, MR04], and the positroid decompo-
sition [Pos06, BGY06, [KLS13| of the Grassmannian. As we speculate in Section , these
observations suggest that there could be a common generalization of the SC6V model and
the combinatorics of positroid varieties.

In the last subsection, we give a counterexample to a natural extension of Theorem to
arbitrary wiring diagram domains but give a conjectural generalization of the shift invariance
of BGW19] to arbitrary domains.

First, we concentrate on the limit of the SC6V model as y1,y2, -+ — 0, in which case
all parameters p; ; defined in become equal to 1/q. More generally, for an arbitrary
Yang—Baxter element Y defined for w € S, in (2.6)), we consider a limiting regime where
213> 29> - > 2z, le., we assume that z;/z;, — 0 for all 1 <i < j < n. In the limit, we
get p;; = 1/q for all 1 <i < j <n. We denote the resulting element by

Y052, = Riy (1) Ri,(1/q) - - Ri, (1/q),
where w = s;,5;, - - - 5;,. is a reduced word.
7.1. Kazhdan—Lusztig R-polynomials. For all pairs 7, w € S, such that 7 < w in the

Bruhat order, the associated Kazhdan—Lusztig R-polynomials R™"(q) are defined uniquely
by the condition that for all w € S,,, we have

(7.1) ¢"“N(Ty)" = R™"(q)T.
w<<w

The following result was shown in [BN19] by induction on ¢(w). We will prove it bijectively
in Proposition [7.3] below.

Lemma 7.1. For all w € S,,, we have

Y, = Z R™(q)Tx.

T<w
Proof. Indeed, we have Ry(1/q) = 1/qTy + (1 — 1/q) which by (2.1)) is equal to T, '. Thus
Y e, =Tt Tt = (T,y-1) 7", The result follows from (7.1). O

By Proposition 2.3, this gives an interpretation of each Kazhdan-Lusztig R-polynomial in
terms of the SC6V model: ¢~“(*) R™*(q) equals the probability of observing 7 as the color
permutation of the SC6V model inside a wiring diagram for w with all p-parameters equal
to 1/q. Note that one of the vertex weights (namely, 1 — gp) in Figure [1| becomes equal
to zero, however, the resulting “five-vertex model” is very different from the standard five-
vertex model studied e.g. in [BBBGI19, BSW19, dGKW18|. Our goal is to show that after
sending all p-parameters to 1/¢, the configurations of the SC6V model with nonzero weight
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i /

Not distinguished!

FIGURE 16. The distinguished condition (Definition states that two
paths cannot touch after they have crossed an odd number of times. This is
precisely the condition describing SC6V configurations that remain after we
send the weight 1 — gp to 0.

admit a weight-preserving bijection with well-studied combinatorial objects called Deodhar’s
distinguished subexpressions [Deo85).

Definition 7.2. A reduced expression for w € S, is a sequence w = (8;,, Si,, - .., S;.) such
that w = s;,8;, - -+ ;. is a reduced word. A subexpression for m € S, inside w is a sequence
J— T T T P T T T T 3 3 3
w = (s7,s%,...,s7) such that 7 = s7s7 ---sT and each s7 is equal to either s;; or id.

We introduce partial products ;) := s7 s - - Sy - A subexpression 7 is called distinguished
(see Figure if whenever {(m(;_1)s;;) = {(m(j—1)) — 1, we have s = s;,. We denote
Je=Aj € [Lr] | sf =id}, Jp == {j € [1,r] | U(m(-1)sT,) = £(m(j-1)) — 1} and define the
weight of w by (¢ — 1)V=lgl/x 1.

When ¢ > 2 is a prime powerﬂ the above weights have the following geometric meaning;:
the R-polynomial R™"(q) equals the number of points over F, inside an (open) Richardson
variety R™". Richardson varieties give a natural stratification of the flag variety G/B,
where G = SL,(C) and B is the subgroup of G consisting of upper triangular matrices.
(Thus G/B is the space of complete flags (Vo C Vi C --- C V,, = C") of linear subspaces
of C" with dimV; = ¢ for all 2.) We have G/B = || ., R™". Deodhar [Deo83] constructed
a decomposition of each Richardson variety R™" into finer pieces corresponding to distin-
guished subexpressions of 7 inside a reduced expression w for w. Each piece is isomorphic
to (C*)M=l x Cl=!. The same decomposition works over finite fields, thus the number of
I2lglx .

R™(q) = > (q — 1)M=lgH= 1.

distinguished subexpressions w
for 7 inside w

[F-points inside the corresponding piece equals (¢ — 1) In particular, we have

The following observation gives a bijective proof of Lemma [7.1]

Proposition 7.3. Let m,w € S, and choose a reduced expression w for w. Then dis-
tinguished subexpressions for w inside w are in a natural bijection with configurations of
the SC6V model inside a wiring diagram corresponding to w with all p-parameters set to
1/q. For a given subexpression m, the SC6V-weight of the corresponding configuration equals

q—ﬂ(w) . (q — 1)‘J1Or‘q|J1:|
Proof. This is obvious from the definitions, see Figure O
®Note that for ¢ > 1 and p := 1/q, the probabilities p, 1 — p, gp, and 1 — gp all belong to [0, 1].
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7.2. Grassmannian interpretation of the flip theorem. The flip theorem (Theorem|1.1])
gives a non-trivial relation between partition functions of the SC6V model associated with
a wiring diagram of a “rectangular” permutation w := w*"¥ from Example Therefore
specializing to y = 0, we obtain a relation between R-polynomials R™"(q) for various m
satisfying horizontal and vertical boundary conditions.

Recall that we set n :== M + N. When w = w*?¥ is a rectangular permutation and
7 < w, the Richardson variety R™" projects isomorphically onto a positroid variety inside
the Grassmannian Gr(M,n) of complex M-dimensional linear subspaces of C". The positroid
decomposition of Gr(M,n) was constructed by Knutson-Lam-Speyer [KLS13] building on
the work of Postnikov [Pos06]. Theorem implies that the number of points over I, in
one subvariety II™"V of Gr(M,n) equals the number of points in another subvariety I180° .V
of Gr(M,n). Our goal is to describe the subvarieties IT"" and 1'%V and give a simple
bijection between their points over any field. This gives a “lift” of the y = 0 specialization
of Theorem to Gr(M,n). One might wonder whether the whole Theorem [I.1] as well
as other properties and objects related to the SC6V model, can be lifted to the level of
Gr(M,n). We discuss this further in Section [7.3]

Let Bound(M,n) denote the set of bounded affine permutations which are bijections f :
7, — 7. such that
o f(i+n)=f(i)+nforallicZ,

o 20, (f(i) —i) = M, and

o i < f(i) <i+mnforallicZ.

An element X € Gr(M,n) can be viewed as a row span of a full rank complex M x n matrix
A. Denote the columns of A by Ay, Ay, ..., A, € CM. We extend this uniquely to all i € Z
by requiring that A;,, = A; for all © € Z. We define f4 : Z — Z by

(72) fA(Z) = min {j Z 1 | Az S Span (Ai+1,Ai+2, R ,Aj)} for 4 € 7.

It is not hard to see that f4 € Bound(M,n) and that it only depends on the row span
X of A, thus we denote fx := f4 and consider a map Gr(M,n) — Bound(M,n) sending
X = fx. Denoting I} := {X € Gr(M,n) | fx = f}, we obtain the positroid decomposition
of Gr(M,n) given by Gr(M,n) = |;cpoumaarn L-

A permutation u € S, is called (M, N)-Grassmannian if u(1l) < u(2) < --- < u(N) and
u(N+1) < u(N+2) <--- <un). Lett,,, € Bound(M,n) denote the map sending
i—i+nforie[l, M]and i+ i fori e [M+1,n] (this defines t,,,, (¢) uniquely for all other
i € Z). Extend each permutation 7 € S,, to a map 7 : Z — Z satistying 7(i + n) = 7 (i) + n.
Then it is well known [KLS13, Proposition 3.15] that the map (m,w) v fr := Tty w™?
(where multiplication is given by composition) gives a bijection between pairs (7, w) such that
m < w and w is (M, N)-Grassmannian and the set Bound(M, n). See [GKL19. Figure 2] for a
pictorial representation of this correspondence. By [KLS13| Proposition 5.4], the Richardson
variety R™" is isomorphic to the positroid variety H;’cﬁ’w, thus the number of points in H‘}W,w
over F, is counted by the R-polynomial R™*(q). When w = w™"  we have f,,, = widy,
where idy; : Z — Z sends i — i + M for all i € Z.

Example 7.4. Let w = w™?" and 7 = id. In this case, fr, = idy corresponds to the
top-dimensional positroid variety 113, . The row span of a k X n matrix A belongs to I,
if and only if all of its Plicker coordinates corresponding to cyclic intervals are nonzero:

Ao m(A)#0, Ags  mp(A)#0, .., Apia. m—1(A4)#0.
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In other words, the row span of A belongs to I3, if and only if the vectors A; 1, Ao, ..., Aixnr
form a basis of CM for all i € Z, as clearly follows from . Let us now consider the case
M = N = 2 and count the number of points inside IIj; ~—over F, in two different ways.
Having 7 = id corresponds to the following two SC6V model configurations:

J I J 1L

“rr ‘

Probability: (1 -1/¢)*  1/q-

By Proposition , multiplying the probabilities by ‘™), we get R™(q) = (¢—1)*+q(q—1)>.
On the other hand, applying row operations, we find that IIf; = consists of (row spans of)

matrices ((1] (1) Z Z) such that a # 0, d # 0, and ad # bc. The number of such matrices

over F, equals (¢ — 1)* + q(¢ — 1)?, as expected.

Recall from Section |1.2 that we have defined the quantities H := HMN and V := VM-V a5
sociated to m € S,,. We see that if H = {(l1,71),..., (s, rn)} and V = {(dy,wq), ..., (dy,u,)}
then f := fr.,, = midys satisfies the following conditions:

(7.3) {(6, fG@) |4, f(e) e [I,N]} ={(ly = M,r1), ..., (ln — M,rp)};
(74) {(th(l)) | XS [1 - M70] and f(l) < [N_’_ 17”]} = {(dl - Mau1)7 SRR (dU - M,U,v)}-
Denote the left and right hand sides of (7.3)) (resp., (7.4))) by }ﬁlf and H (resp., g"f and i’)

Let X € Gr(M,n) be the row span of a matrix A and consider the pair (7x,wx) such
that fx = frywyx. It is not hard to see that wy = wMN if and only if the vectors
Ani1, Anya, ..., A, form a basis of CM. We denote by Ovi1n € Gr(M,n) the set of
(row spans of) such matrices A, which is usually called an opposite Schubert cell. We let

oY .= {X € Q[NJFLM | ]ﬁIfX = IFH and @'fx = @}

Finally, define the map revyy ) : Gr(M,n) — Gr(M,n) sending (the row span of) a matrix
with columns A;, As, ..., A, to (the row span of) the matrix with columns

An, An 1y AL Anas, Anias o A,

The y — 0 limit of Theorem states that the varieties II"™Y and IT'89°(M).V contain the
same number of F,-points. In fact, a much stronger statement holds.

Proposition 7.5. For all H,V, the map rev nj gives an isomorphism of varieties:
revi N : Y = 80 .V,

Proof. Let X € II'""Y be the row span of A, f := fx, Y = revy n(X), g := fy. Clearly,
Y € Qiviin- By (7.2), we see that if f(i) = j then A; appears with a nonzero coefficient

in the expansion of A; as a linear combination of A;i1,...,A;. In particular, max{i’ <
Jj | A; € Span(A,;_1,A; o,...,Ay)} is equal to 7. This shows that ]ﬁlg = 180°(H). Since
Span(Aj,..., Ay) = Span(Ay, ..., 4;), we get V, = V, thus indeed Y € 18" E.V, O

7.3. Common generalizations? The main message suggested by the above observations is
the following. The y = 0 specialization of the SC6V model recovers well studied objects such
as R-polynomials, which are “shadows” of geometric objects such as positroid varieties. The

latter can be parametrized by other combinatorial objects such as planar bipartite graphs
of [Pos06].
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Question 7.6. Does there exist a common generalization of the stochastic colored six-vertex
model in a rectangle (with arbitrary x,y) and positroid varieties in the Grassmannian?

For example, it would be interesting to give an interpretation of the SC6V model in terms
of planar bipartite graphs of [Pos06]. Surprisingly, the recurrence — used in the
proof of Theorem has already appeared in the literature precisely in the language of such
graphs. We thank Thomas Lam for pointing out the following remark to us.

Remark 7.7. The Grassmannian lift of the y = 0 specialization of (3.2)-(3.4) was used
in [MS16, Section 4] to show local acyclicity of cluster algebras associated to Postnikov’s
planar bipartite graphs. Applying either recurrence to R-polynomials and distinguished
subexpressions leads to unexpected phenomena related to rational Catalan combinatorics
which will be explored in future work with Thomas Lam.

The above local acyclicity property was used in [GL19] to show that positroid varieties are
cluster varieties, which allows one to study their cohomology via the associated mixed Hodge
tables, see [LS16]. The number of points over F, can be calculated from the mixed Hodge
table, thus one possible direction is to understand the relation between the SC6V model and
the cohomology of positroid varieties.

Kazhdan-Lusztig R-polynomials arise in several other contexts. For example, they are
used to express Kazhdan—Lusztig P-polynomials [KL79, [KL80|, which have nonnegative in-
teger coefficients and are of great interest in representation theory and algebraic geometry.
One can define P-polynomials through an involution on H,(S,;z) that is very similar (but
different) from the one used in the proof of Theorem . We thank Pavlo Pylyavskyy for
discussions related to the following question.

Question 7.8. Determine the relation between Kazhdan—Lusztig P-polynomials and the
SC6V model. For example, is there a probabilistic interpretation of their nonnegative integer
coefficients?

By Proposition [2.3] the SC6V model is literally equivalent to the expansion of the Yang—
Baxter basis {Y"} in the {7} basis. The Yang-Baxter basis has several interesting proper-
ties. For example, the orthogonality relations, discovered already in [LLT97, Theorem 5.1],
are yet to be understood from the SC6V model point of view.

One other direction that we think is worth exploring is to understand the appearance of
pipe dreams both in the SC6V model dynamics and in Schubert calculus. There are several
classes of pipe dreams arising in Schubert calculus, for example, ordinary pipe dreams [BB93),
FK96, [KMO5] or bumpless pipe dreams recently introduced in [LLSI8]. One may consider
reduced pipe dreams (where two paths can intersect at most once) or non-reduced pipe
dreams which appear e.g. in the study of Grothendieck polynomials [FK94l [LRS06, [Las02].

Question 7.9. Determine which of the above classes of pipe dreams are related to the SC6V
model or its specializations.

An example of a relation like this between bumpless pipe dreams [LLSI8| and the six-
vertex model was recently pointed out by Anna Weigandt [Wei2(]. These objects are closely
related to alternating sign matrices [Las02, [Kup96]. See also [BBBG19, BSW19| for related
work.
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7.4. Counting pipe dreams. We give a curious enumerative specialization of Theorem [I.1]
The number of configurations of the SC6V model inside an M x N-rectangular domain is
equal to 2M¥ | and for each configuration II, we denote the associated color permutation by

7 (as in Section . Given H, V, we let PD™" := {II | H}-N = H and VXNV = V}.
Corollary 7.10. For any H,V, we have
(7.5) #PDHY = #PpDEEY,

Proof. For a variable t, denote y := %x and substitute y; := y and z; := x for all
i €[1,M] and j € [1, N]. Then each parameter p;; given by (L.1) becomes equal to t. For
a pipe dream II, let xing(IT) denote the number of cells of I that contain a crossing, thus

0 < xing(IT) < M N. Applying Theorem and sending ¢ — 1, we get

(7.6) Z txing(n)(l _ t)MN—xing(H) - Z txing(H)(l _ t)MN—xing(l'[).
HepDHY e pD180° ),V
Substituting ¢t = %, the result follows. 0

Remark 7.11. Dividing both sides of (7.6) by (1 — )" and replacing t; with ¢ yields a
g-analog of ([7.5)):

(77) Z qxing(H) — Z qxing(H) )

He’])'DHaV HEPDlBOO(H)’V
Problem 7.12. Give a non-recursive bijective proof of (7.5)) or ([7.7)).

7.5. Arbitrary permutations. We finish with a discussion of more general wiring diagram
domains associated to arbitrary Yang—Baxter basis elements.

The statement of Theorem [1.6] extends perfectly well to arbitrary w € S,: one may
consider two families of height functions (Ht(i1,1), ..., Ht (i, m)), (Ht(i1,3%), - ., Ht(1,,90,))
defined in (|1.3)). They are considered as random vectors with respect to the probability
distribution arising from the SC6V model associated with Y. Suppose that a permutation

z' = (21,..., %) of the variables in z is such that all marginal distributions are preserved:

Ht(ig, %) = Ht(i,,7) [soe  for all k € [1,m].
Does this imply that

(Ht(i1,31)s - Hb (i o)) = (F6L 30, o HE ) e

When w is associated with a skew domain as in Section (such permutations are called
fully commutative), the answer is positive since this is precisely the subject of Theorem .
For general w, we give a counterexample.

Example 7.13. Let n = 4, w = s35253 = S25352 and consider height functions Ht(2,2) and
Ht(3,3). Suppose 7 € S, has nonzero probability (i.e., 7 < w in the Bruhat order). Then

0, ifm(2) =2, 0, if m(4) =4,

1, otherwise; 1, otherwise.

Ht,(2,2) = { Ht,(3,3) = {

Considering the wiring diagram associated with the reduced word w = s3s253, we see that
the probability that Ht(2,2) = 0 is equal to 1 — py4. If we instead use the Yang-Baxter
relation and consider the reduced word w = s58359, we similarly find that the probability
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that Ht(3,3) = 0 is also equal to 1 — pa4. In particular, the distributions of Ht(2,2) and
Ht(3,3) are the same and are invariant under swapping z; and z3. However, their joint
distribution is not invariant under this substitution: for example, the only permutation 7
satisfying Ht,(2,2) = 0 and Ht,(3,3) = 1 is the simple transposition © = s3 which appears
with probability (1 — pa3)(1 — p34)p24. This quantity depends on z3 but not on z; so it is
not invariant under swapping these two variables. Therefore Theorem does not extend
to arbitrary permutations w.

Despite this example, we can still give a conjectural generalization of the shift-invariance
results of [BGW19| to arbitrary w. Fix a, 0 € [1,n], and for each 7w € S,,, define

IEO]I;‘; = {(i,7(7)) | i > o and 7 (i) < 0}, VO“S ={(i,7(i)) | i < a and (i) > 6}.

This differs from HY® and V%9 defined in . 3.9) by passing from weak to strong inequalities.

Fix two sets H,V of pairs and denote SATW;(H,V) ={resS,| ]ﬁ[ﬁ"g = H,\Ofﬁ’a = V}.
Also let us fix w € S, and consider the probability distribution associated with Y. We
let IO’H’V ud denote the probability that = € SI&TQ s(H, V). We further introduce probabilities

PHOH;,,PEIZX, P]HIV that 7 belongs to SATM;(]HI V) and satisfies, respectively, m(a) > §, m(a) =

Jy, or m(a) < 6. Slmllarly, we let PEX,PHX,PHX denote the probabilities that 7 belongs

to SAT,s(H, V) and satisfies, respectively, 7=1(8) > o, 7~1(6) = a, or 7 1(§) < a. The
probabilities PIHIV and P™Y 5 e equal and denoted by PH’V 5 We have
H,V H,V S H,V H,Y H,Y H,V H,V
Pa/'+Poz%5+POé =P 5+Poz%5+P 5_Pozl5
Let 8 := w™'(d) and v := w(a). We say that {a, 3} is an inversion of w if either a < 3
and v > or @ > 8 and v < 4. (In particular, {«, 5} is not an inversion when o = 3.) The
following conjecture has been verified for n < 6.

Conjecture 7.14. Let o, 6 € [1,n], w € S,,, and B := w'(d) be such that {a, 3} is not an
inversion of w. Then for any H,V, we have

SH,V S HLV SH,V SH,V S HLV S H,V

P P P P P |

(7.8) a7 0 a—0 T a—o and )

) f,H,V - I%H,V ) f,H,V - f,H,V ) I%H,V - f)H,V
amd amd lzatrzp amd amd lzatrzp amd amd lzatrzs

Remark 7.15. Both sides of (7.8]) can be interpreted as conditional probabilities and can
be restated in the language of height functions. If the denominator Pﬂi’z s is symmetric in

Za, 25 then the equalities in (7.8) hold for just the numerators. This is the case for skew
domains, and therefore it is straightforward to check that Conjecture implies [BGW19,

Theorems 1.2 and 4.13]. However, 15]214’:/ 5 is not symmetric in z,, 2g for other choices of w as
Example demonstrates.

Remark 7.16. When {a, f} is an inversion of w, Conjecture does not hold: in the
limit regime where z; > - -+ > z,, the p-parameters become equal to 1/¢, and then sending
g — 1, we obtain T, as the limit of Y. In this case, w appears as the color permutation

with probability 1. If, say, o > [ then we get P]HIV = PH(S = 1 while PHX, = PH5 =0,
violating the first and the third equalities in ([7.8]).
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4 4 4 4 4 4
2 2=46 2 2=14 2 2=4
B=1 1 B=1 1 f=1—0

W = S$28359257

FIGURE 17. In this case, Conjecture does not hold without the denom-

inators, see Example

Example 7.17. Let n = 4, w = s983898;, a« = 3, § =1, v =3, = 2, H = (), and
V = {(2,4)}, see Figure For such H and V, we find Pg’z(s = pozpas(l — paaP1a)-

H,V -
The permutations contributing to P a, and P\L 5 are shown in Figure , so ([7.8) reads

p23p24(1—p34)p14 — p23p24p34(1—p14)
p23pa4(1—paap1a) p23p24(1—p3ap14)
denominators.

|, 25 - This identity is true, but would be false without the
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