PARITY DUALITY FOR THE AMPLITUHEDRON
PAVEL GALASHIN AND THOMAS LAM

ABSTRACT. The (tree) amplituhedron A, i, (Z) is a certain subset of the Grassmannian
introduced by Arkani-Hamed and Trnka in 2013 in order to study scattering amplitudes
in N = 4 supersymmetric Yang-Mills theory. Confirming a conjecture of the first author,
we show that when m is even, a collection of affine permutations yields a triangulation of
Ay ie,m(Z) for any Z € Grso(k + m,n) if and only if the collection of their inverses yields
a triangulation of A, n—m—k,m(Z) for any Z € Grso(n — k,n). We prove this duality using
the twist map of Marsh and Scott. We also show that this map preserves the canonical
differential forms associated with the corresponding positroid cells, and hence obtain a
parity duality for amplituhedron differential forms.
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1. INTRODUCTION

1.1. The amplituhedron and its triangulations. The amplituhedron A, ;..(Z) is a
remarkable compact subspace of the real Grassmannian Gr(k, k + m) that was introduced
by Arkani-Hamed and Trnka [AHTI14] in order to give a geometric basis for computing
scattering amplitudes in N = 4 super Yang-Mills theory. It is defined to be the image
of Postnikov’s totally nonnegative Grassmannian Grso(k,n) under the (rational) map Z :
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Gr(k,n) --» Gr(k, k+m) induced by a (k+m) x n matrix Z with positive maximal minors.
Triangulations of the amplituhedron play a key role in the connection between the geometry
of the amplituhedron and the physics of scattering amplitudes.

The totally nonnegative Grassmannian Gr(k,n)>o has a stratification by positroid cells de-
noted H;ﬂ s> where f is an affine permutation. We say that a collection of affine permutations
f1, fay ..., fn forms a Z-triangulation if the images Z (H,?f: fi) all have the same dimension as
A, km(Z) and are mutually non-overlapping, the union of the images is dense in A, ;. (2),
and the maps Z : II;Y, — Z(II;Y,) are injective. We say that these affine permutations
form an (n, k, m)-triangulation if they form a Z-triangulation for all Z € Grso(k + m,n).

The amplituhedron depends on nonnegative integer parameters k, m,n where k +m < n.
Setting ¢ := n — k — m, we have k + ¢ + m = n. Throughout the paper, we only deal
with the case where m is even. Our first main result states that (n, k, m)-triangulations of
the amplituhedron are in bijection with (n, ¢, m)-triangulations of the amplituhedron. This
bijection is obtained by taking an affine permutation to its inverse. One of the enumerative
motivations of our work is a conjectural formula of Karp, Williams, and Zhang [KWZ17]
for the number of cells in a particular triangulation of the amplituhedron. This formula is
invariant under the operation of swapping the parameters k£ and ¢, which is called parity
duality in physics.

1.2. The stacked twist map. The twist map is a rational map 7 : Mat(r,n) --» Mat(r, n)
on matrices first defined by Marsh and Scott [MaSc16]. It was motivated by the twist map
on a unipotent group, due to Berenstein, Fomin, and Zelevinsky [BFZ96l [BZ97|. Marsh and
Scott’s work has subsequently been extended by Muller and Speyer [MuSpl17]. The main
interest of Marsh and Scott, and Muller and Speyer, is the induced twist map Gr(r,n) --»
Gr(r,n) on the Grassmannian. Taking r := k + ¢, we study instead the stacked twist map

6 : Gr(k,n) x Gr(¢,n) --» Gr(¢,n) x Gr(k,n).

At the heart of our approach is the result that the (rational) stacked twist map restricts to
a diffeomorphism

0 : 11770, x Greg(k +m,n) — Greo(C 4+ m,n) X Haof_l

on positroid cells indexed by affine permutations related by inversion. (See for a
definition of Gry(k + m,n).) This allows us not only to relate triangulations under parity
duality, but to study other geometric questions such as subdivisions and whether images of
positroid cells overlap.

1.3. The amplituhedron form. The physical motivation for the study of the amplituhe-
dron is an important (but conjectural) top-degree rational differential form wy, , .(z) on the
Grassmannian Gr(k, k + m) called the amplituhedron form. The case of main interest in
physics is the case m = 4. Roughly speaking, scattering amplitudes in N = 4 super Yang-
Mills theory can be computed by formally integrating w4, , ,.(z) to obtain a rational function
depending on a 4 x n matrix, thought of as the momentum four-vectors of n particles. The
integral removes the dependence of the form on the Grassmannian Gr(k, k4 4), leaving only
the dependence on the (k 4+ 4) X n matrix Z; furthermore, k of the k + 4 rows of Z are
taken to be Grassmann or fermionic parameters to account for the supersymmetry of the
theory [AHT14].
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The amplituhedron form wy
tuhedron as follows. Each positroid cell H,?ﬁ s has a canonical form wyy of top degree in

z) can be obtained from a triangulation of the ampli-

n,k,m(

H,?ﬂ - Conjecturally, wa, , . (z) is obtained by summing the pushforwards Z,wgyf over any
triangulation of the amplituhedron.

The form wy, , . (z) has degree km while the form wy, ,  (z) has degree {m. To relate
them, we consider the universal amplituhedron A, j ., a compact subset of the two-step flag
variety F1(¢,k + ¢;n). The fiber of A, ., over a point Z+ € Gr(¢,n) can be canonically
identified with the amplituhedron A, ,(Z), hence the terminology “universal”. A related
construction in the complex algebraic setting was studied in [Lam16b]. The dimension of
A, km 1s equal to kl 4 km + {m.

We show that the stacked twist map descends to a homeomorphism 0 Apksm = Anesm
between subsets A, k. >m C Ay km and A, ¢ >m C A, e, that contain the respective interiors.
In particular, triangulations of A, k., are taken to triangulations of A, ;,, via the stacked
twist map. We introduce the universal amplituhedron form, a top-degree rational differential
form wy, , .,, defined by summing pushforward canonical forms over a triangulation of the
universal amplituhedron. Our main result concerning universal amplituhedron forms is that
they are related by pullback under the stacked twist map: 0" wa, ,.,, = WA, ;5.
Outline. We recall some preliminaries on the positroid stratification of Grso(k,n) in Sec-
tion [2. Next, we define triangulations of the amplituhedron in Section [3[ and state a duality
result for them (Theorem . We then explain the construction and some properties of
the stacked twist map 6 and use them to give a short proof to Theorem in Section [4
After that, we discuss canonical forms of positroid cells in Section [5| and state that they
are preserved by 6 in Theorems [5.9 and (.13} In Section [6] we give several examples that
illustrate our main results. In Section [7, we define subdivisions of the amplituhedron, and
give an analog of Theorem for them (Theorem . In the same section, we define the
universal amplituhedron and its subdivisions. We explain the relationship of our results with
physics in Section [§] where we define the universal amplituhedron form and show that it is
preserved by the stacked twist map (Theorem . We then proceed to proving the numer-
ous properties of the stacked twist map that we have mentioned in the previous sections. We
discuss the topology of the amplituhedron in Section [9] In Section [10} we prove that 0 takes
triangulations to triangulations. In Section (11 we prove that 6 preserves the canonical form,
and in Section [12] we show that 6 preserves the universal amplituhedron form. Finally, we
discuss some open problems in Section [I3]

Acknowledgments. We are grateful to Steven Karp for numerous conversations on topics
related to this work, and for helpful comments and suggestions at various stages of this
project. We also thank Nima Arkani-Hamed, Jake Bourjaily, and Alex Postnikov for inspiring
conversations.

2. THE TOTALLY NONNEGATIVE GRASSMANNIAN
Let n > 2 be a positive integer, and denote [n] := {1,2,...,n}. Let S, be the affine
Coxeter group of type A: the elements of S, are all bijections f : Z — Z satisfying
(1) fli+n)=f(i) +nforalliecZ
(2) 225 (f() —4) =0.
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Given any bijection f : Z — Z satistying (1)), its number of inversions inv(f) is the number
of pairs (7,7) such that i € [n], 7 € Z, i < j, and f(i) > f(j). We will work with certain
finite subsets of S,,. Namely, for integers a,b > 0, define
Sp(=a,b) :=={f €S, |i—a< fi)<i+bforalicZ).
A (k,n)-bounded affine permutation is a bijection f : Z — 7 satisfying
o f(i+n)=f(i)+nforaliecZ
o > iy (f(4) =) = kn;
o i < f(i) <i+mnforallieZ.
We let B(k,n) denote the set of (k,n)-bounded affine permutations. There is a distinguished
element idy € B(k,n) defined by idg(i) := i + k for all i € Z, and it is clear that we have
k+f € B(k,n) if and only if f € S,(—k,n—k). Here k+ f is defined by (k+f)(i) :== f(i)+k
for all i € Z. Throughout the text, we will work with S,,(—k, n — k) rather than with B(k, n).
Let £ < n and Gr(k,n) denote the Grassmannian of k-planes in R™. We let ([Z]) be the
collection of all k-element subsets of [n]. For I € ([Z]) and X € Gr(k,n), we denote by
A;(X) the Plicker coordinate of X i.e., the maximal minor of X with column set /. The
totally nonnegative Grassmannian Grso(k,n) C Gr(k,n) consists of all X € Gr(k,n) such
that A7(X) >0 for all [ € ([Z]). Similarly, the totally positive Grassmannian Grso(k,n) C
Gr>o(k,n) is the set of X € Gr(k,n) with all Pliicker coordinates strictly positive.
The totally nonnegative Grassmannian has a stratification by positroid cells that are
indexed by bounded affine permutations, or equivalently by gn(—k,n — k). As we will
explain in Definition , each f € gn(—k:, n — k) gives rise to a certain collection M. ¢

of k-element subsets of [n] called a positroid, and then we associate an open positroid cell
110, C Grso(k,n) to f by

H,Z?f ={X € Gryo(k,n) | Ay(X) >0 for J € Myyyand Ay;(X) =0 for J ¢ Myi¢}.

We similarly define a closed positroid cell H,i? s by requiring A J(X) >0 for J € M4y and
Ay(X)=0for J ¢ My . The positroid cell has dimension dim(f) := k(n—k)—inv(f), so we
say that it has codimension inv(f). The unique cell Hiii of codimension zero coincides with
Grso(k,n). Each element X € Grxo(k,n) belongs to II;7, for a unique f € Sp(=k,n — k),
and thus the totally nonnegative Grassmannian decomposes as a union of positroid cells:

(2.1) Grso(k,n)= || IRV,
fE€Sn(—k,n—k)

See Lemma for an alternative definition of H,i? 2

3. TRIANGULATIONS OF AMPLITUHEDRA

Fix four nonnegative integers k, ¢, m,n such that m is even and k + ¢ + m = n. Let
Z € Grso(k +m,n) be a matrix with all maximal minors positiveﬂ We treat Z as a map
from Grso(k,n) to Gr(k, k + m) sending (the row span of) a k x n matrix V' to (the row
span of) V - Z', where * denotes matrix transpose. The (tree) amplituhedron A, jm(Z) is

IAbusing notation, we treat elements of Gr(r,n) as full rank r X n matrices. For example, choosing
different representatives of Z € Grsq(k + m,n) yields different subsets of Gr(k,k + m), but does not affect
the notion of a triangulation of the amplituhedron.
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defined to be the image of Grso(k,n) under Z. We note that A, ,(Z) C Gr(k,k+m) is a
km-dimensional compact subset of Gr(k, k + m).

Definition 3.1. Let f € S,(—k,n — k) be an affine permutation. We say that f is Z-
admissible if the restriction of the map Z to the positroid cell H,Z? 1 is injective. We say that
f is (n, k,m)-admissible if it is Z-admissible for any Z € Grso(k + m,n).

Clearly, in order for an affine permutation f to be Z-admissible, the dimension of H;ﬂ f
must be at most km. Thus the codimension of H,?f: s in Gr(k,n) must be at least k¢, equiv-
alently, we must have inv(f) > k(. If f is Z-admissible, then in order for Z(II;;) to be a
full-dimensional subset of A, ;. (Z) it is necessary to have inv(f) = k¢. However, it is not
sufficient:

Lemma 3.2. Let f € bqn(—]{:,n — k) be an affine permutation with inv(f) = kf and let
7Z € Grso(k+m,n). If f ¢ S,(—k,{) then f is not Z-admissible, the dimension of Z(H,jﬂf)
is less than km, and Z(117),) is a subset of the boundary of A, km(Z).

Definition 3.3. Let f,g € gn(—k, n — k) be two affine permutations. We say that f and g
are Z-compatible if the images Z(H,Z?f) and Z(H;ﬁg) do not intersect. We say that f and g
are (n, k,m)-compatible if they are Z-compatible for any Z € Groo(k + m,n).

Definition 3.4. Let fi,..., fx € S,(—k,n—k) be a collection of Z-admissible and pairwise
Z-compatible affine permutations, and assume that inv(fs) = k¢ for 1 < s < N. We say
that f1,..., fx form a Z-triangulation if the images Z(H,?ffl), e Z(H;f:fN) form a dense
subset of A, ;m(Z). We say that fi,..., fx form an (n,k, m)-triangulation if they form a

Z-triangulation for any Z € Grso(k + m,n).

Thus by Lemma , if fi,....fn € gn(—k;, n — k) form a Z-triangulation for some Z then
they all must belong to S,(—k,¢). We are now ready to state our first main result.

Theorem 3.5.

(1) Let f € Sp(—k,€) be an affine permutation. Then f is (n,k, m)-admissible if and
only if f~' € S,(—, k) is (n, £, m)-admissible.

(2) Let f, g € Sp(—k, £) be two affine permutations. Then f and g are (n, k, m)-compatible
if and only if f~, g7 € S, (=€, k) are (n, ¢, m)-compatible.

(8) Let fi,..., fx € Sp(—Fk,€) be a collection of affine permutations. Then they form an
(n, k, m)-triangulation of the amplituhedron if and only if fi*,..., fx' € gn(—ﬂ, k)
form an (n,l, m)-triangulation of the amplituhedron.

Using the properties of the stacked twist map, we give a simple proof of this theorem in

Section[d] In Section[7], we define a more general notion of Z-subdivisions and give an analog
of Theorem [3.5

3.1. Motivation and further remarks. We discuss the relationship of Theorem [3.5 with
some results present in the literature on amplituhedra.

Remark 3.6. For k£ = 1, the amplituhedron A, ,(Z) C Gr(1,m + 1) is just the cyclic
polytope in the m-dimensional projective space. The combinatorics of its triangulationsﬂ is

2The notion of a triangulation of a polytope imposes an additional restriction that the intersection of any
two simplices is their common face. However, this extra condition is not necessary for cyclic polytopes, see
e.g. [OT12, Theorem 2.4]. We thank Alex Postnikov for bringing this subtle point to our attention.
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well-understood, see e.g. [Ram97, [ERR00, Tho02, [(OT12]. Therefore in this case Theorem
describes explicitly the triangulations of the ¢ = 1 amplituhedron, which has not yet been
studied in the literature. We refer the reader to Section [(] for an illustration.

Remark 3.7. From the point of view of physics, the most interesting case is m = 4, which
corresponds to computing tree level scattering amplitudes in the planar N = 4 supersym-
metric Yang-Mills theory. In particular, the terms in the BCFW recurrence introduced
in [BCF05, BCFWO05| for computing these amplitudes correspond to a collection of affine
permutations called the BCFW triangulation. (It is a conjecture that these affine permu-
tations indeed form an (n, k, m)-triangulation of the amplituhedron.) We note that in this
special m = 4 case, the map f — f~! sends a BCFW triangulation for (k,¢) to a BCFW
triangulation for (¢, k). It amounts to switching the colors of the vertices in the correspond-
ing plabic graphs in Gr(k + 2,n) and Gr(¢ + 2,n) (the indices are shifted by 2 because of
a transition from the momentum space to the momentum-twistor space). See [AHTTISE),
Section 11], [KWZI7, Proposition 8.4], or Section for further discussion.

The following conjecture states that the notions of Z-admissibility, Z-compatibility, and
Z-triangulation do not depend on the choice of Z € Gr.o(k +m,n). It is widely believed to
be true in the physics literature.

Conjecture 3.8. Fix some Z € Gro(k +m,n).

(1) Let f € S,(—k,n — k) be an affine permutation. Then f is Z-admissible if and only if f
is (n, k, m)-admissible.

(2) Let f,g € S,(—k,n — k) be two affine permutations. Then f and g are Z-compatible if
and only if they are (n, k, m)-compatible.

(3) Let f1,..., fx € Su(—k,n — k) be a collection of affine permutations. Then they form a
Z-triangulation if and only if they form an (n, k, m)-triangulation.

Therefore, assuming Conjecture the notion of, say, Z-compatibility does not depend
on Z, and thus gives rise to an interesting binary relation on the set S, (—k,n — k).
Let us now explain some motivation that led to Theorem [3.5 For integers a,b,c > 1,

define
M(a,b,c) HH Trtatr-1
p=1qg=1r= 1p—|—q+7“—2
to be the number of plane partitions that fit into an a x b x ¢ box [Mac04]. This expression
is symmetric in a,b,c. In [KWZI7, Conjecture 8.1], the authors noted that in all cases
where a (conjectural) triangulation of A,, ;. ,(Z) is known, it has precisely M (k, ¢, m/2) cells,
and they conjectured that for all n, k, m, there exists a triangulation of the amplituhedron
with M (k,¢,m/2) cells. For example, for m = 4, the number of terms in the BCFW
recurrence, which correspond to the cells in the conjectural BCFW triangulation of A,, x m(Z),
equals M(k,(,2) = (%) (".°) (a Narayana number), see [AHBC¥16l Eq. (17.7)]. We

k1) \ &
generalize [KWZ17, Conjecture 8.1] as follows.

Conjecture 3.9. For every triangulation fi,..., fx € Sn(—k', n—=k) of A, km(Z) (where m
is even), the number N of cells equals M (k, ¢, m/2).

This conjecture holds for k =1 (see e.g. [Ram97]), and therefore by Theorem it holds
for £ = 1 as well. Additionally, we have experimentally verified it in the case k = ¢ =m = 2,
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n = 6, where there are 120 triangulations of the amplituhedron, and each of them has size
M(2,2,1) = 6. We discuss this example in more detail in Section [13.4] See also [KWZ17,
Section 8] for a list of other cases where Conjecture holds in a weaker form.

Remark 3.10. In [KWZI17, Remark 8.2], a similar conjecture is given for odd values of m.
One could generalize this conjecture as follows: for odd m, the mazimal number of cells in a
triangulation of the amplituhedron is equal to M (k, ¢, mT“) This conjecture remains open,
but we note that the result of Theorem [3.5|does not hold for odd m, as one can easily observe
already in the case k =1,/ =2, m = 1, n = 4. In this case, the maximal number of cells in
a triangulation is indeed M(1,2,1) = 3 and is invariant under switching k and ¢, however,
replacing each affine permutation with its inverse does not take (n, k, m)-triangulations to
(n, £, m)-triangulations.

Remark 3.11. Theorem provides partial progress to answering [KWZ17, Question 8.5]:
assuming that for each n, k, and even m there exists an (n, k, m)-triangulation of the am-
plituhedron, [KWZ17, Question 8.5] has positive answer.

Remark 3.12. For m = 4, it was already observed in [GGST 14, [AHTT1§| that the twist map
of Gr(4,n) is related to the parity duality of scattering amplitudes. However, without the
stacked twist map, the remarkable combinatorics and geometry of triangulations is hidden.

4. THE STACKED TWIST MAP

In this section, we explain a construction that lies at the core of the proof of Theorem [3.5]
It is based on the twist map of Marsh and Scott [MaScl6]. For our purposes, it is more
convenient to use the version of the twist map from [MuSp17], which differs from the one
in [MaSc16] by a column rescaling. See [MuSp17, Remark 6.3] for details.

Let k,¢,m,n be as in the previous section, that is, they are all nonnegative integers such
that m is even and n = k + ¢+ m. Let V be a k x n matrix and W be an ¢ x n matrix.
For j = 1,2,...,n, define V(j) € R* (resp., W(j) € RY) to be the j-th column of V (resp.,
W). We extend this to any j € Z by the condition that V(j + n) = (=1)*1V(j) and
W (j +n) = (=1)*1W(4). Define

W

to be a (k+¢) x n block matrix obtained by stacking V on top of W. That is, the j-th column
U(j) of U equals (V(5),W(j)) € R¥* and thus we also have U(j +n) = (—=1)*"1U(j) for
all 7 € Z.

U = stack(V, W) = <V)

Definition 4.1. Given a (k + ¢) x n matrix U, we write U € Mat®(k + ¢,n) if for all j € Z,
the vectors U(j — £),U(j — £+ 1),...,U(j + k — 1) form a basis of R¥,

We now define a map 7 : Mat®(k + ¢,n) — Mat®(k + ¢,n) sending a matrix U to a matrix
U with columns U(j),7 € Z. Up to sign changes and a cyclic shift, this map coincides with

the right twist of [MuSp17], see (10.1). For each j € Z, define a vector U(j) € R¥* by the
following conditions:

(41) (UG, UG—0) = (=1, (UG),UG—L+1) = =(U(),UG+k—1) =0,
where (-, -) denotes the standard inner product on R¥*¢. Since the vectors U(j —£),U(j —(+
1),...,U(j+k—1) form a basis, the above conditions determine U(j) uniquely. It is also not
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hard to see directly that U € Mat°(k + ¢, n) (alternatively, see (10.3))). Moreover, we have
U@ +n) = (=110 = (—=1)*tU(j), because m is assumed to be even. This defines

U =r7(U) € Mat’(k + £,n). Muller and Speyer also define a left twist b Mat®(k + ¢,n) —
Mat®(k 4+ ¢,n). They show:

Theorem 4.2 ([MuSpl7, Theorem 6.7]). The left and right twists are inverse diffeomor-
phisms of Mat®(k + €, n).

Finally, let W (resp., V) be the k x n matrix (resp., the £ x n matrix) such that U =
stack(W, V). In other words, we let the j-th column W(j) of W and V'(j) of V' be defined
so that U(j) = (W(75), V(4))-

Definition 4.3. Given a k x n matrix V' and an ¢ x n matrix W such that stack(V, W) €

Mat®(k 4 £,n), we denote 8(V, W) := (W, V), where W and V are defined above. The map
0 is called the stacked twist map.

The relationship between the maps 7, stack, and  is shown in (4.2]). Dashed (resp., solid)
arrows denote rational (resp., regular) maps.

Mat(k,n) x Mat(¢,n) ---- Mat(k,n) x Mat (¢, n) (V,W) w25 (W, V)

(4 . 2) \LSt ack \Lst ack -i-stack ;E;stack
Mat®(k + ¢,n) ———— Mat°(k + £, n) U™ [

Our first goal is to view # as a map on pairs of subspaces rather than pairs of matrices.
Thus we would like to treat V' and W not as matrices but as their row spans. The following
result will be deduced as a simple consequence of Lemma [10.1

Lemma 4.4. The map 6 descends to a rational map
6 : Gr(k,n) x Gr(¢,n) --» Gr(k,n) x Gr({,n).

It turns out that 6 has remarkable properties when restricted to the totally nonnegative
Grassmannian. For each 0 < m < n — k, define a subset Grs,,(k,n) C Gr>o(k,n) by

(4.3) Grsp(k,n) == | ] ;7.
fES;L(—k:,n—k—m)

Comparing this to (2.1), we see that setting m = 0 indeed recovers Grso(k,n). More
generally, we have

Grso(k,n) D Grs1(k,n) D -+ D Grsp_i(k,n) = Grag(k,n).
As we will see in Lemma , the set Grs,,(k,n) can be alternatively described as follows.
Proposition 4.5. For 0 <m <n —k and { =n — k —m, we have
Grom(k,n) ={V € Grso(k,n) : tk([V(i—=0O)|V(j—C+1)|...|V(j+k=1)]) =k for all j € Z}.

Here [V(j — )|V (j —€+1)|...|V(j+k —1)] denotes the k x (k + £) matrix with columns
V(j—4£),...,V(j+k—1), and rk denotes its rank. We set

(4.4) Ay ksm(Z) = Z(Grspm(k,n)) C Apgm(Z).
Let us also define
(4.5) CGrig(k +m,n) :={Z*| Z € Groo(k +m,n)} C Gr({,n).
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Here for Z € Grso(k + m,n) we denote by W := Z+ € Gr(¢,n) the subspace orthogonal to
Z.

Remark 4.6. The sets Griy(k +m,n) and Grso(¢,n) are related as follows. Define a map
alt : Gr(¢,n) — Gr(¢,n) sending a matrix W € Gr(¢,n) with columns W(j),1 < j <n
to a matrix W’ := alt(W) with columns W’(j) = (—=1)""'WW(j). It turns out alt is a
diffeomorphism between Grso(¢,n) and Griy(k +m,n). In fact, for any set I C [n] of size
¢, we have

where Z := W+. See [KW17, Lemma 3.3] and references therein.
The following result is the main ingredient of the proof of Theorem |3.5|

Theorem 4.7. Let V € Grs,(k,n) and W € Griy(k +m,n).
(i) We have stack(V, W) € Mat®(k + £, n), thus O(V, W) = (W, V) is well defined.
(ii) We have W € Grey(¢ +m,n) and V € Grs,,((,n).
(iii) Let f € S,(—k,f) be the unique affine permutation such that V & Hk+f Then

Ve I

By Theorem [£.2] we conclude that 6 restricts to a homeomorphism
0 : Gram,(k,n) x Greg(k 4+ m,n) — Gry (€ +m,n) x Grs, (£, n),
and for each f € S, (—Fk, (), 0 restricts to a diffcomorphism

(4.7) 01057 x Greg(k +m,n) = Greo(C+m,n) x 17,y

Finally, we note that 6 “preserves the fibers” of the map Z : Grs,,(k,n) = A, g >m(Z).
More precisely, given V' € Grs,,(k,n), let us define a fiber F(V, Z) of Z by

(4.8) F(V,Z) = {V' € Grso(k,n) | V- Zt = V' Z'}.
As we will see later in Proposition [9.2] for V' € Grs,,(k,n) we have F(V, Z) C G, (k, n).

Proposition 4.8. Let V € Grs,,(k,n), Z € Grag(k +m,n), W := Z+ € Griy(k + m,n),
OV, W) = (W,V), and Z := W+ € Groo(€ + m,n). Then for any V' € F(V, Z), we have
OV W) = (W, V') for some V' € F(V,Z). The map V' +— V' is a homeomorphism between
F(V,Z) C Gram(k,n) and F(V,Z) C Gram(f,n).

We postpone the proof of Theorem and Proposition until Section Let us now
give a simple proof of Theorem using these results.

Proof of Theorem[3.5. Let f € S,(—k, ) be an affine permutation. Then f is (n, k,m)-
admissible if and only if IT;?; NF(V, Z) contains at most one point for each V' € Gr>m(k; n)
and Z € Gruo(k +m n) By Proposition [4.8 this fiber F(V,Z) maps bijectively to a
fiber F(V, Z) for some Z € Crso(f +m,n) and V € Gr>p(€,n). Moreover, the points of
H>Of NF(V, Z) map bijectively to the points of H;ff . NF(V, Z) by Theorem , part ().
This proves Theorem |3 - 3.5} part (1} .

Similarly, if f, g € S,(—k, ) are two affine permutations then they are (n, k, m)-compatible
if and only if either one of H>0 sNE(V, Z) or 1Y ﬂF(V Z) is empty for each V' € Grs,,(k,n)
and Z € Grso(k + m,n). Agaln by Proposmon and Theorem - 4.7 part ., this is
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equivalent to saying that either one of He+f L NF(V,Z) or H?fg LN F(V,Z) is empty,
showing Theorem (3 . 3.5 part .
Finally, let fi,...,fn € Sn(—k,¢) be a collection of (n,k, m)-admissible and pairwise

(n, k, m)-compatible affine permutations. By the previous two parts, we see that f;!,..., fy' €
Sn(—£, k) are (n,f,m)-admissible and pairwise (n,¢, m)-compatible. Suppose now that
fi, ..., [ form an (n, k, m)-triangulation. This means that the union of the images Z (TT:"} h)s

Z(H,;Jrf ) equals to A, m(Z) for each Z € Grso(k +m,n). In particular, this implies
that for all V' € Grs,,(k,n) and Z € Grso(k + m,n), F(V, Z) contains a point V' of Hk+f
for some 1 < s < N. Since V belongs to Gr>m(k n), there is a unique affine permutation
f € S,(—Fk,¢) such that V' € H>0f C Hk+f Applying Theorem . part ({iil) together
with Proposition , we get that for all V' € Grs,,(¢,n) and Z € Grso(£ +m,n), F(V, Z)

contains a point V’ € Hz 1 C H;O o for some 1 < s < N. Thus the union of the images

Z(Hiff_l) Z(Hé Of_ ) contains Ay, ¢ >, (Z). Since this union is closed, it must contain the
1

closure of A, ¢ >m(Z ) which is clearly equal to A, ¢.,(Z) (see also Proposition , finishing
the proof of Theorem |3 . 3.5 part (3} . O

5. THE CANONICAL FORM

In this section, we give an accessible introduction to the canonical form on the Grassman-
nian and explain its relationship with the stacked twist map.

5.1. The canonical form for the top cell. The Grassmannian Gr(k,n) is a k(n — k)-
dimensional manifold. It can be covered by various coordinate charts. For example, one can
represent any generic element X € Gr(k,n) as the row span of a k x n block matrix [Idy | A]
for a unique k x (n — k) matrix A. Here Id; denotes the k x k identity matrix. Alternatively,
any generic X is determined by its Pliicker coordinates lying in a cluster {A; | J € C}
(see [FZ02, [Sco06] and Definition [I1.3)), where C is a collection of k(n — k) -+ 1 subsets of [n],
each of size k, satisfying certain propertles. Here we view {A; | J € C} as an element of the
k(n — k)-dimensional projective space. There is a (rational) differential k(n —k)-form wg, on
Gr(k,n) with remarkable properties called the canonical form. Before we give its definition,
we note that wy, is a rational top form (i.e., an r-form on an r-dimensional manifold), and
on the chart [Id; | A] it can therefore be written as f(A)d**("=*(A), where f(A) is some
rational function of the entries of A, and

dkx(nfk) (A) = dal,l N daxl,Q VANRRIEIVAN dak,’n—k'

Thus defining wy, ,, amounts to giving a formula for f(A). For X € Gr(k,n), define

ACHC H A{z i+1,...,i+k—1} (X)

=1
to be the product of all circular k x k minors of X (the indices are taken modulo n).
Definition 5.1. The canonical form wg, on Gr(k,n) is defined as follows: if X € Gr(k,n)
is the row span of [Idy | A] for a k x (n — k) matrix A then
dkx(n—k)(A)

Wi (X) = iACT(X)
k
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Until Section [§ we view wy,,, as only being defined up to a sign.

Example 5.2. Consider an element X € Gr(2,4) given by the row span of

) (0179

Then we have
dp N\ dg N\dr Ads
p(ps —rq)s
What makes wy,,, special is that it can be alternatively computed using other coordinate

charts on Gr(k,n) in a simple way. For the proof of the following result, see [LamlGbl,
Proposition 13.3].

(52) wk’n(X> =4

Proposition 5.3. Suppose that the Pliicker coordinates {Ay; | J € C} form a cluster for
some C = {Jo, J1,..., Jem—r)} (see Definition , and suppose that they are normalized
so that Ay, (X') =1 for all X' in the neighborhood of X € Gr(k,n). Then

d(An (X)) NA(AR(X)) N - N (B iy (X))

(53) wk,n(X) =+ AJ1(X> ~AJ2<X>"'AJk(n_k)(X)

The normalization Ay, (X’) = 1 means that the homogeneous coordinates A j,(X) become
rational functions on Gr(k,n). Instead of normalization, one could also replace A, (X) by
the rational function A (X)/A  (X) in (5.3).

The form wy,(X) depends neither on the choice of the cluster C nor on the choice of
Jo € C. This result will serve as a definition of the canonical form for any positroid cell in
the next section.

Example 5.4. There are two clusters in Gr(2,4): C := {{1,2},{2,3},{3,4},{1,4},{1,3}}
and C' = {{1,2},{2,3},{3,4},{1,4},{2,4}}. For X being the row span of the matrix given
in (5.1, we have

A12(X) =1, A23(X) =D, A34(X) =ps—rq, A14(X) =S,

A13(X> =T, A24(X) = —q.

Letting Jo be {1,2} and applying Proposition to C and C’ yields the following two
expressions for wy ,(X):
win(X) = j:dp/\ d(ps — rq) Nds A\ dr _ idp Ad(ps —rq) Nds A dq.
p(ps —rq)sr p(ps — rq)sq
One easily checks that each of these expressions is indeed equal up to a sign to the one given
in (5.2): we have d(ps —rq) = pds+ sdp—rdq— qdr, but only one of these four terms stays
nonzero after taking the wedge with dp A ds A dr or dp A ds A dg.

Remark 5.5. Yet another simple alternative way to compute wy,, is to use Postnikov’s
parametrization [Pos07] in terms of edge weights of a plabic graph. See [Lam16bl, Section 13]
for the proof that all three ways of computing wy,, produce the same answer.

Remark 5.6. The definition of the canonical form given in Proposition [5.3| generalizes to
all cluster algebras, see [AHBL17, Section 5.7].
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Before we state the main result of this section, let us give a warm-up result on the re-
lationship between the twist map of [MaScl6] and the canonical form. Recall that 7 :
Mat®(k + ¢,n) — Mat°(k + ¢,n) sends a matrix U € Mat°(k + ¢,n) to another matrix
U € Mat®(k 4 ¢,n) defined in (@.1). Similarly to Lemma one can prove that 7 descends
to a rational map Gr(k + ¢,n) --» Gr(k + ¢,n). Let wyis, denote the canonical form on
Gr(k + ¢,n).

Proposition 5.7. The twist map 7 : Gr(k + ¢,n) --» Gr(k + ¢, n) preserves the canonical
form wyyepn up to a sign. That is, wiien equals to the pullback £7*Wiiey Of Witen via T.

Example 5.8. Let k+ ¢ = 2, n = 4, and suppose that U is the row span of (5.1). After
possibly switching the signs of some columns, U := 7(U) is the row span of

0O 1 r S 1 1 1 10 25
dlag <_71a_7 ) Xt ( pssrq) .
(—1 0 —p —Q) s plps—rg) N0 LDt

Here diag denotes a diagonal matrix, and the matrix on the right hand side is obtained from
the matrix on the left hand side by multiplying the bottom row by —s and switching the
two rows (these operations preserve its row span). Thus a cluster of Pliicker coordinates of
U is given by

A ==%1, Agz==s, Agy= if, Ay ==
p

VA

SR

S

ps —T1q
Applying Proposition we see that the pullback of wy,, under 7 is equal to

(5.4) L dsnd <5> N <5> N (psfrq>

) A13 - :l:i
p

dsA%A%/\ srdq
+

_ s—ra?
G- 5.0, 5 _ g.5.7._s
p p Dps—rq p p ps—Tq
Here e.g. d(Ag3) = +ds and d(Asy) = £ <% — sp—%”), but because we are already taking the

wedge with ds, only the Sp—‘ép term appears in the numerator of ([5.4)). We see that after some
cancellations, ([5.4) indeed yields the same result as ([5.2)), in agreement with Proposition .

Consider the manifold Gr(k,n) x Gr(¢,n) for some k + ¢+ m = n as above with m even.
One can consider a top form wy, A wy, on this manifold. We are now ready to state the
main result of this section.

Theorem 5.9. The stacked twist map 0 : Gr(k,n)xGr(l,n) --» Gr(k,n)x Gr(¢,n) preserves
the form wy, A wey, up to a sign.

Proposition has a short proof using the results of [MaScl6] and [MuSpl7], see Sec-
tion [I1.4] On the other hand, the proof of Theorem is quite involved and is given in
Section [T1.5] See Section for an example.

5.2. The canonical form for lower positroid cells. Given an affine permutation f €
Sn(—k,n—k), one can consider certain collections C C ([Z]) of k-element subsets of [n| called
clusters, see Definition [11.1} All clusters have the same size, and give a parametrization of

H;_Ef:
Proposition 5.10 ([OPS15]). Let C be a cluster for f € S (—=k,n — k). Then it has size
(5.5) IC| =k(n—k)+ 1 —inv(f).

The map 119 — RPS, given by X + {A;(X) | J € C} is a diffeomorphism.
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Here RPY, denotes the subset of the (|C| — 1)-dimensional real projective space where all
coordinates are positive.

Thus we have various coordinate charts on H,Z?f, which now allows us to use Proposi-
tion [5.3 to define a canonical form on this manifold.

Definition 5.11. Let C = {Jo, J1,..., n} be a cluster for f € S,(—k,n — k), where N =
k(n — k) —inv(f). Suppose that the values of the Pliicker coordinates are rescaled so that
Ay (X') =1 for X’ in the neighborhood of X € II;%.. Then the canonical form wy, on

k+f:
1Y s is defined by

d(A, (X)) N d(Ag (X)) A - ANd(A (X))
AJl(X)'AJz(X>”'AJN(X> .

Proposition 5.12. The form wiy s depends neither on the choice of C nor on the choice of
Jop €C.

W p(X) =+

See [Lam16b, Theorem 13.2] for a proof. In fact, we will see later that the form wyy ;s can
be obtained from the form wg, = wkiia, by subsequently taking residues (see Section [12.1
for a definition). This implies Proposition , as well as a generalization of Theorem%
to lower cells which we now explain.

By (4.6), the set Griy(k +m,n) can be identified with Grso(¢,n) by changing the sign of
every second column, and since the form wy,, is only defined up to a sign, we can view wy
as a top rational form on Grio(k: +m,n) instead. The following is our main result regarding
canonical forms.

Theorem 5.13. For f € S,(—k, (), under the stacked twist map diffeomorphism
0 : 1170, x Greg(k +m,n) — Greo(0 4+ m,n) x 117

04 f1
(see (4.7)) ) we have

(56) 9*(wk,n N (,Ug+f—1) = Fwit A wep.
We discuss the application of Theorem to the amplituhedron form in Section [§

6. EXAMPLES
In this section, we illustrate each of our main results by an example.

6.1. Triangulations of a pentagon. As a warm-up, we let £k = 1, / = 2, m = 2,
n = 5. In this case, the amplituhedron A, ,.(Z) is a pentagon in RP? whose vertices
are the five columns of Z € Grso(3,5). We write f € S, in window notation, i.e., f =
[£(1), £(2),..., f(n)]. Let Pygm C Snu(—k,n — k) be the set of affine permutations f with
inv(f) = k¢ = 2. We say that f,g € S, are the same up to rotation if for some s € Z
we have f(i 4+ s) = g(i) + s for all i € Z. There are ten affine permutations in Ps; 2, and
up to rotation, they form two classes of five affine permutations in each, shown in Figure
(bottom). All of these ten affine permutations are (n, k, m)-admissible, and the images of
the corresponding positroid cells are the (g) = 10 triangles in a pentagon. The affine per-
mutation [2, 1,3, 5,4] in Figure |1} (bottom left) corresponds to the convex hull of the triangle
with vertex set {1, 3,4} inside a pentagon, while the affine permutation [3,1,2,4,5] in Fig-
ure (1| (bottom right) corresponds to the convex hull of a triangle with vertex set {1,4,5}.
These two permutations are therefore (5, 1, 2)-compatible and together with the permutation
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f=1[21,3,54] g=1[2,3,1,4,5] h=[1,4,2,3,5]
-10 1 2 3 4 5 6 7 -10 1 2 3 45 6 7 -10 1 2 3 4 5 6 7
ARTX XTI AT

. /

-10 1 2 3 4 5 -10 1 2 3 4 5 6 7 -10 1 2 3 4 5 6 7
-10 1 2 3 4 5 6 7 -10 1 2 3 4 5 6 7
-10 1 2 3 4 5 6 7 -10 1 2 3 4 5 6 7

Fr=12,1,3,5,4] gt =13,1,2,4,5]

FIGURE 1. Up to rotation, there are three affine permutations in S, (—k, n—k)
for £ = 2,n = 5 with two inversions (top). There are only two such affine
permutations in S, (—k,n — k) for k = 1,n =5 (bottom).

j 1 0 1 2 3 4 5 6 7
> 1 1 0 0 -2 -1 1 0
ug) |-2 0 o0 1 1 2 0 0 -1

FIGURE 2. The columns of U (top) and of U - D (bottom) for j = —1,0,...,7.

[1,2,5,3,4] (corresponding to a triangle with vertex set {1,2,3}) they form a triangulation
of .An’k’m(Z).

6.2. Triangulations of the ¢/ = 1 amplituhedron. We now study the “dual” case k = 2,
¢ =1, m =2, n=>5Iin detail. There are fifteen affine permutations in P9, and they form
three classes (up to rotation) of five permutations in each, shown in Figure [1] (top).

The permutations f = [2,1,3,5,4] and g = [2,3,1,4,5] belong to S,(—k, ) while h =
[1,4,2,3,5] does not belong to gn(—k:,ﬂ) because h(2) =4 > 2+ ¢. Thus by Lemma h
is not (n, k, m)-admissible (and it is indeed easy to check directly that h is not Z-admissible
for all Z € Gruo(k + m,n)). Note that h~! does not correspond to any triangle inside a
pentagon.

Let us now fix f =[2,1,3,5,4] and consider V' € H>0f and W e Gr>0(k: +m,n) given by

100 -2 -1
(6.1) V:(011 5 0)5 W=(@1 -13 =2 1).
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Agg (V/) = —4a

Alz(v/) = a—b+1

(=1,1) 1)

V! >0 15 "/) = —2a — 4b + 2

Ay5(V') = 2b

(0,0) 1%

Asy (V') = 8a + 6b + 2

FIGURE 3. Each of the ten lines represents the set of pairs (a,b) for which
one of the minors of V' is zero. We have V' € Grso(k,n) precisely when (a,b)
belongs to the shaded region.

The fact that V € H>0 ; can be easily checked using while the fact that W &
Griy(k +m,n) follows since alt(W) is totally positive, see - We would like to compute
(W, V) = 6(V,W). To do so, we first need to find the matrix U = 7(U). Let us introduce
a diagonal n x n matrix D = diag(|Ay(U)],...,|As,(U)]), where J; = {j — {,j — ( +
1,...,j4+k—1}. We will consider the matrix U - D rather than U itself in order to clear the
denornmators (cf. - The matrix U is given in Figure [2| I (top),

(62) D = dlag(’ - 2|7 ’4’7 | - 8’7 ‘10|7 ’ - 4’) = diag(274787 1074)

Thus the column U(j) gets rescaled by the absolute value of A 7;(U). The matrix U-D
is given in Figure [2| (bottom): we encourage the reader to check that the column U(j) is
orthogonal to the columns U(j) and U(j + 1), and that (U(5),U(j — 1)) = (=1)7. (Recall
also that U(j +n) = (=1)*'U(j) and U(j + n) = (—1)*"'U(j), which is consistent with
Figure ) Thus the output of the stacked twist map in this case is given by

(6.3) W-D:(_ll 3 :2 i _02>; V-D=(10 2 2 0).

We observe that alt(W) is a totally positive 2 x 5 matrix, and thus W € Gr,(£ 4+ m,n).
Similarly, V is a totally nonnegative 1 x 5 matrix. Moreover, we have V € Hfff, for f' =
2,1,3,5,4] = f~1, as predicted by Theorem [£.7, part ().

We now consider the fibers of Z. Let V,W be given by (6.1} - and consider a 4 X 5
matrix Z := W+. Suppose that V' Z! = V- Z! for some V' € Grs((k, n), then we must have

V' =V +A-W for some 2x 1 matrix A = (Z) with a,b € R. The matrix U’ := stack(V’, W)
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is therefore given by

a+1 —a 3a —2a—2 a-—1
U = b —b+1 3b+1 —2b+2 b
1 —1 3 -2 1

We then find the matrix U’ := 7(U"):

) -1 4 -8 2 0
U'-D= 1 0 —6 4 —2
a—b+1 —4a 8a+6b+2 —2a—4b+2 2

Here D = diaNLg(Z, 4,8,10,4) is unchanged since U’ is obtained from U by row operations.
Setting (W', V') :==0(V', W), we get

-1 4 -8 2 0

_—
W'D_(l 0 —6 4 —2

) . VD= (a—b~|—1 —4a 8a+6b+2 —2a—4b+2 26).
(~N0te that by Proposition , W' = W. As we will later see in Lemma we have
VI =V — A"~ W.) We can now write down the fiber F(V,Z) as the set of pairs (a,b) for
which V! =V + A - W is totally nonnegative. There are (5) = 10 minors of V', and each

2
of them turns out to be a linear polynomial in the variables a,b. For example, Aj3(V’) =

(a+1)(3b+1) —3ab=a+3b+ 1.

The ten lines Ar(V’) = 0 in the (a, b)-plane are shown in Figure . For example, the line
A3(V') = 0 is the black line passing through the points (—1,0) and (0, —3). The region
where V is totally nonnegative is the pentagon shaded in blue. The vertices of this pentagon
correspond to V' being in H,?ﬂ o for /' equal to f up to rotation (in particular, the vertex
(0,0) corresponds to f itself). Thus F(V, Z) intersects II;} s for all such f’, and hence f is
not (n, k, m)-compatible with any of its four rotations. Observe that the inverses of these five
permutations correspond to the triangles in a pentagon with vertex sets {1, 3,4}, {2,4,5},
{1,3,5}, {1,2,4}, and {2,3,5}. No two of these five triangles can appear together in a
triangulation of the pentagon, in agreement with part of Theorem .

On the other hand, V” is a 1 x 5 matrix and thus has only five minors. However, the (a, b)-
region where all of them are nonnegative turns out to be exactly the same as the shaded
pentagon in Figure . More precisely, for each j € Z, we have Ay (V' - D) = A1 (V)
(see Lemma for a general statement). For example,

A(V'-D)=Ap(V)=a—b+1.

Since the boundary of the shaded region in Figure [3| only involves circular minors of V'
being zero, we see that the fibers F(V, Z) and F(V,Z) are equal as regions in the (a,b)-
plane. However, the five vertices of the pentagon F(V, Z ) correspond to the five rotations
of f~1. The main idea of our proof in Section [10]is based on the observations made in this
example.

6.3. Canonical forms for lower cells. Let k =2, (=1, m=2,n=5, f =[2,3,1,5,4].

Consider parametrizations of IT;}; and Griy(k +m,n) by

1 00 —a -—c
e (0 10 b O)’ Wi=(p —a¢ 1 —r s), abepgrs>0.
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We can take C := {{1,2},{2,4},{4,5},{2,5}} to be a cluster for V:
A12<V) = 1, AQ4(V) = a, A45<V) = bC, A25(V) =C,

and thus
da N d(bc) Nde j:da A db A de

abc? abc
, the form wy1 ¢ A wyy, is given by

da NdbNdeNdpAdgNdr Ads
abepqrs '

We+f =

dpAdgAdrAds

Since wy,, = £ s

(64) We+4f A Wen = +

Let us now see what happens to this form when we apply the stacked twist map. Let

(W, V) :=6(V,W). We find

— cp+s
cp+s 0 1 be

__p _b E) ~
W::< cé)-i—s 1 a ﬁ O>7 V::(l 00 1 O)

_1
b

Note that f~! = [3,1,2,5,4], and indeed V € H;ff,l, while W € Gry(¢ + m,n) because

alt(W) € Grso(k,n), see ([&.6). Choosing a cluster ' := {{4}, {1}} for ijf_l, we get that
the pullback of wey ;-1 to TIY, x Grey(k +m,n) under 6 is

d ( : ) (pd
cp+s + + cdp + ds)
. 0* -1 ==+ pre] _ ZWPOC .
(6.5) We+f 1 D+ s

cp+s

Let us now compute the pullback of wy, to II;? ;X Griy(k +m,n) under 6. Applying row

) |

The submatrix of W’ with column set {2,3} is an identity matrix, and thus we can use
Definition (together with the fact that wy,, is cyclically invariant) to calculate

operations to W, we transform it into

___ap+bg _r

W/ _ (cpts)a Lo a
- q 0 1 __cr+as

cp+s be

Q|

___ap+bg _r 1
d2><3( (cpqus)a cr—(&l-as 111)
(6.6) 0%y = + AL Y
A?rc(W’>
Computing the circular minors of W’, we get
- q - - r - 5 ~ —p
A (W) = Ags(W') =1, Agy(W')=~—, Ap(W)=— A;W)=——
W) = e AW =1 A(W) = 7 A(W) = o Ap() = ot
The denominator in the right hand side of is therefore
Acirc(W/) o —pgrs
¢ =

(cp+ 5)* abc’
A longer computation is needed to find the numerator in the right hand side of , which

in the end produces the following answer (the symbol A is omitted):
(6.7)

0 <da dbdcdpdrds dadbdcdgdrds sdadbdcdpdgdr —dadbdpdgdr ds)
kn — -

abeprs abeqrs * (ep + s)abepgr (cp + s)abpgr
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The reader is invited to check that the form 6*(wyn A weyp-1) = 0 wypn A 0*wpy p-1, obtained
by taking the wedge of the right hand sides of (6.5]) and (6.7)), equals to w4 ¢ A wy,,, which
is given on the right hand side of (6.4)).

7. SUBDIVISIONS AND THE UNIVERSAL AMPLITUHEDRON

In this section, we introduce a more general set up. First, similarly to triangulations of
Ay km(Z) defined in Section |3| we define its subdivisions. Second, we describe the universal
amplituhedron (originally studied in the complex algebraic setting in [Lam16bl Section 18.1]),
and define its subdivisions as well. The universal amplituhedron provides a convenient
framework to formulate the results of Section [ as well as some other results regarding
canonical forms as we do in Section [}

7.1. Subdivisions. Let Z € Gr>0(1<: +m,n). We denote by < the Bruhat order on S,
defined as follows. We say that ¢t € S,, is a transposition if we have ¢(i) # i for precisely two
indices i € [n], and then we define the covering relation < of the Bruhat order by

(7.1) f<g ifand onlyif f = got for some transposition ¢ € S, and inv(g) = inv(f)+1.

Here o denotes the composition of bijections Z — Z. Given two affine permutations f, g €

Sn(—k,n — k), we have f < g if and only if H,i?f C II7) | see e.g. [Lam16b, Theorem 8.1].

k+g°

Definition 7.1. Let fi,..., fx € Su(—k,n — k) be a collection of pairwise Z-compatible

affine permutations. We say that fi,..., fx form a Z-subdivision of the amplituhedron if
the union of the images Z(H,?J?fl), e Z(H;ﬂm) forms a dense subset of A, ;.,(Z), and we

have dim(Z(IT;,} ;. )) = km for each 1 <5 < N.

More generally, suppose that g € S,(—k,n—k) and fi,..., fx € Su(—k,n—k) is a collec-
tion of pairwise Z-compatible affine permutations satisfying fs < g forall1 < s < N. We say
that fi,..., fx form a Z-subdivision of Z(Hfﬁg) if the images Z(I1;7, ), ..., Z(II;}, ) form
a dense subset of Z(Hfﬂg), and we have dim(Z(I1;{ )) = dim(Z(II;?,)) for each 1 < s < N.

We say that fi,..., fx form an (n, k, m)-subdivision of the amplituhedron (resp., of g) if
they form a Z-subdivision of the amplituhedron (resp., of Z (H,i? g) for any Z € Groo(k +
m,n).

It thus follows that a (Z- or (n,k,m)-) triangulation of the amplituhedron is a (Z- or
(n, k,m)-) subdivision fi,..., fx € Sp(—k,n — k) of A, m(Z) such that the permutations
fi,..., fy are (Z- or (n, k, m)-)admissible.

The following result gives an analog to part of Theorem with the same proof which
we omit.

Theorem 7.2. Let fi,...,fn € 5n(—k,€) be a collection of affine permutations. Then
they form an (n,k,m)-subdivision of the amplituhedron (resp., of g € Sn(—k,0)) if and
only if f;7' ... fx' € S (=€, k) form an (n, €, m)-subdivision of the amplituhedron (resp., of
g € S, (—L,k)).

7.2. The universal amplituhedron. Let F1(¢, k+¢;n) be the 2-step flag variety consisting
of pairs of subspaces W C U C R" such that dim(W) = ¢ and dim(U) = k + ¢. Define the
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universal amplituhedron A, y, C F1(¢,k + ¢;n) to be the closure (in the analytic tOpologyEI)

Ao = {(W,U) | W € Grz,(k +m,n) and span(V, W) = U for some V € Grso(k,n)}.

Let
7 Fl(, k+;n) — Gr(l,n)

be the projection (W,U) — W. Let us fix Z € Groo(k +m,n) and let W := Z+. The fiber
7Y (W) N Ak can be identified with the Z-amplituhedron A, x,,(Z) via the map sending
U to the row span of the (k+m) x (k+m) matrix U - Z* (which has rank k). Thus we have

dim(A, gm) = (kK +m)(n — k —m) + km = km + kl + {m.

We have a map
Z Grzo(k, n) X Grio(k -+ m, n) — An,k,m

given by (V, W) — (W, span(V,W)). Since the matrix U - Z* has rank k, and the subspace
U contains the kernel W of Z, it follows that the subspace span(V, W) always has dimension
k+ (. For f € S, (—k,n — k), define

Ak-‘,—f = (H;J?f x Greg(k+m,n)) C Apgm,
ARy = ALY C A
Define A, . >m C Ay km by
Apgsm = {(W,U) | W € Grzy(k +m,n) and span(V, W) = U for some V € Grs,,(k,n)}.

The map Z restricts to a map Z : Grsn,(k,n) x Grig(k + m,n) — Apg>m. Let
Z°P Gr>0(€ + m,n) X Grsp(k,n) = Ang>m denote the similar map sending (W, V) to
(W, span(W V).

Theorem 7.3. The stacked twist map
0 : Grsp(k,n) x Grey(k +m,n) — Gry (£ +m,n) x Grsm,({,n)

descends to a homeomorphism 0 : Ay, g >m — Ape>m, forming a commutative diagram

Grom(k,n) x Griy(k 4+ m,n) —2— Griy(f + m,n) x Grs,(f,n)

(7.2) lg ~ lzop

An,k,Zm > An,ﬁ,>m

The map 6 restricts to homeomorphisms 0 : AkH — AY v Joreach f € Sn(—=k, 0).

Proof. Suppose (W,U) € App>m. Let V € Grsp(k,n) be chosen so that U = span(V, W).
Then (W, U) = (W, U) where 8(V,W) = (W, V) and U = span(W, V). It follows from
Proposition that (W,U) does not depend on the choice of V. Thus § is well-defined.
(Alternatively, the rational map 6 : F1(¢, k + £;n) --» Fl(k, k 4 £;n) can be defined directly
from Lemma [10.1]) The last statement is immediate from Theorem [4.7] O

3We refer to the standard topology on the real manifolds Gr(k, n) and F1(¢, k+¢; n) as the analytic topology
in order to distinguish it from Zariski topology which we will later use on their complex algebraic versions.
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7.3. Subdivisions of the universal amplituhedron. We recast the notions of (n, k, m)-
triangulations/subdivisions in the language of the universal amplituhedron.

Lemma 7.4.
(1) Let f € gn(—k n — k) be an affine permutation. Then f is (n,k, m)-admissible if
and only if (W) N Az, contains at most 1 point for all W € Gry(k +m,n).
(2) Let f,g € Sp(—k,n — k) be two affine permutations. Then f and g are (n,k,m)-
compatible if and only if A,?J?f and A,?J?g do not intersect.
Proof. See the proof of Theorem (parts and ) at the end of Section . U

The following is an analog of Definition

Definition 7.5. Let f1, ..., fx € Sn(—k,n—k) be a collection of pairwise (n, k, m)-compatible
affine permutations. We say that fi,..., fx form a subdivision of the universal amplituhe-
dron if the union of .Ak+f1, .. Ak:+f is a dense subset of A, ., and we have d1m(Ak+f ) =

dim(A,, xm) for each 1 <'s § N.

More generally, suppose that ¢ € gn(—k,n — k) and fi,...,fv € Su(—k,n — k) is a
collection of pairwise (n, k, m)-compatible affine permutations satisfying fs < g for all 1 <
s < N. We say that fi,..., fx form a subdivision of A,%Eg if the union of A,?Efl, LAY

is a dense subset of Ak+ , and we have dim(Ag}, ) = dim(AY,) for each 1 <5 < N.

k+fn

Lemma 7.6.

e Let fi,....fn € gn(—k:,n—k:) be a collection of affine permutations. Then f1,..., fx
form an (n, k, m)-subdivision of the amplituhedron if and only if they form a subdivi-
sion of the universal amplituhedron.

o Suppose that g € S,(—k,n — k) and f1,...,fx € Sp(—k,n — k) is a collection of

affine permutations. Then fi,..., fx form an (n,k,m)-subdivision of g if and only
if they form a subdivision of A,i?g.
Proof. Let
em = {(W,U) | W € Grzy(k +m,n) and span(V, W) = U for some V € Grso(k,n)}

so that by definition A,, 1, is the closure of A} , . Suppose that fi, ..., fx form an (n, k, m)-
subdivision of the amplituhedron. Thus the images Z(IT;}), . Z (T1;7;,) form a dense
subset of A, m(Z) for any Z € Groo(k + m,n). We claim that Ak+f1 Ak+f form a
dense subset of A , ., from which it follows that their union is dense in An,k,m Indeed,
take a pair (W,U) € Al and let Z := W+ € Groo(k + m,n). There exists 1 < s < N
such that U - Z* belongs Z(ka:f ), and thus (W, U) belongs to the closure of A7, .
Conversely, suppose that Ak+f Ak+f form a dense subset of A, .. Fix Z €
Grso(k +m,n), let W := Z+ V € Grzo(k n), U := span(V, W), and consider the point
Y :=V.Z"of the amplituhedron Ay km(Z). We want to show that Y belongs to the closure
of Z(I17?, ) for some 1 < s < N. We know that (W, U) belongs to the closure of Akﬂf for

k+fs
some 1 < s < N. By assumption, there exists a sequence (Wy,Uy), (Ws, Us), ... converging

to (W, U) in FI(£, k+¢;n) such that (W;, U;) € A7}, for alli > 1. By the definition of A7}, |
for each ¢ > 1 there exists V; € H>0 such that U; = span(V;, W;). Let us now consider the
sequence (W, span(V;, W)) € A7) 1 for i > 1. We claim that a subsequence of the points
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span(V;, W) converges to U in Gr(k +¢,n), and thus (W, U) belongs to the closure of A7}, .
>0

The points V; all belong to the compact set I, and therefore a subsequence V;,, Vi, ...

converges to V' € H,i?fs. Any subspace V" € Gr(k,n) in the neighborhood of V' satisfies
V"N W = {0}, and thus the map V" +— span(V", W) is continuous at V’'. We get that
span(V;,, W) = U;,,span(V;,, W) = U,,, ... converges to span(W, V') in Gr(k + ¢,n), and we
must also have span(W, V') = U.

We have shown the first part of the lemma, and the proof of the second part is completely
analogous. 0

Definition 7.7. A triangulation of the universal amplituhedron (resp., of .A,i?g) is a subdi-

vision fi,..., fx € Su(—k,n — k) of the universal amplituhedron that consists of (n, k, m)-
admissible affine permutations.

The following result follows from Lemmas [7.4] and [7.6] together with Theorem [3.5

Corollary 7.8. Let fi,...,fn € gn(—k,n — k) be a collection of affine permutations. The
following are equivalent:

o fi1,...,fn form an (n,k, m)-triangulation of the amplituhedron;
o fi,..., fn form a triangulation of the universal amplituhedron A, j m;
o fl ... fy' form a triangulation of the universal amplituhedron Aptm;

A similar result applies to triangulations of g € S~n(—k, n—k).

8. THE AMPLITUHEDRON FORM

We review the definition of the amplituhedron form, which is a rational differential form
on the Grassmannian. In Section [8.5] the constructions are illustrated by computations for
k=(=1,m=2, and n =4.

It is natural to work over the complex numbers, and we denote by Gre(k, n) and Fle(a, b;n)
the complex Grassmannian and the complex 2-step flag variety, respectively. The map Z
induces a rational map Z : Gre(k,n) --» Gre(k, k + m), the image of which is equal to
Cre(k, k+m). Given an affine permutation f € S,(—k,n — k), denote by I, ; € Gre(k,n)
the Zariski closure of TI;Y, in Gre(k, n), called the positroid variety. See Definition for

_l’_
an alternative description.

8.1. Degree 1 cells.

Definition 8.1. Let Z € Gre(k+m,n). We say that an affine permutation f € S, (—k,n—k)
has Z-degree 1 if dimIIg, , = dim Z(II;, ;) = km and the rational map Z : II;, . --»
Gre(k, k+,m) is birational, that is, it restricts to an isomorphism between Zariski open
subsets A C I, ; and B C Gre(k, k +m).

We say that an affine permutation f € S,(—k,n — k) has degree 1 if it has Z-degree 1 for
Z belonging to a nonempty Zariski open subset of Gre(k + m,n).

Thus in order for f to have Z-degree 1, we must have inv(f) = kf. We note that if f
satisfies dim H(,SH = dim Z(H(,SH) = km for a generic Z € Gre(k,k + m) then f is said to
have kinematical support, see [AHBCT 16l Section 10].

Remark 8.2. Suppose that f has degree 1. Since Gro(k+m,n) is Zariski dense in Gre(k+
m,n), [ has Z-degree 1 for Z belonging to an open dense subset of Gr.(k + m,n) in the
analytic topology.
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+
follows that Z restricts to a diffeomorphism on an open dense subset of H,?f s in the analytic

topology.

Remark 8.3. Suppose that f has Z-degree 1. Since H,?Of is Zariski dense in H%H, it

Thus if f has Z-degree 1 then Z is injective on an open dense subset of the positroid cell
H;ﬂ s> but not necessarily on the whole positroid cell.

Conjecture 8.4. Let f € S,(—k,n — k) be an affine permutation with inv(f) = k¢. Then
the following are equivalent:

(a) f1is (n,k, m)-admissible,

(b) f has degree 1,

(¢) f has Z-degree 1 for all Z € Grg(k + m,n).

In each case, Z is a diffeomorphism I}, — Z(TI;},).

It is clear that implies (]ED In what follows, we restrict ourselves to only (n,k, m)-
admissible affine permutations that have degree 1. It is not difficult to see that Conjecture
holds for £ = 1, since in this case every affine permutation f € gn(—k,n — k) with
inv(f) = k{ satisfies @, @, and . Let us now explain why Conjecture also holds for
¢ =1. Let ¢ = 1, and consider an affine permutation f € S, (—k, 0) with inv(f) = k€. Then f
satisfies @ by Theorem , part . Next, f satisfies (]ED by Propositjonbelow.f‘inally,
we have already noted above that f~! satisfies (d), i.e., that f~' € S,(—(, k) has Z-degree
1for all Z € Gro(¢ + m,n). In particular, it is easy to see that for any Ve Grso(¢,n),
there exists a unique V' € H%f,l such that V - Zt = V' . Zt. By Lemma [10.6] it follows

that for any Z € Grso(k +m,n) and V € Grso(k,n), there exists a unique V' € II,
such that V - Z' = V' . Z'. Since this holds for all V' € Gryo(k,n), it must hold for V
belonging to a Zariski dense subset of Gre(k,n), and thus f indeed has Z-degree 1 for any
Z € Grso(k 4+ m,n). This shows that Conjecture 8.4 holds for ¢ = 1.

We will see in Lemma that if f € S,(—k,n — k) has degree 1 then we must have
f € Sp(—k,0). By a result of [Lami6al], f has degree 1 if and only if the coefficient of a
certain rectangular Schur function in the corresponding affine Stanley symmetric function is
equal to 1. An important corollary of this is the following result that we prove in Section|[12.3]

Proposition 8.5. An affine permutation f € §n(—k,€) has degree 1 if and only if f~1 €

Sn(—L, k) has degree 1.

Definition 8.6. Given Z € Grso(k 4+ m,n), we say that fi,..., fy € Sn(—k,n — k) form
a Z-triangulation of degree 1 if they form an Z-triangulation and f; has Z-degree 1 for
1 <s<N. :

We say that fi,..., fy € Sp(—k,n —k) form an (n, k, m)-triangulation of degree 1 if they
form an (n, k, m)-triangulation of the amplituhedron and f; has degree 1 for 1 < s < N.

Note that (without knowing Conjecture it may not be true that an (n, k, m)-triangulation
of degree 1 is a Z-triangulation of degree 1 for all Z € Grso(k + m,n), but only for all Z
belonging to an open dense subset of Grso(k + m,n).

Corollary 8.7. Let T ={f1,..., fn} C Sn(=k, ) be an (n, k,m)-triangulation of degree 1.
Define T' = {f; ", ..., fx'} C Spu(—L4, k). Then T' is an (n,{, m)-triangulation of degree 1.

Proof. Follows directly from Proposition [8.5] combined with the proof of Theorem O
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8.2. The amplituhedron form. For us, the crucial property of a degree 1 map is that it
allows one to define the pushforward form Wz g, ) on Gre(k, k+m) via a pullback. Suppose

that f € S,(—k,n — k) has Z-degree 1 and inv(f) = kf. Thus Z restricts to an isomorphism
between Zariski open subsets A C I s and B C Gre(k, k+m). We define the rational top
form wWzag, ;) on B, and by extension on Gre(k, k + m), as the pullback

— R —1y*
(8.1) Wzmg, ) = Zywiy = (Z7) Wy,

where Z~! : B — A denotes the inverse of the isomorphism Z : A — B.

Recall from Section that for f € S,(—k,n — k), the canonical form wy on 19, is
defined up to a sign. For the purposes of the amplituhedron form, we need to add up the
forms wzrg, ) for various f. Thus it is necessary pick a particular sign of wyy s for each

feS,(—kn—k).

Proposition 8.8. Let f € §n(—k, n—k) be an affine permutation of Z-degree 1. Recall that
by Remark W there exists an open dense subset A C H,fﬂf such that the restriction of Z to
A is a diffeomorphism. If f is Z-admissible then the Jacobian of Z on A has constant sign.

Thus for an (n, k, m)-admissible affine permutation of degree 1, we can distinguish between
Z being orientation reversing or orientation preserving on the real manifold I1;"° s

Let us choose some rational top form w,ﬂe,fc +m o0 Gr(k,k 4 m) that is non-vanishing on
A, k.m(Z). This is always possible since A, i, ,,(Z) lies completely within some open Schubert
cell (diffeomorphic to the orientable manifold R*™) of Gr(k, k+m), see [Lam16b, Proposition

15.2 and Lemma 15.6]. We call w,ﬁf,ﬂ +m the reference form.

Definition 8.9. Suppose that [ € Sn(—k‘,n — k) has Z-degree 1. We say that the form

; 1 ; ref ; ref ;
Wi+t f 18 positive with respect to wify., ,, if the forms Wzme, ) and wy ., have the same sign

when restricted to Z(II}) ) (whenever both are nonzero).

We note that wy ¢ is nonvanishing on H;ﬂ - By Proposition , we may and will pick
a sign for wys so that the pushforward form Wzme, ) is positive with respect to the fixed

reference form wj . on Gr(k,k +m).

Definition 8.10. For Z € Gro(k+m,n) and a Z-triangulation 7 = {f1,..., fy} of degree
1, define the amplituhedron form waT) (z) o1 Gr@(k, k +m) by

We emphasize again that the sign of every summand in the right hand side of the above

equation is chosen so that the signs of Wz g, , ) and w,f:e,f; +m coincide on Z(II;? 1.) for each

1 < s < N. The following has been numerically verified in the physics literature in a number
of cases when m = 4.

Conjecture 8.11. The form wfél:)k (D) does not depend on the choice of a triangulation 7.

When Conjecture holds, we denote by wa,, . (z) the triangulation independent am-
plituhedron form. This conjectural amplituhedron form is the one presented in the original
definition of the amplituhedron [AHTI14]. A different conjectural characterization of the
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amplituhedron form via “positive geometries” is given in [AHBLI7]. It is an important open
problem to give a formula for wy, , ,.(z) without referring to triangulations. See Conjec-
ture [[3.5] for related discussion.

8.3. The universal amplituhedron form. The form wv(zn)k () is a top form on Gre(k, b+

m) that depends on Z. We now let Z vary over Grso(k + Tﬁ,’n), and define a closely related
top form wgl)k .. on Flc(l, k+ £;n).

As in the construction of w}% ., each Z-amplituhedron Ay, s (Z) is contained in an open
Schubert cell C(Z) of Gr(k,k + m). Thus the interior of the universal amplituhedron is
contained in the orientable submanifold of F1(¢, k 4 ¢; n) which maps to Gro(k +m, n) with
fiber C(Z) over each Z € Grso(k+ m,n). (Note that Gro(k + m,n) is diffeomorphic to an
open ball and is in particular orientable and contractible.) We may thus choose a reference
top form W?&e,k o) O F1(¢, k 4 ¢;n) so that it is non-vanishing on the interior of A,, 4 .

Proposition 8.12. Suppose that f € gn(—k, n — k) has degree 1. Then the rational map
Z 1y, x Gre(€,n) --» Fle(€, k + ¢;n)

sending (V, W) to (W,span(V,W)) is a birational map.

Proposition 8.13. Let f € S,(—k,n — k) be an (n, k, m)-admissible affine permutation of

degree 1. Then there exists an open dense subset A C H,?Ef X Grio(k +m,n) such that the

restriction of Z to A is a diffeomorphism, and the Jacobian of Z on A has constant sign.

By Proposition [8.12 if f has degree 1 then the pushforward form Z,(wpys A we,) on
Flc(¢, k 4+ ¢;n) can be defined as the pullback via the inverse of Z (see (8.1])). By Proposi-
tion [8.13] if f is furthermore (n, k, m)-admissible we may choose a sign for wy s such that

the form Z,(wy4 s A wey) has the same sign as wifif(g ktin) when restricted to A,?J?f.

Definition 8.14. Given an (n, k, m)-triangulation 7 = {f1,..., fv} C S.(—Fk, ) of degree
1, the universal amplituhedron form w7 _on Flc(¢, k + ¢;n) is defined by

Ap k>
N
T
(83) wf“n),k,zm = Z Z*(wk+fs AN wg’n).
s=1

Here the signs of the terms in the right hand side are chosen in the same fashion as in (|8.2)).
(7)
Ap k>

It follows from Proposition [8.19below that Conjecture [8.15]is equivalent to Conjecture[8.11
for all Z such that the triangulations in question have Z-degree 1. Also, Conjectures [8.11
and are known for £ = 1: a triangulation independent construction of the polytope
form is given in [AHBLI17]. It follows from Theorem that the two conjectures also hold
for £ = 1.

We state our main result on the amplituhedron form.

Conjecture 8.15. The form w _does not depend on the choice of a triangulation 7.

Theorem 8.16. Suppose that we are given an (n,k, m)-triangulation T = {f1,..., fn} C
Sn(=k,0) of degree 1, and let T' = {f{,..., fx'} C S.(=L k) be the corresponding
(n, 0, m)-triangulation of degree 1 (cf. Corollary . Then the stacked twist map preserves
the universal amplituhedron form:

(8.4) ) =4

An,l,Zm An,k,Zm'
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In (8.4)), the map 6 can be considered either as a diffeomorphism between the interiors of
Ak >m and Ay, ¢ >, or as a rational map 6 : Fle(4, k + £,n) --» Fle(k, k + ¢;n).

Remark 8.17. Definition [8.14] can be extended to forms w(z)o for a triangulation 7 of
k+g

Ak g 1t s straightforward to generalize Theorem [8.16) to wA . We still expect the analog
k+g

of Conjecture B.11]to hold in this case. Furthermore, assuming that Conjecture [8.11 holds for
all Ak g the forms are expected to be compatible with subdivisions. Namely, if f1, fo, ..., fx

form an (n, k, m)-subdivision of g, then we should have w ;>0 = SV Wyzo .
k+g k+fi

Remark 8.18. We expect that A, k., is a positive geometry in the sense of [AHBLI17], and
that the conjectural universal amplituhedron form wy, , .,, we have defined is its canonical
form.

8.4. From the universal amplituhedron form back to the amplituhedron form. In
this section we explain how the amplituhedron form can be recovered from the universal
amplituhedron form.

First suppose that f € S,(—k,¢) is (n, k, m)-admissible and has degree 1. Then we have

Z (@ Awen) = (27 et Awen) = (27 @ers) A (Z7) @1n) = Ze(@hr) AT (wen)

where we assume that Z and Z~! have been restricted to the locus where they are isomor-
phisms.
Suppose that Z € Greo(k +m,n) and f has Z-degree 1. Let

jz N ZY) = Fle (L k + 4;n)
be the inclusion of a fiber of 7 : Fl¢ (¢, k+¢;n) — Gre (¢, n) over Z+. We have an isomorphism

71 (Z*) = Gre(k, k+m) and Z restricts toamap Z : I, ; — 7~ '(Z") that can be identified
with Z : II ; — Gre(k, k 4+ m). It follows that

Jz(Z2(Witf)) = Zuwiy
as forms on 7 1(Z+) = Gre(k, k + m). )
Now suppose that we are given an (n, k, m)-triangulation 7 = {f1,..., fn} C Sp(—k,¥)
of degree 1. Then

N
(8.5) W= Zz Wi f, A Wen) = (Z z*(wws)) AT (Wen)
s=1

s=1

and thus when Z belongs to some Zariski open subset of Groo(k + m,n), fi, fo,..., fn all
have Z-degree 1, and we obtain

N

E3 T

]Z ( E Z*(wk+f5)> = wi‘n),knn(z)
s=1

under the isomorphism 7=(Z1) = Gre(k, k +m).

Finally, suppose we have the equality wg;)k . =nAwen =N Awey for two rational forms

n,n" of degree km on Flc(¢, k + ¢;n). Then ’(7,77— n') Awe, = 0. The form wy, contracts to 0
with any vertical tangent vector (i.e., a tangent vector of a fiber 7=1(Z1)). It follows that
the top form j3(n —n') on 771(Z1) is equal to 0. We have thus shown the following.
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Proposition 8.19. Let Z € Gryo(k+m,n). Suppose that we have an (n, k, m)-triangulation
T ={f1,..., fn} C Su(=k,0) of degree 1 such that fy, fa, ..., fx all have Z-degree 1. Then
there exists a rational form n of degree km such that wfz;)k . = nNANwen. Any such form
satisfies o

T .
(8.6) Wiz = 35 0)

(T)

Thus in order to reconstruct the amplituhedron form w A

(T) (7T)
'A7L,I€,Z‘"L’ An,k,ZnL

form 7, and then use (8.6). Conversely, if wfz;)km(z) exists for generic Z € Grso(k + m,n),
it will depend continuously on Z, and one can find a form 7 satisfying and use it to

2) from the universal ampli-

tuhedron form w one needs to represent w as a wedge of n and wy,, for some

find wgn)k o =AW As Proposition [8.19) and the example in the next section show,
with the right choice of coordinates (explained in Section in full generality), the univer-

(7)

sal amplituhedron form w, °

carries essentially the same information and computational
m

complexity as the amplituhedron form w;:)’kym (2)"

(T)

An,k,m

and explain how the former can be recovered from the

8.5. Example. In this section, we compute the amplituhedron form w
(T)
~An,k,2'm7
latter, in the case k = ¢ = 1, m = 2, n = 4. In this case, the amplituhedron A, ,(Z) is a
quadrilateral in RP? with vertices being given by the four columns of a totally positive 3 x 4
matrix Z which we may assume to be given by

2) and the uni-

versal amplituhedron form w

1 s 00
Z=(0 p 1 0|; W=2Z'=(-s 1 —p q)
0 —qg 0 1

for some s,p,q > 0.

There are precisely two (n, k, m)-triangulations of the amplituhedron, each of them con-
tains M(1,1,1) = 2 cells and has degree 1. We choose the triangulation 7 = {f, g} with
f=12,1,3,4] and g = [1,2,4, 3] in window notation. The cells H,ffr)f and H,Z?g are parame-
terized as follows. Each V' € Hﬁ) ; can be represented by a matrix (1 00 c) while each

Vell?,

We would like to find wak’m(z) using (8.2]), so let us compute Wzuzo,) and w0

k+g

separately and then add them up. Each generic point in Gr(k, k + m) is the row span of a
matrix (1 x y), so we fix a reference form w};‘ffﬁm :=dx ANdy on Gr(k,k +m).

The restriction of Z to II;") , maps (1 0 b ¢)totherowspanof (1 b ¢)inGr(k,k+m),

and thus we have x = b and y = ¢ on Z(H;ﬂf). Therefore the map Z~! is given by b = x

can be represented by a matrix (1 a b 0) for some a, b, c > 0.

and ¢ = y, and since wyyy = L2%  the pullback (Z71)*wy s equals

dz Nd
Z*wk+f ==+ :L‘yy

Furthermore, since the functions z = b and y = ¢ are positive on Z (H,?fr) 1), the form Z.wy ¢

is positive with respect to w,ﬂe,f: +m if the sign above is chosen to be +.
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The computation of Wz ) is more involved. The restriction of Z to H,ff: , maps (1 a b ())
9

to the row span of (1 +sa pa+b —qa) ~ (1 patb ;W) in Gr(k, k +m). Thus we have

1+sa 1+4sa
x = % and y = =L+ on Z (H,?f: o). The fact that g has degree 1 means that Z is birational
when restricted to H,Z?g, equivalently, that we can solve the above equations for a and b

and write them as rational functions of x and y. Indeed, this can be done, and the map

Z7' Z(TRY,) --» T}, is given by

—y ety

a= : .
sy +4q sy +4
We can now find the pullback of the form wj,, = d‘f&db under Z%:
_ d(Sy-ﬁq) /\d(qsy—ﬁ}y) - q? - dx N\ dy
(87) Z*Wk—i-g =+ —y  qatpy == :i:< . )(3 T ) .
stq | sytq qx +pYy)(sy +q)y

Here in fact we must choose the — sign, because the functions gx + py and sy + ¢ are
positive on Z(II;? ) while the function y = =% is negative. We are finally able to find the

k+g +sa
amplituhedron form:
(8.8)
e dz N\ dy q? - dx A dy (gsx + psy + pq) - dx N dy
Wy (2) = Lt f + Lypyg = - =
ok -y (qx+py)(sy +q)y (g7 + py)(sy + q)x

We encourage the reader to check that choosing 7 to be the other triangulation of A,, s (Z)
(consisting of affine permutations f' = [1,3,2,4] and ¢ = [0, 2, 3, 5]) yields the same expres-
sion for wf@k,m( 2)- Agreeing with general expectations (see [AHBL17]), the form wf4:),k,m(2)
has four poles (along the hypersurfaces gz + py, sy + ¢, x, and at infinity) which corresponds
to the four facets of the quadrilateral A, i ,.,(Z).

We now compute the universal amplituhedron form wgn) o on FI({,k+{;n). In order for

it to be compatible with our previous calculations, we introduce the following coordinates
on FI(¢,k + ¢;n). For each generic pair (W,U) € F1(¢,k + ¢;n), there are unique numbers
s,p,q,x,y such that W is the row span of (—s 1 —p q) while U is the row span of

—-s 1 —p q
oo (1)
Our goal is to find wgn)k _ from (8.5). We first compute 7*(we,,), which is a (k£ + ¢m)-form
on F1(¢, k + ¢;n). In our coordinates, the map 7 : F1(¢, k + ¢;n) — Gr(¢,n) simply sends the
row span of U given by to the row span of (—S 1 —p q), and thus we have
j:ds Adp N\ dq‘

spq
We now compute Z,(wgir). The map Z sends a pair (V, W) to (W, span(V,W)), and as-
suming V' is the row span of (1 00 c) for some b, ¢ > 0, we get that our coordinates
for the pair (W, span(V,W)) are given by s = s, p =p, ¢ = ¢, © = b, and y = ¢. Thus
Z(wtf) = % as a km-form on F1(¢,k 4 ¢;n).
Similarly, we find Z,(wg4,). Assuming V' is the row span of (1 a b 0) for some a,b > 0,
we get that our coordinates for the pair (W, U’ := span(V,W)) are given by s = s, p = p,

T (wen) =
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: . -5 1 —
q = q, but in order to find x and y, we need to transform the matrix U’ := ( 18 a bp g)
into the form by row operations, which yields

(—s 1 —p q )
b+pa —qa .
1 0 1+sa 1+qsa

Thus we have z = If'ﬂ and y = —% and as we have already computed earlier, solving for a
+sa 1+sa

: Y aztpy T :
and b yields a = prvt b= e The form Z,(wj+,) now however is given by an expression

that is slightly different from ({8.7)):

q? - dx A dy
(g +py)(sy + )y
where a denotes a sum of terms containing either one of ds, dp, or dg. All those terms vanish
after we take the wedge with 7*(wy,,), so we use to find the universal amplituhedron
form:

(8.10)

(7)
w-An,k',zm

Z,(Witg) = £

Y

. (gsz +psy +pg) - dv Ady Nds A\ dp A dg
(Z (Wit s) (Wr+g)) AT (wWen) (qz + py)(sy + q)xspq

This is a top form on F1(¢, k 4+ ¢;n), and we can choose the form 7 from Proposition to
be

(gsx + psy + pq) - dx N\ dy L
(qz + py)(sy + q)= ’

where [ is an arbitrary sum of terms containing either one of ds, dp, or dgq. Comparing

Equations (8.8), (8.10]), and (8.11f), the similarities between the forms in Proposition

become apparent. We are done with the computation, and will continue the discussion of
this example in Section [13.2]

(8.11)

9. THE INTERIOR OF THE AMPLITUHEDRON

In this section, we discuss some topological properties of A, s, (Z). In particular, we ex-
plain why it is sufficient for our purposes to concentrate on Grs,,(k, n) rather than Grso(k, n).
Recall that A, >m(Z) was defined in to be the image of Grs,,(k,n) under Z. Let
us also denote by A°, (Z) the interior of the amplituhedron. The following result implies

n,k,m
Lemma 3.2
Proposition 9.1. We have inclusions
(9.1) Z(Grso(k,n)) C A 1.0 (Z) C Angom(Z) C Angm(Z).

Note that this proposition implies in particular that the amplituhedron is equal to the
closure of its interior (see Lemma below), because A, ;. (Z) is equal to the closure of
Z(Grso(k, )

Suppose that V' € Grso(k,n), Z € Grso(k + m,n), and let W := Z1. Then by
Lemma [10.5 having V € Grs,,,(k,n) is equivalent to saying that the circular (k 4 ¢)-minors
of U := stack(V, W) are all nonzero. For V' € F(V,Z), it follows from ((10.7) that the
matrix stack(V’, W) has the same maximal minors. Therefore for all V' € F(V, Z) we have
V' € Grsp(k,n). We have shown the following result.

Proposition 9.2. For each point Y € A, pm(Z), exactly one of the following holds:
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o for allV € Grso(k,n) such that V - Z* =Y, we have V' € Grs,,(k,n), or
o for all V € Grso(k,n) such that V- Z* =Y, we have V' ¢ Grsp,(k,n).

Note also that the first condition holds if and only if Y € A, ;> (Z). The next lemma
characterizes A, 1 >n(Z) as a subset of A, x..(Z) satisfying certain boundary inequalities
and implies Lemma [3.2] Recall that the columns of Z satisfy Z(j +n) = (—=1)*"1Z(j).

Lemma 9.3. Let Y € A, xm(Z) be represented by a k x (k 4+ m) matriz, and denote by
Y1, ..., Ys € R the row vectors of Y. Then for each j € Z, the function

a(Y, Z,j) = det([yilyo| - wel Z(G)Z(G+ )] [Z(G +m = 1)])

takes a fized sign on A gm(Z) and we have Y € A, >m(Z) if and only if (Y, Z, j) # 0 for
all j € Z.

Proof. By |[Lam16bl Proposition 20.3], (Y, Z, j) takes a fixed sign on A, jm(Z). It remains
to show that Y € A, ;. >m(Z) if and only if a(Y, Z,j) # 0. Let W := Z+ and V € Grso(k,n)
be such that V- Z! = Y. Define X := (span(V,W))t. Thus X is an m-dimensional subspace

:::::

-----

all j € Z if and only if all circular minors of U := stack(V, W) are nonzero. This happens
precisely when U € Mat®(k + ¢, n), and the result now follows from Proposition . 0

Proof of Proposition[9.1 Lemma proves the second inclusion A,  (Z) C Ay >m(Z)

in (9.1). The third inclusion A, j >m(Z) C A, km(Z) is obvious, and the first inclusion is
the content of Lemma [9.4] below. dJ

Lemma 9.4. The closure of the interior of A, xm(Z) equals A, pm(Z), and we have
Z(Grso(k,n)) C A, ,.(Z).

n,k,m

Proof. Let V € Gryg(k,n) and Y := V - Z*. We would like to show that Y belongs to the
interior of A, . (Z). Note that GLg1,,(R) acts transitively on Gr(k, k + m), so let A(€) =
Idg1m +€ € GLg1m (R) belong to the neighborhood of the identity for each sufficiently small
(k4+m) x (k+m) matrix £. We need to show that Y- A(€) belongs to the image of Groo(k,n),
equivalently, that there exists V'(€) € Grso(k,n) such that V'(€) - Z* =Y - A(E), for all
small £. Let us construct this V’(€) explicitly. Assume without loss of generality that
Z = [Idgim, | S*] for an £ x (k +m) matrix S. Then set

/ Idys,, +€ O
V(é')::V-( kgg Idg)'

Clearly for small £ this matrix is close to V' and thus totally positive. Let us calculate the
image of V'(€) under Z:

Idjs +E

/ t_ v
Vig)-z=v (55+s

):V~Zt-A(5):Y-A(5). O

10. THE STACKED TWIST MAP: PROOFS

In this section, we examine the stacked twist map from Section[dl We adopt the setting and
all notation from that section. Our ultimate goal is to prove Theorem [£.7|and Proposition 4.8
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We first discuss the relationship between the stacked twist map and the twist map of [MaSc16].
We remark that in [MuSp17], the twist map of [MaSc16] was extended to U’s not necessarily
belonging to Mat®(k + ¢, n). However, we only focus on U € Mat®(k + ¢, n), and mostly use
the results of [MaSc16].

For two integers a < b, we denote [a,b) := {a,a +1,...,0— 1} C Z. Let j € Z,
J:=[j—0,j+k),UcMat°(k+£,n), and let U := 7(U) be defined by (1.1)). Denote by U
the result of applying the twist map of [MaSc16] to U, and let U” be the result of applying
the right twist map of [MuSp17]. Then we havd%

(10.1) U(j) = %U’(]’ +k)==x0"(j - 0).

Here A;(U) := det(U(.J)), where U(.J) denotes the submatrix [U(j — )] ... |U(j 4+ k —1)] of
U with column set J. Thus for example the definition of 7 given in (4.1]) can be restated as
follows:

(10.2) for each j € Z, (—1)YU(j) is the first row of the matrix (U(J)) .
We now use ((10.1]) to apply some results of [MaScl6] to our setting.

Lemma 10.1. Let g € GLy1¢(R) be an invertible (k+£) x (k+ () matriz and U € Mat®(k +
¢,n). Then

(g-U) = (g7") 7(U).
Proof. This follows from (10.1)) combined with the proof of [MaScl6, Lemma 2.3]. O

Proof of Lemmal[].4 For g; € GLi(R), g2 € GL,(R), we can take g := (901 gO> to be a
2

block matrix, and thus for §(V, W) = (W, V) we have
0 (gl ’ V7 g2 - W) = ((gl_l)t ' W? (92—1)15 ’ V) : O
Lemma 10.2. Let j € Z, J :== [j — {,j + k), and K = [j,j + k + (). Then for every
U € Mat®(k+ ¢,n) and U := 7(U), we have
(_1)j+(j+1)+~--+(j+k+£—1)
A (U)
Proof. This follows from [MaSc16, Remark 3.7], but we deduce this as a simple consequence
of Lemma(10.1 Namely, if the submatrix U(.J) of U is the identity matrix then the submatrix
U(K) is upper triangular with diagonal entries (—1)7, ..., (—1)7t5+=1 5o in this case (10.3))
is obvious. We can write any matrix U as U(J) - U’ where U’(J) is the identity matrix, and
thus by Lemma [10.1, U = (U(J)~")t - 7(U'(J)), which proves (10.3)) in general. O
For a subspace V' € Gr(k,n) and integers a < b € Z, define
tk(V;a,b) :=rk([V(a)]... |V (b—1)]).

The positroid cell Hiﬂf is defined in Definition m, however, we will work with a more
convenient alternative characterization.

(10.3) Ag(U) =

4The columns in [MaScl6, MuSpl7] satisfy U(j+n) = U(j) while we impose U(j+n) = (—=1)*"1U(j). In
addition, we have the sign (—1)7 in (4.1]) which is not present in [MaSc16, MuSp17]. Thus for k < j < n—¢,
the =+ sign in (10.1) is just (—1).
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Lemma 10.3. Let V € Grso(k,n). Then the unique affine permutation f € S,(—k,n — k)

such that V € H,?J?f 1s characterized by the property that for each a < b € Z,

(10.4) tk(Via,b) =#{i<a|a < f(i) + k < b}.
Proof. This is well-known, see e.g. [KLS13| §5.2]. O

Thus Proposition follows from Lemma [10.3as a simple corollary. We can now describe

the relationship between H,?fr)f and H;ff,l for f € gn(—k:, ). Note that by Proposition ,

we have rk(V;a,b) =k for V € Grs,,(k,n) when b —a > k + £.

Lemma 10.4. Let f € S,(—k,0),9 € S,(—L, k), and consider subspaces V € ;0 Ve
Hffg. Then we have g = f~1 if and only if for every a < b € Z satisfying b —a < k + £,
(10.5) tk(Vib—k,a+€)+b—a=(+1k(V;a,b).
Proof. By Lemma [10.3],
tk(Via,b) =#{i<a|a < f(i) + k < b},

rk(Vib—ka+0) =#{j <b—Fk|b—k<g(j)+{<a+(}.
Since #{i < a|a < f(i) + k} =k, we get that #{i < a | b < f(i) + k} =k —rk(V;a,b).
Now, using the fact that i — k < f(i) < i+ ¢, we find that
(10.6) fi<alb< f)+k}={b—k—t(<i<a|b< f(i)+k<a+l+Ek}

On the other hand, since #{j € Z | b—k < g(j) +{ <a+/{} =L+ k+a—b, we get that
#{Oo—k<jlb—k<g(y)+l<a+l}=l+k+a—b—1k(V;b—Fk,a+ (). Using the fact
that j — ¢ < g(j) < j+ k, we find

(b—k<jlb—k<gl)+l<a+={b—k<j<a+l|b—k<g()+l<a+l}

We arrive at

#{b—k<j<a+l|b—k<g(y)+l<a+l}=C+k+a—b—1k(V;b—Fk,a+ ).
Rearranging the terms in the right hand side of (10.6)), we get
#{b—k<i+l<a+l|b—k<[f(i)<a+{l}=k—1k(V;a,Db).

Thus if f = ¢g~! then ¢ = g(j) — j = f(i) is a bijection between the sets in the left hand
sides of the two equations above, so we get £+ k+a—b—rk(V;b—k,a+() = k—rk(V;a,b)
which is equivalent to . This proves one direction of the lemma.

Conversely, if holds, then f and ¢g~' must define two positroid cells such that the
ranks of columns a,a+1,...,b— 1 are the same for all @ < b. By Lemma [10.3] the two cells
must therefore be the same and we conclude that f = g~ U

The next lemma proves part (i) of Theorem .

Lemma 10.5. Let V € Grso(k,n), Z € Grso(k +m,n), W = 7+, and U := stack(V, W).
Let f € Sp(—k,n — k) be such that V € H;ﬂf. Then f € S,(=k,0) if and only if U €
Mat®(k + ¢, n).
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Proof. This is essentially [Lam16b, Proposition 20.3], but we include the proof for complete-
ness. Let J :=[j —{,j + k). The minor A;(U) can be written as a sum

As(U) = D ()M ENIALV)A (W),
1e(3)
where inv(I,J\ I) = #{i € I,i/ € J\ I :i < i}. Moreover, A;(V) is nonnegative and
the sign of A (W) depends only on the parity of Zi,e}\[ i', because alt(W) € Grso(¢,n)
by . It follows that all the terms in the above sum have the same sign, because the
terms corresponding to I and I \ {¢} U {i + 1} have the same sign for each i € I such that
i+ 1€ J\I. Moreover, A (W) is always nonzero, and thus A;(U) is nonzero if and only

if A;(V) is nonzero for some I C J. This is exactly equivalent to saying that the rank of
V(i=0|V(j—t+1)]...|V(j+k—1)] equals to k, so the result follows by Proposition[t.5] O

Let Matg(k + ¢,n) denote the set of complex (k + ¢) x n matrices with nonzero circular
minors. We give a simple result relating the fibers F(V, Z) with their images under 6.

Lemma 10.6. Let V' € Gre(k,n), W € Gre(f,n) be such that stack(V, W) € Matg(k+¢,n).
Denote Z := W+, and let V' € Gre(k,n) be such that V'-Z* =V -Z'. Let (W, V) := 6(V, W)
and (W', V") .= (V' W). Then we have W' = W and there exists a k x ¢ matriz A such
that:

o V'=V+A-W, and

o V=V _-A".W.
Proof. Tt is clear that V - Zt = V' . Z! is equivalent to saying that V' =V 4+ A - W for some
k x ¢ matrix A. But then U’ := stack(V’, W) is obtained from U := stack(V, W) by

, (1d, A
(10.7) U = ( 0 Idf) U.

Here Id; denotes the k x k identity matrix. By Lemma 10.1] the matrix U’ = stack(W, V")
is obtained from U by

 (1dy 0\ -

U'_(—Atlw U

which finishes the proof. 0
Lemma 10.7. Let V € Grsp(k,n), Z € Grag(k+m,n), W := Z+, and (W, V) := 0(V, W).
Then for every a < b € Z, we have the following:

(a) if b—a = k then the vectors W(a), . W(bj 1) form a basis of R¥;

(b) if b—a >k +{ then tk(V;a,b) = k and tk(V;a,b) = {;

(c) ifb—a<k+{thentk(V;b—k,a+0)+b—a="{+1k(V;a,b).

Proof. Part (D) follows from Lemmas and [10.5] We now prove part (@), so let b := a+k.
Denote r := rk(W;a,b), and consider the (k — r)-dimensional space

Q:={¢= (-, -1) €R* [ . W(a) +...q 1 W(b—1) = 0}.
Recall that the matrix U has columns U(j) = (W(j),V(4)), and by (10.3), the column
vectors U(a),...,U(b—1) are linearly independent. Therefore we get an injective linear map
A1 Q — R defined by A(q) = ¢,V (a)+- - 41V (b—1), so that q,U(a)+- - -+q_1U(b—1) =
(0x, M(q)) € R¥T. Here 0, € R* denotes the zero vector.
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Recall that we have a + k = b. By (4.1), each of the columns U(a),...,U(b — 1) =
U(a+ k —1) is orthogonal to each of the columns U(b—{¢) = U(a+k—10),...,Ula+k—1),
where U(j) = (V(j),W(j)). Thus A(q) is orthogonal to W(a + k —¥),..., W(a+ k —1).
Since these vectors are the columns of W, they must form a basis of R, which implies that
() must be a zero-dimensional space, and thus £ — r = 0. This finishes the proof of .

The proof of will be completely similar. Denote r := rk(V;a,b), and consider the
(b — a — r)-dimensional space

Q:=1{0= (a0 ., @-1) ER"| g, V(a)+...qs_1V(b—1) = 0}.
By Lemma , we get an injective map A : Q — R’ defined by \(q) = ¢W(a) + --- +
gp—1W(b — 1), so that ¢, U(a) + -+ + @1U(b — 1) = (04, A(g)). By (&.1), each of the
vectors U(a),...,U(b— 1) is orthogonal to each of the vectors U(b — k),...,U(a + £ — 1),
so A(q) is orthogonal to V(b —k),...,V(a+ £ — 1). This implies that tk(V;b — k,a + £) <
(—dim(Q) = {—b+a+1k(V;a,b). This inequality is in fact an equality, since for any vector
h € R’ that is orthogonal to V(b —k),...,V(a + £ — 1), the vector (04, h) is orthogonal
to U(b—k),...,U(a + ¢ — 1), The latter vectors are linearly independent and span the

orthogonal complement of the span of U(a),...,U(b—1) in R¥*. Thus there are coefficients
(Qay- -, qp—1) € R*"®such that (0g, h) = q.U(a)+---+q_1U(b—1). It follows that h belongs
to the image of A\, which finishes the proof of . O

An important special case of part (c|) of Lemma is b = a+k, where we get rk(f/; a,a—+
0)+k =l+1k(V;a,a+k). Thus we have rk(V;a,a+k) = k if and only if rk(V;a,a+ ) = £.

Proof of Theorem[{.7. The only ingredient missing to show Theorem is to prove that
Ve Gr>o(¢,n) and W e Griy(¢ + m,n). This would imply part of the theorem, and
then part will follow from Lemma combined with . Note that as long as
V € Gryo(k,n), Lemma implies that rk(f/; a,a+¢) = { for all a € Z. It suffices to find
one pair (Vo, Wy) € Grag(k,n) x GrZ,(k + m,n) for which the image 8(Vy, Wy) = (Wo, Vo)
belongs to Grz,(£+m,n) x Grso(¢,n). Indeed, then for any other pair (V, W) € Grs,(k,n) x
Griy(k 4+ m,n), one can construct a path (V;, W;), 0 <t < 1 such that (Vp, Wp) is as above,
(Vi,W1) = (V,W), and for 0 < t < 1, (V;, W}) belongs to Grso(k, n) x Griy(k+m,n). In this
case, the image (Wt, V) = 0(V;, W;) will belong to GrZ,(£ + m,n) x Grsg(f,n), because in
order to exit this space, one of the circular minors of either V;, or 1, must vanish. It follows by
continuity that (W, V) € Grso(¢ +m,n) x Grso(f,n), and by Lemma , (W, V) actually
must belong to Grso(¢ + m,n) x Grs,,(¢,n).

In order to construct this pair (Vg, Wy), we make use of the cyclically symmetric amplituhe-
dron introduced in [GKLI7, Section 5]. In fact, the computation we need is almost literally
the same as the one outlined in [Sco79], see [Kar] or [GKLI17, Lemma 3.1] for details.

Consider the set of n-th roots of (—1)*7!, and let z;,..., 2, be those k of them with the
largest real part and let zp.q,..., 2zx1¢ be those £ of them with the smallest real part. Let
Vo be (the real k-dimensional subspace of) the linear C-span of the vectors (1, z;, ..., 2" 1),
for 1 < i < k, and let Wy be (the real k-dimensional subspace of) the linear C-span of
the vectors (1,z;,...,2" "), for k+1 < i < k+ £. Then we have V; € Grso(k,n) and

(e

Wy € Grzy(k +m,n), see [GKLIT, Lemma 3.1].

Proposition 10.8. Let 0(Vy, Wy) = (WO,VO). Then Vy € Gr=o(f,n) and W, € Grio(ﬁ +
m,n). Moreover, we have Vi = alt(Wy) and Wy = alt(Vp).
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Proof. Recall from Section {4] that the columns of U := stack(Vp, W) satisfy U(j + n) =
(=1)*71U(j) for all j € Z. We see that U is just the Vandermonde matrix with entries
(2] Mi<cickrei<jen- Thus by (10.2), the vector U(j) has coordinates given by ratios of
Vandermonde determinants. More precisely, its i-th coordinate equals

(= 1)i+j_1det(zzsa_1)1§p§k+€: pi;

0. — I<s<ith  _ (_qyi,m G g
) det(z;_l) L<p<hit: ( ) 7 ( )7
<5< jtk
where '
(217 2pge) H (2t — 2s)
1<s<t<k+4:
h(i) = (—1)™" —— .
(zroz) ™ [T (2= 20)
1<s<t<k+0

After dividing row i of U by h(i) for each i (which does not affect total positivity of either
Vo or Wy), the (i,7)-th entry of U becomes (—1)jzi_(j_£_1). We can now divide row i of U
by zf“, and after that the i-th entry becomes just (—1)7z; 7 This matrix is obtained from
alt(U) by switching the rows that correspond to pairs of inverse z;’s. It is clear that each of
the sets {z1,..., 2k} and {zx41, ..., 2kse} is closed under taking the inverse, thus these row
operations belong to GL;(C) x GL/(C) C GL1¢(C). Therefore we indeed get that the span
Vo of the last ¢ rows of U is totally positive and equal to alt(Wp), while the span Wo of the
first k rows of U is equal to alt(Vp) and thus belongs to GrZo(¢ + m,n) by ([@6). We are

0

done with the proof.
As we have explained earlier, Proposition [10.§] finishes the proof of Theorem [4.7] O

It remains to note that Proposition now follows from Lemma, [10.6]

11. THE CANONICAL FORM: PROOFS

In this section, we prove Theorem and then deduce its generalization, Theorem [5.13]
as a corollary. We start by recalling some notions related to the combinatorics of clusters of
Pliicker coordinates.

11.1. Clusters. Let f € S,(—k,n — k) be an affine permutation. The Grassmann necklace
associated with f is a sequence Zy1 s = (I1, I, ..., I,) of k-element subsets of [n] defined by

L= {f(j)+ k| j<iand f(j)+k > i}

for i € [n] with the indices taken modulo n.
For each i € [n], define a total order <; on [n] by

i<ii—i—1<i---<ii+n—1,

where the indices again are taken modulo n. For two sets S,T € ([Z]), we write S <; T

if S ={s1 <; -+ <i s}, T ={t1 =< --- < tg} with s; =<; t; for j € [k]. The positroid
e ([Z}) of f is a collection of subsets of [n] given by

My = {J c ([Z]) | =T, foralli € [n]} |

where Zy 1y = (I1,...,1,) is the Grassmann necklace associated with f.
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Definition 11.1. The sets H>Of C HkJrf C Gr(k,n) and H(,SH C Grg(k,n), are defined by

;0 :={X € Grao(k,n) | Ay(X) >0 for J € My and Ay(X) =0 for J ¢ Mg}
HkJrf ={X € Gryo(k,n) | Ay(X)>0for J € My, pand Ay(X) =0 for J & My}
H%Jrf = {X € Grc(k,n) ’ AJ(X) =0 for J ¢ MkJrf}.

The variety ¢ ks can alternatively be defined either as the Zariski closure of H>0 frf 1D
Gre(k,n) or as the set of all V' € Gre(k, n) satisfying

rk(Via,b) <#{i<a|a< f(i)+k<b}
for all integers a < b. See [KLS13].
For instance, when f =idy : Z — Z is the identity map, we have I; = {z i+1,...i+k—1}
(modulo n) for all i € [n], Myry = ([”]) ;0 = Grao(k,n), k+f = Gr>0(k n), and
e v = Gre(k,n).
By Definition | an element X € II;) ' can be described by a collection {A;(X) | J €
Myt € R]P;Vé’“” of positive real numbers, however, this data is highly redundant.

Definition 11.2 ([LZ98]). We say that two sets S, T € ([Z]) are weakly separated if there do
not exist 1 < a < b < c¢<d<nsuch that a,c € S\T and b,d € T'\ S, or vice versa.

We say that a collection C C ([Z]) is weakly separated if any two of its elements are weakly
separated. For example, it is not hard to check that Z,,; is a weakly separated collection

for any f € S,(—k,n — k), see [OPS15, Lemma 4.5].

Definition 11.3. Given an affine permutation f € gn(—k,n — k), a weakly separated col-
lection C C My, is called a cluster if it contains 7 and is not contained inside any other
weakly separated collection C' C My .

Recall from Proposition “ 0| that if C is a cluster for f then the size of C is given by (j5.5),
and the map X — {A,(X) | J € C}, is a diffeomorphism between II;{, and the positive

part RPS, of the (k(n — k) — inv(f))-dimensional projective space.

11.2. Circular minors. We state an identity from [MaScI@] relating certain minors of U
to those of U.

Lemma 11.4. Fiz k,0,m,n, and let U € Mat®(k 4+ ¢,n) and U := 7(U). Let p,q > 0 be
integers such that p+ q = k + £, and choose some a,b € [n] so that the following two sets
(viewed modulo n) have size k + ¢:

(11.1) J:=la,a+p)Ubb+q), [:=[a+k—qa+k)Ub+k—pb+k).
Then
~ Ar(U)
11.2 A;U) ==+ .
(11.2) s(U) Ata—tariy(U) - Ap_riiny (U)
Proof. Follows from (|10.1)) together with [MaScl6, Proposition 3.5]. O

Using Lemma [11.4] we give a formula for circular minors of W and V.
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Lemma 11.5. Let (W, V) := 0(V,W) and U := stack(V,W). Then for j € Z, we have

i Ay (W)
11.3 A oo (W) = =4 ’
. i) Ajj—i—e.5)(U)
N Ars -
(11.4) Ao (V) =+ bk (V)

Apjejir(U)

Proof. The proof is similar to that of Lemma|10.2, Let us denote K := [k+ (], U := 7(U) =
stack(W,V), U == (U(K))™'-U, and U’ := T(U’) which by Lemma equals (U(K))"- U.
Let V!, W', V', W’ be such that U’ = stack(V’,W’) and U’ = stack(W’ V). Note that the
submatrix of U’ with column set [( + 1,20 + k + 1) is upper triangular with £1’s on the
diagonal. Applying Lemma toU' and U’ witha=0—k+1,b=j,p=k, q=~{yields

AWM)(V’)
T At jir)(U)

AJH@)(V )

Let r := det(U(K)). Applying the same lemma to U and U, we get

i A (V)
FL Ay (V) = 42— SBHT)
[J,J+f)( ) rer-. A[j_z,jJrk)(U)

This proves (11.4). The proof of ([11.3) is completely similar, except that we need to set
U':=wy- (U(K)) U, where wy is the (k+¢) x (k+{) permutation matrix having (i, j)-th
entry equal to 1 if i +j =k + ¢+ 1 and to 0 otherwise. U

Example 11.6. Let k =2, (=1, n =5, and U and U - D be given in Figure 7 with the
matrix D = diag(2,4,8,10,4) given in (6.2)). Furthermore, let p =1, ¢=2,a=1,b =3,
so (11.1)) yields J = {1,3,4} and I = {1,2,4}. By (11.2)), we have

A14(U)

(11.5) Aa(U) = £ AT AT

We note that A134(U - D) = 20, so the left hand side of (11.5)) is A134(U) = % = %. On
the other hand, we have

Apa(U) =2, A1ps(U) =2, Aggy(U) = -8,

so the right hand side of (I1.5) is &3, in agreement with Lemma [11.4]
Let us now set j := 3, and verify (11.3)) and (11.4)). We have

x -1 4
A[Lg)(W . D) = det < 1 0) = —4,

thus the left hand side of (11.3) is 5% = —3i. The right hand side of (11.3) is given by
+ Aq (W) j:l

Ara5(U) — ~

Similarly, the left hand side of (11.4) is A3(V) = 2 = 1 because A 5(V-D) = 2. The right

Azs(V) 2 1
hand side of-lszlz a0 )—:I: =47
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11.3. Coordinates on Gr(k,n) x Gr(¢,n). For a k x ¢ matrix 7" and an ¢ x k matrix S,

define
Id, T
M(T,S) := (S’f 1d€>‘

Remark 11.7. By the well known formula for the determinant of a block matrix, we have
(11.6) det(M(T,S)) = det(Idg —T'S) = det(Id, —ST).
For U,U" € Mat®(k+¢,n), we write U o~ , U if U = g-U’ for some g € GL;(R) x GL,(R).
Lemma 11.8. For M(T,S) € GLi+(R) and U € Mat®(k + £,n), we have
T(M(T,S) - U) ~20 M(=S",=T") - 7(U).

Proof. First, note that the matrix M (—T,—S) must also be invertible because it has the
same determinant as M (T, S) by (11.6). Multiplying them together, we get

Iy ~T\ (1 T\ _ (1d,-TS 0
-5 Idy S Id,) 0 Id, —ST )"
In particular, the matrix on the right hand side (which we denote by g) must be invert-

ible: g € GLi(R) x GLy(R). Thus ¢! - M(-T,—S) = M(T,S)™ !, i.e., M(—T,—S) =~
M(T,S)"!. Lemma now follows from Lemma [10.1] O

We introduce a convenient coordinate chart on Gr(k,n) x Gr(¢,n). Let T,S, A, B be
kx 0 xk,kxm,and ¢ x m matrices respectively. Denote
Id, T A
S Id, B
Take a generic pair (V, W) € Gr(k,n) x Gr(¢,n), and let span(V, W) € Gr(k+{,n) be the
row span of U := stack(V,W). Since the pair (V, W) is generic, there exists a unique pair
T, S such that U([k + ¢]) >~ M(T,S), and thus we can write
(11.7) U~ N(T,S, A+ TB, B+ SA) = M(T, S) - N(0,0, A, B).
Here V' € Gr(k,n) is the row span of [Idy |T|A + T'B], and W € Gr(¢,n) is the row span of
[S|1d, |B + SA].
Recall from Definition [5.1| that the canonical forms on Gr(k,n), Gr(¢,n), and Gr(k+ ¢, n)
are given in these coordinates by
d*<(T) A d**"(A + TB)
AiirC(V) ’
dkxm(A) A d@xm(B)
Wk év"(U) = circ '
i Ak+€<N(O’07A7 B))

N(T,S, A, B) := (

dk(S) A d™(B + SA)

Wk,n V)== circ )
v AF()

(JJ&n(W) =+

Lemma 11.9. In the above notation, we have
(det(M (T, S)))™ - d*“(T) A dF(S) A d¥>™(A) A d>™(B)
ATV AF() |
Proof. We need to show that after taking the wedge with d***(T) A d”**(S) (i.e., treating
the entries of 7" and S as constants), we have

d"™™(A+TB) Nd”™(B + SA) = £(det(M (T, S)))™ - d**™(A) A d™™(B).

wk,n VAN w&n =+
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Consider a linear operator on the (k + ¢)-dimensional vector space R*™* given by the matrix
M(T,S). For vectors v € RF and w € RY, this operator sends (v,w) € R** to (v +
Tw,w + Sv). Therefore it sends the form w(v,w) = dvy A -+« A dvg A dwy A -+ A dwy
to det(M(T,S)) - w(v,w). Letting v := A(j) and w := B(j) for j € [n], we get that
(A+TB)(j) =v+Twand (B+ SA)(j) = w+ Sv, and thus
d™N((A+TB)(j)) Ad™'((B + SA)(j)) = £det(M(T, S)) - d™'(A(5)) A d™(B(5)).

The result follows by applying this to 7 =1,2,...,m. OJ

Lemma implies that wy, A wep = £Wkten A Wker, Where

(det(M (T, 9)))™ - Afi5(N(0,0, 4, B)) - d™*(T) A d™*(S)
WKer = circ circ
Agre(V) - Agre (W)

We first prove Proposition which states that wy.¢, is preserved by 7, and then we will

concentrate on showing that wyys, A wker is preserved by 6.

11.4. Proof of Proposition [5.7} We start by constructing two collections C, C°P of (k4 £)-
element subsets of [n] such that they both form clusters for Gr(k + ¢,n), and whenever [
and J are related by (11.1)), we have I € C if and only if J € C°P. Explicitly, C is the set of

all I € (k[i]z) that are unions of two cyclic intervals, one of which is of the form [c, 1 + k) for
c € [n] (if ¢ > 1+ k then we view this interval modulo n). Either of the two cyclic intervals
is allowed to be empty. Similarly, C°P is the set of all J & (k[:-L}Z) that are unions of two cyclic
intervals, one of which is of the form [1, 1+ p) for some p > 0. It is easy to checkﬂ that both
C and C° are maximal weakly separated collections of size (k + ¢)m + 1, which is one more
than the dimension of Gr(k + ¢,n).

Let us index the elements of C by C := {lo, I, ..., I(k1em} and consider the coordinate
chart on Gr(k+¢,n) given by {A; | I € C}, rescaled so that Ay, = 1 for I := [(+1,2(+k+1)

modulo n. Then by Proposition [5.3] we have

dA; (U) . dA1, 1, (U)

w @,n(U):i—/\,” )
k+ A (D) Aty )
Similarly, letting C°P := {Jo, J1, ..., Jteym} so that Jy = [k + £], we have
- dA (U A, (U
Wi (U) = :I:J—l(w A A J("*—")’M
AJI(U) AJ<k+e)m(U)

If I € C is a cyclic interval (there are n such intervals in both C and C°P), then Lemma [10.5]
provides a cyclic interval J € C°P such that

Differentiating both sides, we get that

dA,U) :tdAI(U>
A,U) T A()

%In the language of [Pos07], C°P is the collection of face labels of the corresponding J-diagram, while C is
the collection of face labels of the “opposite” I-diagram.
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Thus the expression for wy s, (U) contains dAg(U) for all cyclic intervals K of [n] of size

k4 ¢. Therefore we may treat them as constants while computing dA ;(U) for other J € C°P.
For each J € C°P, Lemma provides a set I € C and cyclic intervals K, L C [n] such that

Ar(U)
Ag(U)-AL(U)
Differentiating both sides and ignoring the terms with dAx(U) and dA(U), we get

Aj(U) =+

dA;(U) :tdAI(U)
AJ(INJ ) A(U)
Applying this to all J € C°P finishes the proof. 0J

11.5. Proof of Theorem [5.9] Consider the cyclic shift map o : Mat®(k+¢,n) — Mat®(k+
¢,n) sending a matrix U with columns U(j),j € Z such that U(j +n) = (=1)*71U(j) to a
matrix oU defined by (cU)(j) := U(j—1). This operator acts on V and W similarly. Rather
than working with the maps 6 and 7, we will work with their cyclically shifted versions:

=ctor, 0 :=c'00.

By (10.1), the map 7" coincides (up to sign) with the right twist map of [MuSp17]. Since
the map ¢’ differs from the map 6 by a cyclic shift, and the forms wy ,,, we,, and wyie, are
preserved by o, it suffices to prove the version of Theorem with 6 replaced with €'.

Proof of Theorem[5.9. We have shown above that wy,, is preserved by 6, and therefore by
. What we need to show in order to complete the proof of Theorem [5.9|is that wie Awgon
is preserved by 6’ up to a sign. Let us split wier into a product of two terms:

FHUT) AdH(S)  APS(D)

(det(M(T, S)))k+tt Are(V) - AGre(W)

Here we are using the fact that AZS(U) = (det(M(T,S)))™ - A (N (0,0, A, B)).
By Lemma we have A§™e(U) - Age(U) = £1, and then Lemma implies

ARS(U) . ARN(O)

Azirc(v) . A?rc(W) - Agrc(W) . Azirc(v)

Note that wke itself may not be preserved by 6. Indeed, let T,S, A, B be the unique
matrices such that

7 (N(T,S,A+TB,B + SA)) ~.« N(T,S,A+TB,B + SA).
Let us write down T, S, A, B more explicitly. Recall that N (T,S,A+TB,B + SA) =
M(T,S)- N(0,0,A, B). Thus by Lemma [11.8] we have
T'(N(T,S,A+TB,B+ SA)) ~, M(=S",-T") - H= M(-S",-T") - H([k + {]) - H',

where H := 7/(N(0,0, A, B)), H([k + ¢]) is the square submatrix of H spanned by the first
k + ¢ columns, and H' := (H([k+(]))~' - H. We see that the first k¥ + ¢ columns of H' form
an identity matrix, and therefore we can write H' = N (0,0, A, B) for some A, B. Thus T, S
are the unique matrices such that

(11.9) M(T, §) 0 M(—S', —T*) - H([k + 1)).

WKer =

(11.8)
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(We will later show that such matrices exist, i.e., that the upper left k£ x k and the lower
right ¢ x ¢ submatrices of the matrix on the right hand side are invertible.) We see that
the entries of H, and therefore of A and B, depend on the entries of A and B but not on
the entries of 7' and S. However, the entries of T and S depend on the entries of all four
matrices T, S, A, B. By definition, wi,, is proportional to d***(T') A d***(S), so the pullback
of wke under @ will be proportional to d**¢(T) A d**(S), and therefore will contain da;;’s
and db;;’s as well as dt;;’s and ds;;’s. This shows that wge, is not in general preserved by 6'.

On the other hand, since wy, ¢, is preserved by ¢ and is proportional to d**™(A)Ad**™(B),
we only need to show that wke, is preserved by 6" when we treat A and B as constants. We
now investigate how exactly the matrices T and S depend on T, S, A, B.

Lemma 11.10. The matriz H([k + ¢]) from (11.9) is an upper triangular (k4 €) x (k + ¢)
matrix with +1°s on the diagonal.

Proof. This is clear from the definition of the map 7’: for j < k + /¢, the j-th column of H
is orthogonal to columns j + 1,5+ 2,...,k+ ¢ of N(0,0, A, B), and its scalar product with
the j-th column of N(0,0, A, B) equals to 1. Since the first k& 4 ¢ columns of N (0,0, A, B)
form an identity matrix, the result follows. O

In particular, it follows from Lemma [I1.10] that the upper left k£ x k and lower right ¢ x ¢
submatrices of M(—S*, —T") - H([k + {]) are invertible, which proves the existence of T', S
satisfying (11.9)). Recall that the entries of H([k + ¢]) depend only on the entries of A and
B, which we treat as constants since we are taking the wedge with d**™(A) A d®>™(B). Our
next result is illustrated in Example [11.12]

Lemma 11.11. Suppose that for some constant upper triangular (k+ €) x (k+{) matriz E
with £1°s on the diagonal, we have

M(T,S) ~,, M(T,S)- E
Then
dkxf(jw) /\d@X’“(S) B dkxf(rf) /\dek(S)
(det(M (T, S)))k+t ~ (det(M (T, S)))k+

Proof. We can write E as a block matrix

e-(5 %),
where P (resp., R) is an upper triangular matrix of size k X k (resp., £ x £) with £1’s on the
diagonal. In this notation,
T=PYQ+TR), S=(R+SQ)'SP.
If @ = 0 then we clearly have

dkxﬁ(jﬂ) _ ideZ(T), dﬁxk(g) _ idéxk(g)’

(11.10)

and by ([L1.6] -, det S)) = det(M(T, S)), which shows (T1.10) in this case. Note that
if £ =E0 E(N ) is a product of upper triangular matrices with +1’s on diagonals,

then it sufﬁces to prove the lemma for E® for each 1 < i < N, because then the result will
follow by induction. The case when E is a diagonal matrix has already been shown above,
and we may thus assume that E is a Chevalley generator, i.e., a unit upper triangular matrix
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with a single nonzero off-diagonal entry in position (i,7 + 1) for some 1 <i < k+¢. If i # k
then @Q = 0 so we are done. Now suppose that ¢ = k£ and thus () has a single non-zero

entry (Qx; = q for some constant q. We are going to verify (11.10) in this case by a direct
computation, see also Example [11.12] below.

We have T = Q + T and thus d***(T) = d"*(T). Now, we have S = (Id, +5Q)'S.
Denote S = (s;5). Let us first compute the matrix Id, +5@ and its inverse:
1

14+g¢gsi, O 0 lJ’,‘}—S”“ -0
S 1 0 — L2k . 0
weese=| U s Gest= | T
qSyk 0 1 —lj_z—é:m 0 1
Thus det((Id, +5SQ)™") = 55— Note that

~ Id 0 Id, @
M<T7 S) - ( Ok (Idg—f-SQ)l) -M(T, S) ( Ok Idg) )
and therefore
(11.11) det(M(T, S)) = %&25».

It remains to compute d***(S), so denote S = (3;;). We have

. S1k ~ dsiy

M T T T g

S = %;;1: S = 7 jlgslk, 3 = 1:55;’;% 18, (1<i<o);
§UZ%+8@, ds;j =ds;j+v, (1<j<k1<i</).

Here o and (8 denote sums of terms involving ds, while v denotes a sum of terms involving
dsik, dsij, and ds;;. Thus each of those terms vanishes when we take the wedge of all 5;;’s.
We have shown that

~ Uxk
dﬁxk(s) — d (S)k 7
(1+ gsu)"
and combining this with (11.11]), we get
dkxé(rf) /\dka(sr) B deZ(T) /\déxk(s) B dkxé(T) /\dka(s)
(det(M (T, )+ (14 gsie) v+ (det(M(T, )k (det(M(T, )<+
finishing the proof of Lemma [11.11] 0
Theorem follows from Lemmas [11.10| and [11.11} combined with Equations ((11.8))
and ((11.9)). O

Example 11.12. Let us illustrate Lemma [11.11|in the case k = ¢ = 1. We have M (T, S) =
1t . . . \ 1
(s 1), so the right hand side of (11.10) is (ft_g)z. Suppose that E = (0 ?) for some
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constant q. Thus

(1 g+t _ Log+t\ (1 &\ _ ., &
5= (170w (1) - -

Sot=q+tand 3= 1+qs We have:
. ds ~ 1— st
dt =dt, ds=-——, det(M(T,S))=
= e AT 8) =
and therefore the left hand side of (11.10]) equals
dt A d3 dt A ds

det(M(T,8))2 (1 —st)?

Proof of Theorem [5.13, We deduce the result as a simple corollary of Theorem [5.9] For an
affine permutation f € S,,(—k, ), we need to show that 0 sends wy s Awey, t0 £wg , Awpy p-1.
We proceed by induction on inv(f), the base case inv(f) = 0 being precisely the content of
Theorem . Suppose that g < f in the affine Bruhat order for some f, g € gn(—k, ), and
that the result has already been shown for f. By Proposition below, the form wy.4 is
obtained from wy; by taking a residue, and the same is true for f~! and g~

Resn£+ Witf = FWrtg, Respe  wepp—1 = Fwppg
g L+g

Let A C Hk+f x Gre(¢,n) be the Zariski open subset such that

(1) stack(V, W) € Mat®(k + ¢,n) whenever (V,W) € A,
(2) 0 extends to an 1somorphlsm 0: A— B where B C Gre(k,n) x IS

€+f Ly
(3) 6 sends AN (IIg, , x Gre(¢,n)) 1somorphlcally to BN (Gre(4,n) x H£+g L)
Both A C IIj, ; x Gre(€, n) and AN (I, , x Gre(¢,n)) C 1T, , x Gre(€, n) will be nonempty

Zariski open subsets, since by Theorem 7| the corresponding positive points will be con-
tained in this locus. Taking residues commutes with isomorphisms, so by induction we
compute

0" (Wi A werg—1) = 9*(ReSBm(GrC(e,n)xn§+g_l) Wk A\ Wt 1)
= ReSAm(ng +gXGre(fn)) 0" (Wk,n A wey p-1)

=+ ReSAn(Hg 1o XGre(tn)) (Wk+f A Wen)

= j:wk+g VAN We n- [l

12. THE AMPLITUHEDRON FORM: PROOFS

In this section, we prove Theorem [8.16] as well as several other statements given in Sec-
tion [§] Before we proceed, we recall some further background that was omitted from that
section.

12.1. Residues. We start with the definition of the residue operator Res. Suppose we are
given a rational form w on a complex variety X. Let C' C X be an irreducible subvariety
of codimension one. Consider some smooth Zariski open subset U C X such that U N C is
Zariski open in C'. Suppose that z : U — C is a regular map such that C' N U is the set of
solutions to z = 0. Denote the remaining coordinates on U by u, so that every point in U is
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written as (z,u) in this coordinate chart. We say that w has a simple pole at C' if inside U
we have

d
w(z,u) = w'(u) A =4 w"(z,u),
z

where w”(z,u) and w'(u) are rational forms on U, and «'(u) is non-zero. When w has a
simple pole at C', we define the residue by

Rescw = W'|ync
This defines Res¢c w as a rational form on U N C, and thus on C.

Proposition 12.1 ([LamI6b, Theorem 13.2]). For affine permutations f, g € S,(—k,n — k)
such that g < f in the affine Bruhat order, we have

(12.1) Resngﬂ Wit f = TWpyg.

12.2. Degree of a map. Let o : X — Y be a morphism between irreducible complex
varieties of the same dimension. If dim(a(X)) = dim(X)(= dim(Y)), then there exists a
nonempty Zariski open subset B C Y such that « restricts to a d-fold covering map from
a™1(B) to B. In other words, « is locally a diffeomorphism on a~*(B), and for y € B we
have |a~!(y)| = d. We say that a has degree deg(a) = d. If dim(a(X)) < dim(X), we define
deg(a) = co. If @ : X --» Y is instead a rational map, then we have deg(a) = deg(ala)
where A C X is the locus where « is defined. If o has degree deg(«) = 1, then it is birational:
it restricts to an isomorphism between dense Zariski open subsets of X and Y.

In [Laml16al, an integer dy € {1,2,...,00} is assigned to each f € S,(—k,n — k) so that
for a dense Zariski open subset A C Grc(k + m,n), the rational map Z : Gre(k,n) --»
Gre(k, k + m) has degree df whenever Z € A. Since Grso(k + m,n) is Zariski dense in
Gre(k + m, n), this statement also holds for Z in an open dense subset of Gro(k + m,n).
An affine permutation f € S,(—k,n — k) such that inv(f) = km has degree 1 in the sense
of Definition [8.1] if and only if d; = 1.

Proof of Proposition[8.19. Suppose that dy = 1. Let A C Gre(k + m,n) be the Zariski open
dense subset such that Z : Gr(k,n) --» Gr(k,k + m) has degree 1 for Z € A. For Z € A,
let By C Gre(k, k+m) be the dense Zariski open subset such that Z : Z7!(Bz) — By is an
isomorphism. Consider the Zariski open subset C' C Fl¢(¢, k + ¢;n) defined by

C={W,U)|Z=W=*¢€Aand span(U - Z') € B}.

Then Z : Z71(C) — C is an isomorphism, and thus Z : H(,SH x Gre(€,n) --+ Flc((,k+(;n)
has degree one. O

Proof of Proposition[8.§ Note that H;Ef is homeomorphic to an open ball. Since f is
(n, k, m)-admissible, the restriction of Z to H,ff:f is injective. By Brouwer’s invariance of
domain theorem [Brol2|, we get that it is a homeomorphism onto its image, because the
dimension of H,?Ef equals km. Therefore the restriction of Z to H;ﬂf either preserves or
reverses its topological orientation (see [GH81, Section 22| for background on topological
orientation). For smooth manifolds, it is well known that the notions of topological and
smooth orientation agree with each other. Thus whenever the Jacobian of Z is nonzero on
I1;7,, its sign is the same. O
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Proof of Proposition . The product 11" ket f X Gr>0(l€ + m,n) is homeomorphic to an open

ball. When f is (n, k, m) admissible, the restriction of Z to H;ﬂf x GrZ,(k-+m, n) is injective.

The rest of the proof is identical to that of Proposition O

Remark 12.2. Even when dy > 1, we can still define the pushforward Z,wj,s of the
canonical form, but the definition is more complicated. See [Lam16b] for details.

12.3. Affine Stanley symmetric functions. We review the results of the second au-
thor [Lam06, Lam16a] that allow one to give a purely combinatorial characterization of a
degree 1 positroid cell. We refer the reader to [Sta99] for background on symmetric functions.

Definition 12.3. An element v € S, is called cyclically decreasing if it has a reduced word
v = 5;, 8, ...5;, such that the indices ji, jo,...,jn are pairwise distinct modulo n, and if
Jjo =1+ 1 and j, = ¢ modulo n for some a,b < N then we have a < b.

Given an element f € S, define the affine Stanley symmetric function

Fy(xy,2a,...) = Z g U piv(f2) i (fr),
f=ffz2fr
where the sum is over all factorizations f = fifa... f. such that fi,..., f, € S, are cyclically

decreasing. We list some properties of Fy together with the references to the places where
they have been proven in the literature.

Proposition 12.4.
(1) For each f € Sn, Fyis a symmetric function [Lam06, Theorem 6].
(2) For each f € S,, we have w+Ff = Fj-1 [Lam06, Theorem 15].
(38) If inv(f) = kl for some f € Sy(—k,n — k) then f has degree 1 if and only if the
coefficient of sy in Ff equals to 1 [Lam16al Proposition 4.8].

Here w' denotes a certain involution on a subset A(™ of the algebra A of symmetric
functions, and s € A™ denotes the Schur function indexed by a rectangular partition
o* = (¢, E ,0). Since wtsp = sje, Proposition [12.4] implies Proposition [8.5]

W

k times

Remark 12.5. Proposition can also be deduced directly from Proposition 4.8] since f

has degree 1 if and only if F(V,Z) N1II;{, contains one point for a generic pair (V, Z) €

I x Grsg(k +m, n).

12.4. Proof of Theorem [8.16| The proof of Theorem [5.13|shows that for the rational map
6 : H&f x Gre(€,n) --» Gre(k,n) x H§+f—l7

we have 6*(wy,, A wppp-1) = £wipp A wy, for each f € S~n(—k, (). By Theorem together
with Corollary 8.7 the only thing left to show is that the sign is “+” when both forms
are chosen to be positive as in Definition W We choose some reference form wlﬁelﬁz kttm)
on F1({, k + £;n) and some reference form w1, .,y on Fl(k, k + £;n) so that W%I(ﬁ ki) =

H*wﬁ%k Fetlom)- The sign of wy s is chosen in such a way that the forms Z, (wiis A wyy) and

wfﬁf@ kttm) have the same sign on Ak+f The sign of wy; ¢-1 is chosen in such a way that the
forms Z, (wgn Awey p-1) and wFl ¢,k+6;) Dave the same sign on A£+f 1 Note that 6 sends Ak+f
to A,Z e and pulls wiﬁﬁkk +on) back to w{ﬁf(&k +em)- Since the diagram ([7.2]) is commutative,
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we conclude that 0" (wy, Aweyp-1) = Wiy p Awe, With the above choice of signs, finishing the
proof of Theorem [8.16] O

13. OPEN QUESTIONS AND FUTURE DIRECTIONS

In addition to the multiple conjectures already mentioned in the text (Conjectures ,
3.9 [8-4, 8.15|), we list several other exciting questions.

13.1. Positive Laurent formulas for the twisted Pliicker coordinates. Let 0(V, W) =
(W,f/) Theorem asserts that if the Pliicker coordinates of V and Z := W+ are
nonnegative then so are the Pliicker coordinates of Z := W+ and V. In fact, we believe that
an even stronger property holds.

Conjecture 13.1. Let U := stack(V, W) € Mat®(k+£,n), §(V,W) = (W, V), U :=7(U) =

stack(W,V), Z := W', and Z := W, Then there exist some polynomials H and H’ in the
maximal minors of V' and Z with nonnegative integer coefficients such that

(1) the maximal minor A;(Z) for I € (ZLZ]”) is equal to
H .
+ Hje[ A[J’-&J’Jrk) (U) ’
(2) the maximal minor A;(V) for I € ([Z]) is equal to
H/
[ ier Ap-egim(U)
Here the sign 4 in the denominator is chosen so that it is positive. (Recall that the sign
of Aj_gj+k)(U) is predicted by Lemma [10.5])

Note that the case of this conjecture where I is a circular interval of [n] follows from

Lemma [T1.5

Example 13.2. For the case k = 2, { = 1, m = 2, n = 5, let us suppose that W is the
row span of the 1 x 5 matrix (p, —q,r, —s,t), so that the maximal minors of Z are precisely
p,q,7,8,t > 0. Then we have

_ prfog(V) + qrAia (V) 4+ psQas (V) + gsAs(V)
—A25(U)Ag34(U) '
Specifically, for the matrices V' and W considered in (6.1f), we have
p=1 q=1, r=3, s=2, t=1, Aps(U)=2, Agu(U)=-8,
thus the formula above yields

A13(alt<W)) = 3A24(V) i 3A14(V) + 2A23<V) + 2A13(V) . 7

A245(2) = AlS(alt(W))

16 8’

which is indeed the case as we see by computing Ay3(alt(11)) directly from (6.3]).

Remark 13.3. There is a formal similarity between our stacked twist map and the geomet-
ric R-matriz of Frieden [Fril7], which is essentially also a birational map R : Gr(k,n) x
Gr(¢,n) --» Gr(¢,n) x Gr(k,n). Furthermore, the geometric R-matrix can be written in
terms of subtraction-free rational formulae, and tropicalizes to the combinatorial R-matrix.
We do not know of a direct relation between the stacked twist map and the geometric R-
matrix.
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The twist map 7 : Mat®(k + £,n) — Mat°(k + £,n) satisfies Lemma [10.1] Given any
subgroup G C GLj1¢(R), one can consider the subgroup G' := {¢' | g € G}. By Lemmal[10.1]
if we have U’ = g- U for U, U’ € Mat®(k +¢,n) and g € G then the matrices U := 7(U) and
U':= 7(U’) are related by U’ = (g7")!-U. Therefore 7 reduces to a map Mat®(k+¢,n)/G —
Mat®(k+¢,n)/G", where we are taking the quotients modulo the left action of G (resp., G*).
There are several interesting choices for G.

e Taking G := GL;(R) x GL,(R) recovers the stacked twist map.
e Taking GG to be a maximal parabolic subgroup consisting of block matrices (61 g) ,

where Ais k x k, Bis k x ¢, and C is £ x ¢, yields a map on two-step flag varieties:
7 FI°(0,k + ;n) — FI°(k, k 4 £;n) sending (W, U) to (W,U). Conjecturally, the
maximal minors of W can be written as rational functions in terms of the maximal
minors of W and U. For instance, in the setting of Example (1 we could also write

A2 (U) + qA134(U)
A1o5(U) A3y (U) 7
which for W and U given in - yields w = %. However, the total posi-
tivity of alt(1¥) is obscure in this expression, because Ay54(U) can be both negative
and positive when V € Groo(k,n) and W € Gry(k +m,n).

e Finally, taking GG to be the subgroup of lower-triangular matrices and letting r :=
k + ¢ yields a map 7 : FI°(1,2,...,r;n) — F1°(1,2,...,7;n) that takes a partial flag
Ve=VicVWaC---CV, (where V; is the span of the first ¢ rows of U) to a partial
flag Vi, .=V} C V2 o cV, (where V; is the span of the last ¢ rows of U) The
partial flag V, is determined by the flag minors of U, where a flag minor is a minor
of U with row set [i] and column set J € ([ }) for 1 < i < r. Similarly, the partial
flag V, is determined by the opposite flag minors of U, i.e., minors of U with row
set {n —i+1,...,n} and column set J € ([’Z]) for 1 < i < r. In fact, an explicit
combinatorial formula in terms of matchings in a plabic graph [Pos07] for the opposite
flag minors of U in terms of flag minors of U can be proven in a straightforward but
tedious fashion. To do so, one needs to combine the technique used in the proof of
Lemma with [MaSc16, Theorem 1.1]. As a consequence of their formula, we get
the following result.

Ays(alt(W)) =

Proposition 13.4. If U = 7(U) for some U € Mat®(k + £,n) then the opposite flag
manors of U are positive Laurent polynomials in the flag minors of U.

13.2. A polynomial expression for the amplituhedron form. Recall that in our ex-

ample in Section , we have computed the amplituhedron form w;:%k’m( 2) for k=10 =1,

m =2, n =4, see (8.8). We observe that this expression equals

oD _ H(s,p,q,z,y) - do Ady
A (2) ARU) 7

where U is given by and H(s,p,q,z,y) = qsxr + psy + pq. Let us generalize this
observation to other values of k, ¢, m,n using our coordinates from Section [11.3]

Similarly to , the coordinates that we assign to a pair (W,U) € F1({,k + ¢;n) are
going to be matrices S, A, B of respective sizes ¢ X k, k x m, and £ x m so that W is the row
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span of [S|1d, |B] while U is the row span of

S Id, B
(13.1) (Idk 0 A) )
Taking
_(Idy =S O
(13.2) Z = ( 0 _B Idg) ,
we get Z+ =W.

Conjecture 13.5. There exists a polynomial H(S, A, B) in the entries of the matrices
S, A, B such that

w(T) _ H(S7A7 B) dkxm(A))
A2 AR (U)

where U is given by ([13.1]) and Z is given by ([13.2)). The universal amplituhedron form can
be written in the coordinates ((13.1)) as

WE4T) _ H(S7A7 B) ' dkxm(A) AdﬁXk(S) Adﬁxm(B)
AT AF)

where W = Z%+ is the row span of [S|Id, |B].

The polynomial H (S, A, B) from the above conjecture should take positive values whenever
there exists V' € Grso(k,n) such that span(V,W) = U for U being given by (13.1) and
W € Griy(k 4+ m,n) being the row span of [S|1d,|B].

13.3. Stackable cells. Even though for the amplituhedron we naturally have W € Grz,(k+
m,n), the stacked twist map construction suggests that there should be symmetry between
V and W. In this section, we generalize our previous results to the case when both V' and
Z = W+ belong to lower positroid cells. Let us define

alt (IIY ) == {alt(V) | V e I},

Definition 13.6. For two affine permutations f € S,(—k,n — k) and g € S,,(—f,n — ¢), we
say that f and g are stackable if for all V' € H,?Ef and W € alt (Hffg), we have stack(V, W) €
Mat®(k + ¢, n).

As we saw in the proof of Lemmal[10.5], f and g are stackable if and only if for every j € Z,
there exists [ € My, and J € My, such that TUJ ={j—(,j—(+1,...,j+k—1}
modulo n. This operation corresponds to taking the union of matroids, more precisely, f
and g are stackable if the positroid envelope (in the sense of [KLS13]) of the matroid union
My sV Mg is the uniform matroid of rank £ + ¢ on n elements.

Of course one can check whether f and g are stackable by going through all j € [n] and
all pairs of I € My and J € M,y,, and this algorithm works in general for unions of
matroids. We ask whether the fact that the matroids My, and M, are positroids makes
this easier to check.

Problem 13.7. Find a simple necessary and sufficient condition for f and g to be stackable.

The following result extends Theorems [3.5] and [5.13] and has a similar proof.
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Theorem 13.8. If f € S,(—k, () and g € S, (=L, k) are stackable cells then the stacked twist
map descends to a diffeomorphism

01072, x alt (1175,) — alt (170, ) x 122,

satisfying
(13.3) 9*(0.)“_9—1 A wk+f—1) = iwk+f A Wetg-

We note that however in the original description of the problem coming from physics,
the matrices Z and V' play asymmetric roles. Namely, Z encodes external data, i.e. the
momenta of the particles in the experiment, while the matrix V' are hidden wvariables or
degrees of freedom that are integrated out in the final scattering amplitude [AHT14].

Problem 13.9. Explain the symmetry between V and W = Z1 from the point of view of
scattering amplitudes.

13.4. Bistellar flips and the generalized Baues problem. Recall that for £ = 1, the
amplituhedron A, ;. (Z) is just a cyclic polytope C(n,m) in the m-dimensional projective
space [Stu88]. Thus the amplituhedron is a direct generalization of a cyclic polytope, and
in this section we list some properties of cyclic polytopes that we expect to generalize to
amplituhedra. One of such properties is already stated as Conjecture [3.9

Recall that for any g € S,(—k, ¢), we have defined triangulations of Z(I13° ;) in Section .

For example if g € S,(—k, £) satisfies inv(g) = k¢ and is (n, k, m)-admissible then Z(1z7,)
has only one triangulation {g}. Let us say that ¢ € S,(—k,n — k) is nearly (n,k,m)-
admissible if inv(g) = kf — 1, dim(Z(II;Y))) = km for all Z € Grso(k + m,n), and for
any h < g, we have either degh = 1 for all Z € Groo(k + m,n) or degh = oo for all
Z € Grso(k+m,n).

Conjecture 13.10. Let g € S,(—k,n — k) be a nearly (n,k, m)-admissible affine per-
mutation. Then there exist two disjoint sets T, = {h1,...,hy} C Sp(—Fk, ) and T, =
{n,,..., Wy} C S,(—k,¢) of affine permutations of the same size such that for each Z €
Grso(k +m,n), T, and 7] are the only two triangulations of Z(II;? ). The union 7, U T/
consists of all affine permutations h < g such that degh = 1.

Assuming that the above conjecture is true, we say that two (n, k, m)-triangulations
T,T" C Su(—k,n— k) of the amplituhedron differ by a flip if there exists a nearly (n, k,m)-
admissible affine permutation g € S, (—k,n — k) such that 7, C 7, 7, C 7", and

T\T,=T\T,.

This is a direct generalization of bistellar flips of triangulations of polytopes. In particular, it
was shown in [Ram97, Theorem 1.1] that any two triangulations of a cyclic polytope C(n,m)
are connected by a sequence of flips.

Conjecture 13.11. Any two triangulations of the amplituhedron are connected by a se-
quence of flips.

We note that Conjectures |13.10] and [13.11] together imply that all triangulations of the
amplituhedron have the same cardinality. This is a major step towards Conjecture [3.9] but
the latter additionally gives a simple formula for the size of any such triangulation.
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Example 13.12. Let k = 2, { = 2, m = 4, n = 8, and consider an affine permutation
h € S,(—k,0) given by h = [2,1,4,3,6,5,8,7] in window notation. The corresponding
positroid cell H,?Eh, known as the four-mass box [AHBCT16l Section 11], satisfies degh = 2.
Let us now take g :=[1,2,4,3,6,5,8,7], so that h < g in the affine Bruhat order. Thus g is
not nearly (n, k, m)-admissible. It is not clear to us whether g has any proper subdivisions,
and whether there exists a subdivision of the amplituhedron which involves g as one of the
cells. If such a subdivision exists and ¢ has no triangulations then it is not the case that
every subdivision of the amplituhedron can be further refined to a triangulation.
Additionally, we note that apart from h there are 8 affine permutations h’' < g satisfy-
ing degh’ # oo, and all of them actually have degree 1. Together with h, these 9 affine
permutations give rise to an identity involving pushforwards of canonical forms, as ex-
plained in [AHBCT16, Section 11]. Moreover, there exists an expression for w A om(2) OF
the form (8.2) with M(2,2,2) = 20 terms in the right hand side, one of which is Wz(0,)-

Even though by Conjectures and [8.11} each (n, k, m)-triangulation of the amplituhedron
has 20 cells and yields an expression for wy,, , .(z) with 20 terms, the corresponding 20 affine
permutations mentioned above do not form an (n, k, m)-triangulation since h is not (n, k, m)-
admissible, and some other permutations in this collection are not (n, k, m)-compatible with
each other. We thank Jake Bourjaily for sharing the details of this example with us.

Consider a simple graph GG whose vertices are triangulations of the amplituhedron, and two
triangulations are connected by an edge if they differ by a flip. Thus Conjecture states
that this graph is connected. One can continue this process by “gluing” a higher-dimensional
cell to this graph corresponding to each coarser subdivision of the amplituhedron. In the
case of polytopes, the homotopy type of the resulting CW complex is the subject of the gen-
eralized Baues problem of [BKS94], see [Rei99] for a survey. Formally, define the Baues poset
w(Apjm(Z)) to be the partially ordered set consisting of all propeiff| (n, k, m)-subdivisions
of the amplituhedron, ordered by refinement.

Problem 13.13. Is it true that the Baues poset w(A, k,(Z)) is homotopy equivalent to a
(k¢ — 1)-dimensional sphere?

For the case k = 1, the statement of Problem was shown in [RS00]. We note that
Theorem shows that the Baues poset of the (n,k, m)-amplituhedron is isomorphic to
that of the (n, ¢, m)-amplituhedron, and thus Problem has a positive answer also in
the case £ = 1. We do not know whether Example [13.12] provides any obstructions for the
statement of Problem [13.13] to be true.

For polytopes, the generalized Baues problem is closely related to regular triangulations
and secondary polytopes of [GKZ0S].

Problem 13.14. Generalize the notion of a regular triangulation to the amplituhedron case.

Example 13.15. We have verified our conjectures computationally in the case k = ¢ =
m = 2 and n = 6. There are 48 (n, k, m)-admissible affine permutations f € S,(—k,n — k)
such that inv(f) = k¢, and they are precisely all affine permutations that have degree 1 (see
Conjecture . They form 120 triangulations, and each of those consists of M (2,2,1) = 6
cells (see Conjecture . The flip graph G in this case has 120 vertices and 278 edges,
and is connected (see Conjecture . Finally, there are 696 proper subdivisions of the

6By definition, the only subdivision of the amplituhedron that is not proper is the one that consists of
the top cell {idp}.
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amplituhedron, and the corresponding Baues poset has homology groups equal to that of
a 3-dimensional sphere, showing some substantial evidence towards the positive answer to

Problem [[3.13
13.5. BCFW cells. For m = 4, there is a certain interesting collection T, = {f1, ..., fn} C

Sn(—k, 0) of positroid cells for each k and ¢, see [BCEWO05, IAHBC™16, [AHT14]. Up to a
cyclic shift, we get Ty, = {f;*,..., fx'}, as we have noted in Remark . This collection
of cells, known as the BCFW triangulation, is believed to have all the nice properties that
we have considered in this paper, in particular, it can be used (and in fact is widely used)

to compute the amplituhedron form.

Conjecture 13.16. The BCFW triangulation 7Ty, is an (n, k, m)-triangulation of degree 1
for each k and ¢ (and m = 4).

This conjecture holds in the case k = 1 of cyclic polytopes (and therefore it holds for £ = 1
as well by Corollary . A part of Conjecture (that the elements of Ty, are pairwise
(n, k, m)-compatible) has been proven for k = 2 in [KWZ17]. As before, our results imply
that the elements of 7, are pairwise (n, ¢, m)-compatible for k = 2.

13.6. Cohomology classes. Let X be a smooth projective complex algebraic variety and
Y C X asubvariety. Let [Y] € H*(X,Z) denote the cohomology class of Y. The cohomology
classes [Z(II}, ;)] € H*(Gre(k, k +m),Z) for generic Z € Gre(k + m,n) (or, equivalently,
for Z belonging to a dense subset of Grso(k + m,n)) were determined in [LamI6al. Recall
that in Section |12.3} we have defined the affine Stanley symmetric function F;. In [LamI6al,
it is shown that the cohomology class [Z(II}, ;)] is represented by the symmetric function

Term(F}), defined by

Tk+m(ﬁ’f) = chesu if ﬁf = Zc)\s,\.
m A

Here ;¢ is the partition obtained from g by adding ¢ columns of height & to the left of u
(in English notation). The term is omitted if this is not a partition.

It is an open problem to understand the cohomology classes [Z(IIf, ;)] when Z is not
generic. Note that in the k = 1 polytope case, Z(IIg f f) is always a linear hypersubspace of
projective space, so the cohomology class [Z(II¢, ;)] € H*(Gre(k, k 4+ m),Z) is simply the
effective generator of H%(Gre/(k, k +m), Z) where d is the codimension of Z(ITf, ;).

It would be interesting to extend the calculation of [Lam16al to the universal setting.

Problem 13.17. What is the cohomology class [Angf] in H*(Fle(k,k+¢;n),Z) and how is

it related to [A%f_l]?
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