BRAID VARIETY CLUSTER STRUCTURES, II: GENERAL TYPE

PAVEL GALASHIN, THOMAS LAM, AND MELISSA SHERMAN-BENNETT

ABSTRACT. We show that braid varieties for any complex simple algebraic group G are cluster vari-
eties. This includes open Richardson varieties inside the flag variety G/B.

1. INTRODUCTION

This is one of two papers concerned with the construction of cluster structures on braid varieties.
In the present paper, we work in the setting of a general simple algebraic group G and construct
cluster seeds using algebraic geometry. In the companion paper [GLSBS22], joint with David Speyer,
we give an alternative proof in the special case G = SL,,, using the combinatorics of plabic graphs
and surfaces. The current work is logically independent of [GLSBS22|, which, however, ultimately
produces the same cluster structure in the case G=SL,,.

Let G be a complex, simple, simply-connected algebraic group, B+ opposing Borel subgroups, U+
their unipotent radicals, H := B. N B_ the torus, I the vertex set of the Dynkin diagram, W the Weyl
group with simple generators s;,i € I, and denote by w the lift of we W to G as in . Let wo e W
denote the longest element and ¢ — 4* the action of w, on I. Let o, w; for i € I denote the simple
roots, simple coroots, fundamental weights, respectively, and let A= (a;;); jer be the Cartan matrix
given by a;;:= <ai,a]V>. Denote d;:=2/(a;,a;) so that d;a;; =djaj;.

1.1. Double braid varieties. A double braid word 3 =11i9- -1, is a word in the alphabet 1. For
iel, weset (—i)*:=—i*. Forie+I, define
(1.1) s;":: tSi’ ?f2:>0, o id, ?fz:>0,

id, ifi<0, s_4, ifi<0.

A weighted (or framed) flag is an element F = gU, € G/U;. Two weighted flags (F, F’) are
weakly w-related (resp., strictly w-related) if there exist g € G and h € H (resp., g € G) such that
(gF,gF") = (Uy,hiUy) (vesp., (gF,gF") = (Uy Uy )). We write this as F == F’ (resp., F —= F').

Suppose that the Demazure product of 3 is wo; see (2.4)). We consider the set V3 of tuples (X,,Ys)

of weighted flags satisfying the relative position conditions
st st +

Xo ¢ Xp 2 om X,
a2 - |
Yo —— Y, — Y.

S, S x S,

1 2 m
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The group G acts on JO)B by acting on each individual weighted flag, and this action is free. The double

braid variety 10%5 ::)OJB /G is defined as the quotient of Joig modulo this G-action. It is a smooth, affine,
irreducible complex algebraic variety (Proposition.

Double braid varieties include open Richardson varieties [Rie98| [KLS14l [Lecl6], open positroid
varieties [KLS13|, double Bott-Samelson cells [SW21], the strata in [WY07], and the braid varieties
of [Mel19, [CGGS24]; see [GLSBS22] for further discussion. Braid varieties have deep connections to
knot theory, as their cohomology recovers part of the Khovanov—Rozansky homology [KR08, Kho07]
of the associated link [GL20, [Tri21) [CGGS21].

For each 3, we construct a cluster seed ¥g. Our main result settles conjectures of [LecI6,[CGGS21]
and generalizes work of [BFZ05| [(GL23, Ing19, SW21].

Theorem 1.1. The coordinate ring of ]%g is isomorphic to the cluster algebra Ag=A(Xg).

It would be interesting to compare our construction and the cluster-categorical approach of [GLS06),
BIRS09, Lec16l Mén22| [CK22], as was done in type A in [SSB24].

Remark 1.2. At the final stages of completing our construction, we learned that a cluster struc-
ture for braid varieties was independently announced in a recent preprint [CGG™22]. We thank the
authors of [CGG™T22| for updating us on their progress. It would be interesting to understand the
relation between our approach and their Legendrian-geometric viewpoint.

One application of Theorem|[L.1]is that a curious Lefschetz theorem (see [HRV08,[LS22], [GLSBS22,
Theorem 10.1], and [GL20, Theorem 1.5]) holds for double braid varieties; see Theorem [6.8] In the
case of open Richardson varieties, this implies that the doubly-graded extension group Exto(M,,,M,)
of two Verma modules in Category O satisfies curious Lefschetz; cf. [GL20), Section 1.11].

1.2. Cluster variables and Deodhar geometry. To construct a cluster structure on 1325, we

need to identify certain regular functions on 1525 as (initial) cluster variables, and then construct the
exchange matrix B, or quiver, of the initial seed. In previous works [Sco06, [GL.23, BEZ05, SW21]
establishing cluster structures on the Grassmannian, positroid varieties, double Bruhat cells and dou-
ble Bott Samelson cells, the cluster variables are (generalized) minors of some kind. Determinantal
identities satisfied by the minors become exchange relations in the cluster algebra. A fundamental
obstacle, already pointed out by Leclerc [Lec16], to extending these constructions to open Richardson
varieties or braid varieties, is that the (generalized) minors are no longer irreducible elements of the
coordinate ring (C[]%B].

In the present work, we construct cluster variables using Deodhar geometry; see Section[2]for details
and |[GLSBS22, [Gal23] for examples We introduce an open dense algebraic torus Tz C 10%5 called
the Deodhar torus, so named for its relation to the Deodhar decomposition of Richardson varieties
[Deo85, [MRO4]. Tt is defined by requiring the weighted flags X.,Y. to be weakly w.-related, where
w. € W is maximal possible subject to (for each ¢=0,1,...,m). The complement }025\T5 is a union
of irreducible mutable Deodhar hypersurfaces {V.|cé€ ngut}. We define a partial compactification of

Io%g so that the complement of T in it also includes frozen Deodhar hypersurfaces {V.|ce Jgo}. We
let Jg:= JgouJénm. The following definition, suggested by David Speyer, is key to our approach.

Proposition-Definition 1.3. For c € Jg, define the cluster variable x. to be the unique character
of T that vanishes to order one on V. and has neither a pole nor a zero on V, for e € Jg\ {c}. We
denote the cluster by xg={2¢}ce,-

We show that the cluster variables thus defined form a basis of the character lattice of Tj3, and that

they extend to regular functions on the braid variety 10%5. A particular set of generalized minors also

1o compare our quivers to the quivers in [GLSBS22] |Gal23], all arrows need to be reversed.
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form a basis of the character lattice of Tjz; the two sets of functions are related by an upper-triangular
monomial transformation. Since Deodhar hypersurfaces are irreducible, cluster variables are the
irreducible factors of these generalized minors.

1.3. Exchange matrix. In earlier works on the construction of cluster structures, the exchange
matrix B is obtained directly from the combinatorics of planar bipartite graphs [Pos06, [Sco06l, I(GL23]
or double wiring diagrams [BFZ05L [SW21], and can be defined using “local contributions” from each
edge or each crossing, respectively. Our construction of B uses similar combinatorics, but in addition
we must take into account the monomial transformation between cluster variables and generalized
minors.

In the spirit of Fock and Goncharov [FGO06], the exchange matrix B is equivalent to the datum of

a 2-form wg on 10%5. We define wg in terms of generalized minors as a sum of local contributions for
each letter of the double braid word 3. We introduce integers dg = (d.).e Js and then expand wg in
the basis of cluster variables:
(1.3) wg= Y deBedlogrcndlogze= Y deBecdlogz,Adlogz..

ce€Jg: c<le ce€Jg: c<le

mut

The coefficients B, define a Jj x J3* integer matrix B:=(B¢.) . The principal J Bt x Jg“‘t part of

the matrix B is skew-symmetrizable, with symmetrizer diag(d.|ce ng“t). Therefore Xg:= (x5,B) is

a seed of a cluster algebra A(Xg). The content of Theorem |1.1{is that A(X3) :C[}O%@].

The factorization of generalized minors into cluster variables, and thus the exchange matrix B it-
self, is difficult to describe directly in a combinatorial manner. In the case G=SL,,, we described the
factorization in [GLSBS22] using the combinatorics of 3D plabic graphs. In this work, we approach it
geometrically, via orders of vanishing of the minors on Deodhar hypersurfaces. In Section[7] we give
an algorithm, implemented in |Gal23], for computing these orders of vanishing — and thus the entire
cluster seed — using only root-system combinatorics.

1.4. Deletion-contraction induction. Our proof of Theorem is inductive. We introduce in
Section [3.2| a deletion-contraction recurrence in the context of cluster varieties, which serves as the
main ingredient of the inductive step. Let X be an algebraic variety and let X be a cluster seed on X.
Consider a sink in the mutable part of the quiver, with corresponding cluster variable x. We consider
two subvarieties W :={z#0} and V:={z =0} of X. We show in Theorem 3.13|that if both V and W
are cluster varieties, and if some technical assumptions on X and X are satisfied, then X is a cluster
variety. We expect that deletion-contraction can be applied in situations beyond braid varieties.

We apply deletion-contraction to }025 when §=1i/’ starts with a repeated letter; the braids i3’ and
B’ correspond to deletion and contraction, respectively. To transform an arbitrary braid word /3 to one
of this form, we utilize double braid moves 3~ ' on double braid words that induce natural isomor-
phisms ]o%g = ]—%5/. The full flexibility of these moves is the reason we consider double braid words and
varieties here. Every double braid variety is isomorphic to some braid variety of [Mell9, [CGGS24],
but using double braid words rather than usual braid words gives us access to more seeds.

In Theorem [4.2] we prove the key feature of double braid moves S ~ 3’: under the isomorphism
}c%g = ]O%B/ the corresponding seeds Y and Y are related by mutation. In Section {4 we prove The-
orem in the simply-laced case (i.e., for G of type A, D, E); the seeds ¥3 and X4 either coincide
or are related by a single mutation. The proof of Theorem [£.2]in the multiply-laced case is achieved
via folding in Sections and@; the seeds Yz and X g are related by a sequence of mutations.

Acknowledgments. We are indebted to David Speyer for his contributions to this project. We
thank Roger Casals, Eugene Gorsky, and Daping Weng for inspiring conversations. We are grateful
to the anonymous referees for their valuable feedback on the first version of the manuscript.
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2. DEODHAR GEOMETRY

We discuss the geometry of the double braid variety }O?B with the goal of defining a cluster seed
on it. The ingredients of a cluster seed were outlined in Section In Section we construct a

Deodhar torus T C }025. In Section we introduce a family xs = {z.}cc, of cluster variables and

show that they are regular functions on }035. Finally, in Section we introduce a 2-form wg on Tj
from which the B-matrix can be extracted via (|1.3]).

2.1. Background. For each i € I, we fix a group homomorphism

(J5Z'ZSL2—>G, <é §>I—>$z(t), (1 (1)>i—>y1(t),

where z;(t),y;(t) are the exponentiated Chevalley generators. The data (H,By,B_,x;,y;;i € 1) is a
pinning of G; see [Lus94l Section 1.1].

Let ® be the root system of G, with positive roots ®* corresponding to By. Let X*(H) :=
Hom(H,C*) be the character lattice of H and X, (H):=Hom(C*,H) be the cocharacter lattice of H.
Let {ai}ier C X*(H) (vesp., {&) Vier C X (H), {wi}ier C X*(H)) be the simple roots (resp., simple

coroots, fundamental weights) of ®+. We have a natural pairing (-,-): X*(H) x X, (H) — Z satisfying

<wi,ajv> =¢;; and (ozi,a;@ =aj;, where A=(a;j); jer is the Cartan matrix of G.

Let the Weyl group W have simple generators {s;}icr, length function 4(-), and identity id € W.

For i€ I, we set
. 0 -1 ] = 0 1
Si—_5i5—_(l5i (1 0 )7 32, 1—_32-:_—(;51'( 1 0>.

For a reduced expression w=s;, s;,---si,, where | =/{(w), we set

(2‘1) ’u‘):@::%.%...siil7 ﬁ::i.ﬁ...(s:il'

The resulting product does not depend on the choice of the reduced expression. Forue W and he€ H,
we set u-h:=uhu "' =uhu~!=Thu . We also consider elements

t —1 . _ t 1 .
(2.2) zi(t)::gf)i(l 0 ) =x;(t)si, Zi(t)2:¢i<_1 O> =x;(—1)s; .
For each we W, it is well known [Hum75, Proposition 28.1] that the multiplication map gives rise

to an isomorphism
(2.3) (™ U wNU_) x (b UwNUy ) S~ U 1.

2.2. Weighted flags. Recall from Sectionthat a weighted flag is an element F = gUy € G/U4..
Associated to a weighted flag F' is the flag w(F) =gB,, the image of F in G/B5..

The following elementary facts can be found in e.g. [SW21, Appendix]; see also [GLSBS22, Sec-
tion 6.2].

Lemma 2.1. Let F,F' F" be weighted flags. Suppose v,weW with {(vw)=~£(v)+L(w).
(1) F%S F' if and only if F=F".
(2) IfF 5 F' Y5 F" then F 2% F".
(3) If F X5 F" | then there exists a unique F' such that F = F' 5 F". If F 2= F" then there
exist unique I}, F} such that F = F| == F" and F == F} “> F".

Lemma 2.2. Suppose F 2% F' and say F' = gU,. Then there exists a unique t € C such that
F'=gz;(t)Uy. Similarly, if F'=g¢'Uy, there exists a unique t' € C such that F =g'z;(t)Uy.. The maps
(9,F")—t and (¢',F)—t' are reqular on the appropriate subvarieties of Gx G /U..

Lemma 2.3. Suppose F == gU, = g2;(t) Uy and F == gz;(t)Uy. If vs; > v, then w=wvs; for all
teC. Ifvs;<w, then there exists t* € C such that w=wvs; fort=t* and w=wv forteC\{t*}.
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2.3. Distinguished subexpressions. To define the Deodhar torus of }025, we need the following
combinatorics.
Fix f=i1ia...im € (£1)™. We write [m]:={1,2,...,m} and [0,m]:={0,1,...,m}. Recall the notation

s and s; from (L.1)).

Given two elements u,v € W with v < v in the Bruhat order, we write max(u,v) := v and
min(u,v):=u. We also define uxs;:=max(u,us;). The Demazure product of 3 is defined by
(2.4) 5(ﬁ);zs;m*s;m_l*-.-*s;*s;g*sz*-.-*s;“m eW.

From now on, we assume that §(3) = wo.

Definition 2.4. A w,-subexpression of 3 is a sequence u= (ug,u1,...,uy ) € W™ such that ug=id,
Um = Wo, and such that for each ¢ € [m], we have either u.—1 = u, or v, = s;ucsz. Since §(5) =
w, there exists a unique “rightmost” subexpression, called the positive distinguished subexpression;
see [MRO4, Lemma 3.5]. It is given by uy, :=w, and u.—1 ::min(uc,s;ucs;z) for all c=m,m—1,...,1.

From now on, we fix u = (ug,u1,...,uy) to be the positive distinguished w,-subexpression of 3.
We also define w, := wou, for ¢ € [0,m] and w = wou := (wg,w1,...,w,). Note that wy=w,. We set
Jg:={ce[m]|uc=uc1}. Werefer to the indices in Jg as solid crossings and to the indices in [m]\ Jg
as hollow crossings. We denote d(3):=m—{(w,)=|J3].

2.4. Double braid varieties and the Deodhar torus. Recall that
V= {(Xa,Ya) € (G/UL) O (G/U-) O | (X, V) satisty (T2)}
and that G acts on )oig by acting on each weighted flag.

Proposition 2.5. The G-action on 3075 1s free. The quotient }035 = Jo{g/G is a smooth, affine, irre-
ducible complez algebraic variety of dimension d(3).

Proof. We repeat the argument from |[GLSBS22, Proposition 6.13]. Consider the space of tuples of
weighted flags satisfying

Xo=Us ¢+ Xp 2 o ¢ X,
(2.5) Tid
Yo > Y] y e > Yo

s — —

i x S
’Ll 22 ’Lm
This space is an iterated C-bundle and is thus affine. Imposing the condition that Uy and Yy are
weakly wo-related (that is, Yy € Bywo By =Ujw, B ) cuts out a nonempty smooth affine open subset

V' of the iterated C-bundle. The braid variety Rg is the quotient of V' by the diagonal action of
Uy =Stabg(UL). The group Uy acts freely on U 1By and thus acts freely on V. It follows that the

quotient Rg is also smooth and affine; it is also clearly irreducible. Explicitly, one may fix the U, -action

by identifying 1:25 with the subvariety of V' where Y,,, € wo By, which is the viewpoint of [CGGS24].
For the dimension, note that

O O dim(Yg) =dim(G/Uy ) +m=dim(G) —(w,) +m,
so dim(Rg)=dim(Yg) —dim(G) =m—L(w.) =d(p). O

Let Vg be a partial compactification of Joig obtained by removing the condition X <= Y} from (I.2).

Definition 2.6. Let Tg C Y3 be the set of tuples (X,,Ys) € Vg satisfying

(2.6) X, <£Y, forcel0,m].

Since wg = w,, we have Tg C Joig and thus G acts freely on Tg. Define the Deodhar torus T C }023 to
be the quotient Ts:=Tp/G.

We will show in Corollary below that T} is indeed a d(/3)-dimensional algebraic torus.
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Lemma 2.7. The subsets Tg - 3025 are open dense in Vg.

Proof. We can parameterize the variety Vg as follows. We choose an arbitrary weighted flag X,,, =Y,
and then for c=m,m—1,....1, assuming (X,Y;) = (g.U,g,U+), we set (cf. Lemmal2.2)

(2.7) (Xc—la}/;:—l) — (chic (t;/)f]+agé/U+)a lf 7{c>07
(9Ux 19clic)* (to)Us), ifi.<0,
for arbitrary parameters t':=(¢,t5,...,t;,) € C™.

For (X,,Ys) to be a point in Tj, (2-6) needs to be satisfied for each ¢ € [0,m]. It is clearly satisfied
for c=m. If it is satisfied for some solid index ¢ € [m], then it will be satisfied for ¢—1 if and only if
the parameter ¢, is not equal to the value t* from Lemma[2.3] If the index c € [m] is instead hollow
and is satisfied for c it will be satisfied for ¢—1 regardless of the value of .. Thus, T is indeed
an open dense subset of V3. Since TB C 33/3, Jc}/g is dense in V3. Since 5}5 is cut out of Vg by an open
condition Xo<==Y}, it is open in V3. d

2.5. H-valued functions. Recall that H =B NB_ is the Cartan torus of G. Over the next sections,
we will discuss various functions on T and }02/3. To do so, it is convenient to introduce a regular map
Ts— H. We also use this map in this section to show that T is an algebraic torus.

Given (X,,Y,) € ]O%g, let Z, := Y, 'X. € U;\G/U,. Abusing notation, we use double cosets
Z.cUL\G/ U+ interchangeably with their representatives in G. For (X,,Y,) €Tp, Z. belongs to the
Bruhat cell X =Biw. B =U;w.HUy of GI There exist unique elements hl,h; € H satisfying
(2.8) Z.eUpichfUy, Z.eUiwoh uUy, thus, h, =u. hj
The third statement follows from the first two since w. = Ws - U and u.-hl = u:chj'u:cfl. The map

c

(Xo,Ys) > b is a rational H-valued function on }025 (vesp., on Vg), regular on Tj (resp., on Tp).

Lemma 2.8. There exist rational functions (tc)ces, on élg such that for c€[m],

(29) Kt — si.-hT, if cis hollow, ic€1; s‘lc| -hy, if ¢ is hollow, i.€ —1;
‘ L\ aY(te)hE, ifcis solid, i €1; U\l (the, if eis solid, i€ —1.

Proof. Fix (X.,Ys) € T3. For ¢ € Jg, define t. to be such that if Z. = w.h = Woh, . then
Ze1="2czi (o) if i€l and Z._1 = Zi|* (t.) ' Z.if i, € —1I; see Lemma The following identities
in GG can be checked inside SLo:

(2.10) 2 ()8 =y (1/t)a) ()x;i(—1/t) and  $x;(t) =z;(—1/t)a) (1/t)y;(1/1).

Suppose that i, € I. We have Z._1 = w.hlz;, (tc)élc If ¢ is hollow then w.hlx; (t.) € Uschy,
and thus Z._1 € Uye$;, (8, -h)). This implies that h _,=8;,-hl. If cis solid then we use the first
identity in (2.10) to write Z._y =wchlyi, (1/tc)o) (t )xlc( l/t ). Since w.hty;. (t) €Upiichl, we see
that Z._1 € Upw.h oy (te)Uy, which implies that ht  =hta) (te).

The case when i, € —1I is handled similarly. When cis sohd we use the second identity in
together with o] . (1/te)Ws =Woay;  (tc); see [FZ99, Equation (1.2)]. O

Corollary 2.9. Suppose c is hollow. Ifi. €1 then h,_,=h_, and ifi.€ —I then h} ;=h{.

Corollary 2.10. The Deodhar torus Tz C éﬂ is isomorphic to an algebraic torus of dimension d(3),
and the functions (tc)cejﬁ form a basis of the character lattice of Tj.

Proof. For c € Jg, the function t. is regular on T3 by Lemma With notation as in the proof of
Lemma we have Z, = w.h = woh_ ue and Z._1 = Z.z;,(t.) if i € [ and Z._1 = Zji|* (t.) ' Z.

2Here and below, we omit the dot over . in products such as By w.B+ that involve multiplying w. by a subgroup
of G containing H.
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if i, € —I. Tt follows that ¢. # 0 if and only if Z._; € /'\(f’wc_l = /'\(f’wc (thus, t* =0 in the notation of
Lemma. Thus, we get a regular map T — (C*)7%, (X4,Ys) = (te)ces,-

To show that this map is an isomorphism, we construct the inverse: given (t:)cc.s,, we explain
how to recover (X,,Y,) € T3. We have h), =h,, =1¢€ H, and for c=m—1,m—2,...,0, we recover
R}, h, using . Next, since (X,,Y,) is defined up to G-action, we may assume that Yo = Uy and
Xo = 1iohg. Suppose that for ¢ =1,2,...,m, (Xc—1,Ye—1) has been recovered. If c is hollow then
(X.,Y.) is recovered uniquely using part (3] of Lemma If ¢ is solid then the parameter ¢, in (2.7))
is recovered uniquely from ¢, by an argument similar to the proof of Lemma (Alternatively, one
can recover t. as a ratio of grid minors discussed in the next subsection.) We have constructed the
inverse map, and it is clearly regular on the torus (C*)°€”/s, O

2.6. Grid and chamber minors. In this section, we introduce a basis of characters of T3 consisting
of certain generalized minors called grid minors. This basis will be crucial in our definition of the
exchange matrix. We will show later in Corollary[2.24]that grid minors are related to cluster variables
by an invertible monomial transformation.

Recall that A= (ai;)ijer, aij == (ai,ajv> is the Cartan matrix, and that d;a;; =d;a;. For i,j € £1,
we define a;; =0 if 4,j have different signs, and a;; = a(_;)(—j) otherwise. Also set d_;:=d; for i€ 1.
Abusing notation, given a double braid word 3, we let
(2.11) dg=(dc)ces;, where d.:=d;, for ce€Jp.

Following [EZ99, Definition 1.4}, fori € I and v,w € W, we have a generalized minor Ay, wuw, : G—C.
It is a regular function satisfying

(2.12) Ay Y—zyy) =Dy, o, (x) forall (y_,z,y;) €U_xGxUy;
(2.13) A ww; (T) =D, <ﬁ:pw) =Ny, w; (i)_lzmb);
see [FZ99, Section 1.4]. For h € H, we have A, . (h) = h¥. For x € G, we also have [FZ99,

Equation (2.14)]
(2.14) App o (Th) =Dy, o (h) =hR A, o) ().

Definition 2.11. For c€[0,m] and k € I, we define the grid minors

(2.15) Aei(XeYe)=Auuspon (Ze) and  A,_p(Xo,Ye)=A Z.).

Wol, g W (
The chamber minors are defined as A.:=A._1 ., for c€ [m].

Lemma 2.12. For c € [0,m] and k € I, the grid minors A,y and A._, are well-defined regular
functions on Ty. For (X,,Ys) €T3, we have
(2.16) Ack(XeYo)=(hD)¥  and A._g(Xe,Ye)=(h,)“*.

c

Proof. Recall that we view Z. € Uy \G/U, as an element of G, and that for (X,,Ys) € Tj3, we have
Z.€ /f’wc =UswHUY for all ce€ [0,m]. Write Z, =y, w.h}y] for v/, ¥/ € Uy. We have

At (Xa¥a) = Do (Ze) = Doy (wzly;wch:yi) = Ao (G k).

Factorizing 1w, 'y, 1. = b_by for (b_,by) € U_ x Uy using (2.3), using (hf)tbyht € Uy, and ap-
plying (2.14)), we get the first identity in (2.16)). In particular, since the result does not depend on
yﬁr,yﬁ’r e U, we see that A, ;(Z.) is invariant under the U, x U, -action on Z,, and thus descends to

a well-defined function on U+\2%wc /U4. The proof for A, _y, is similar. O

Corollary 2.13. For eachce[0,m] and k€1, the grid minors A, j, and A, _j, are well-defined regular
functions on Vg, Vg, and Rg. These regular functions commute with the quotient map Vg — Rg and
the inclusion map Yg— V3.
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Proof. For (X,,Ys) € Tﬂv we have Z,. € /‘éwc, and the proof of Lemmaimplies that Ay w), is well
defined on U+\2\3 ./Uy. Since Tj is dense in Vs by Lemma it follows that for (X,.,Ys) € Vg, we
have Z. € Xy,,. By continuity, it follows that A ., «, is well defined on U\ X, /U4. Thus, AC k (and
similarly A _j) is well defined on Yg. The fact that it commutes with the quotient map yﬁ — Rg
follows since the map (X,,Y, ) Z. =Y, ! X, commutes with the G-action (X,,Y.) — (9Xc,gYe), 9€G,
on )O)g. It also trivially commutes with the inclusion map )O)g — V. OJ

Combining Lemma with (2.9), we get the following.
Corollary 2.14. If c is solid and k€ £1 has the same sign as i. then

cAc> f k=i
(2.17) Apyy= | leBeks U R=0
' Ack, ifk#£ic.

Proposition 2.15.

(1) The grid minors are characters of Tp.
(2) The solid chamber minors (Ac)ce, form a basis of the character lattice of Tg.

Proof. We relate the parameters (t.)ces, from Corollary to the grid and chamber minors by
combining with . Suppose that i € I and let k € I. If k # i, then A._1 1 = A by
Corollary [2.14] If ¢ is hollow then

Aot = (hi_y)%e = (si - hd )@t = (hE)%iee.
Expand s;, w;, =w;, —a;, in the basis of fundamental weights using a;, => | jer®icjw;- This gives
(2.18) Ac—1,:0¢ ZHAG” =1, ifcis hollow and i:=1,,

which holds for i. € £1. If ¢ is solid, Corollary 2.14]yields Ac_14. =tcAc;,. Thus,

(i) For each solid ce€ Jg, te=~Ac—1,./Ac;, is a ratio of two grid minors.
(ii) For each solid c€ Jg, the grid minors (Ac_1 ;)je+r are Laurent monomials in the grid minors
(A¢k)kexr and the chamber minor A, =Aq_1 ;..
(iii) For each hollow c& [m]\ Jg, the grid minors (A._1 j);jc+r are Laurent monomials in the grid
minors (Ack)ketr-
(iv) Every grid minor A ; is a Laurent monomial in the solid chamber minors (A¢)ee.s, -

We have already shown |(i)H(iii)}, and follows from |(i1)H(iii)} This implies the result. O

2.7. Almost positive sequences and Deodhar hypersurfaces. Here we discuss the complement

of the Deodhar torus and its irreducible components, the Deodhar hypersurfaces. We first introduce

additional combinatorics, which we will use to describe an open subset of the Deodhar hypersurface.
Recall that we have u._1 :min(uc7s;cucsj) and we—1 =max(we,s;. Wes; ) for all c€ [m)].

Definition 2.16. Let ec Jg. Let u,@? :=w,, and for c=m,m—1,...,1, define

(&) max(u§e>,s;uée>s?;), if c=e,
el min(uée>,s; ul® s;-t), otherwise.
We call the sequence u(® := (uff>, ) the (e)-almost positive sequence. We set w'” :=woul for

all c€[0,m], and write w'® =w.,ul®) := (woué >, wougﬁb)).

Definition 2.17. We say that e € Jg is mutable if uée) =id. Otherwise, e is frozen. We let Jg“‘t
(resp., Jéro) denote the set of mutable (resp., frozen) indices.

Definition 2.18. Let e € Jg. Define the open Deodhar hypersurface f/eo C Y3 by

- w®
(2.19) Vo ={(X.Ys)€Vs| X =Y, forall ce[0,m]}.
Define the (closed) Deodhar hypersurface V. C Vg to be the closure of V.
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It follows that an index e € Jj is mutable (resp., frozen) if and only if V,° C 3075 (resp., f/eoﬂjoiﬁ =0).
If e is mutable then the G-action on V,° is free. In this case, we set V.° := V°/G and let V, be the
closure of V7 in Rg.

Proposition 2.19. The closed subset yB\TB is a union of the Deodhar hypersurfaces V, for e € Js.
Each V, is irreducible and has codimension one in Vg, and the hypersurfaces V., Ve are distinct for
distinct e,e’ € Jg.

Proof. We prove the second sentence. As explained in the proof of Lemma Y3 is an iterated fiber
bundle over G /U, where each fiber is either C (if ¢ is hollow) or C* (if ¢ is solid). Similarly, V° is
an iterated fiber bundle over G /U, where each fiber is either C, C*, or (in the case of the crossing
¢ =e) a point. It follows that V. is an irreducible subvariety of Vg of codimension one: we have
dimYs = dim(G/Uy)+m and dimV, =dimV,° = dim(G/Uy)+m—1. For distinct e,e’ € Jg, any point

(Xe,Ys) in Ve‘? satisfies Z._1 € Xwe_l. Meanwhile, any point (X,,Ys) in V. satisfies Z._1 € Xw<e .
e—1

Since wéejl < wWe—1 in the Bruhat order, we see that Ve‘,’ ¢ V., and thus V., £V,.

We now prove the first sentence. First, recall from Lemma that Tg is open in )3, so V3 \TB is
closed. For each e € [m], we introduce an auxiliary subset
(220)  Veer={(Xe,Yo)€Vs| Xe<22Y, forallc>e, and Xo_ <Y,y for w £we.}.
Recall that if e is hollow then X, <= Y, implies X._1 = Y._1. Thus, XN/ZE is empty unless e € Jg.
For e € Jg, the element w’ in must be equal to wéejl because there are only two possibilities for
the relative position of (X,_1,Y,_1) given that X, <==Y.

Let (Xo,Ys) € Y5\ T5. Then must fail for (X,,Y,) for some index ¢ € [0,m]. We always have
X &2 Y, so there exists a unique e € [m] such that (X,,Y,) € Vze- Applying an iterated fiber
bundle argument as above, we see that V7 is an open dense subset of V5., and therefore
(2.21) f/°cf/>ecf/

Thus, (Xe,Ys) € V.. We have shown that Y3\ T = O

6€J5

2.8. Cluster variables. By Proposition the irreducible components of V3 \Tg are the Deodhar
hypersurfaces ‘76, e € Jg. For a grid minor A.j, and e € Jg, we denote by ordy, A, € Z the order of
vanishing of A, on the hypersurface V.: cf. Corollary Since A, is regular on Vg, we have that
ordy, A, >0. In this section, we utilize properties of ordy, A, j to define a new basis of characters of
Tpg, the cluster variables.

We have the following basic unitriangularity property.

Proposition 2.20. Foreec Jg solid, c€[0,m], and k€ +I, we have

0, ife<c;
2.22 Welek=31" o)
( ) o Ve 7k {1’ if(CJC):(e—l’ie)} 7;'6') Acyk:Ae'

Proof. Suppose that e <c. Let (X,,Ys) be a generic point in f/e Then we have X, <== Y., and thus
Ack(Xe,Y,)#0. It follows that ordy, A ;=0 when e <c.

Suppose now that (c,k)=(e—1,ic). Recall that we have introduced an open dense subset Ve CV,
in . The subset TgUV>e C TBUV is thus also open dense, and recall that for (X,,Ys) € TgUV>e,
we have X,/ <:Ye/ for all ¢/ >e.

We may parameterize Yz using parameters (t', X,, = Y;,) as in . We specialize all of
these parameters except for ¢ := t. to some fixed generic values, and view the resulting tuple
(Xe,Ys) = (Xo(t),Ye(t)) as a function of ¢. Since the parameters t', := (t. ,...,t,, X = Ypn)
are generic, we have (X,,Ys) €T3UVs, (and therefore X, <2< Y,) for all t € C.
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Assume that i, € I. Thus, we have Z, € U1 hU, for h=h} € H. The proof of Lemmaimplies
that w_ 12, € U_hU,. Let us write w, ' Z. =y_hyy for (y_,y;+) € U_x U,. Since e € Jj is solid, we
have we—1 =w,. We find

Aot 1o(Xa Yo) =By on (Zezn(t) = Duy o (g Zezi (1) = Doy o (- Py 2 (1))
Recall that 2z (t) =z (t)$x. Let ¥:=®%\{ax} and let U, (¥):= (5, Uy é,)NU4 be the correspond-
ing root subgroup; see [Hum75, Theorem 26.3]. We have xp(—t)Uy(¥)x(t) C Up (V) by [Hum75,
Lemma 32.5]. Next, we have §, U (¥)s, C U (V), since s, permutes W. Using (2.3), we can factor-
ize y; =x(p)y’, for some pe C and y/, € Uy (¥). (Here p depends only on the parameters in t% , and
not on ¢.) We therefore get y/, x4 (t)$), €z (t)$,U. Using (2-12)), we get

Aefl,k(Xano) - Awk,wk (Z/— hxk (p)y;xk (t)sk) = Awk,wk (hmk (p+t)5k)
It is clear that if p+¢=0 then A, ;(Xe,Ye) =0. If p+t+#0, applying the first identity in (2.10) to

zi(p+t)$x, and using (2.14), we find

(2.23) Ac1k(XeYa)=(p+1) Ay (h)-

Thus, holds regardless of whether p+t =0, and we have p+¢ =0 if and only if the condition
Xeo1 =Y, 1 fails, i.e., (Xo,Ye) € Vor. By (2:23), since Ay, oy (7) #0, we have p+t=0 if and only if
Ac_11(Xe,Ys)=0. Since A._1 , is of degree 1 in ¢, we find that ordy, A._; ; <1. On the other hand,

we have shown that A._; j vanishes on ffze, and thus on V, (cf. (2.21))), so ordy, Ae—1 > 1. O

The integers ordy, A, are nonnegative. Our next result shows that whether ordy, A, j is zero or
positive is determined by the almost positive subexpression u'®. The stronger result that ordy, A, €
{0,1} holds when G'=SL,, [GLSBS22, Proposition 7.10]. The precise value of ordy, A for G of ar-
bitrary type is given in Section [7]

Proposition 2.21. For allce[0,m], e Jg, and k€I, we have
1

ordy,Ac =0 <= ucwk:uée>wk and ordy, A, =0 <= uglwk:(ué€>)_ Wi

Proof. Let < denote the Bruhat order on W and the quotient order on the orbit Wwy, of the funda-
mental weight wp. Comparing Definitions and m we see that u, < u§e> and w, > wée> for all
c€[0,m]. Thus wewy >wwy, for all ce [0,m] and k€.

For (X.,Ys) € V2, we have Z, € /{/wﬁ C Xy, for all ¢ € [0,m], because w < we. Recall that
Ack(Xe,Ys) = Avowywp (Ze). It is well known that the function Ay, ), (Zc), when restricted to
Z.€ Xy, , does not vanish at Z. € /'\gwéw if and only if w§6>wk =wwg; this can be shown by e.g. adapt-
ing the proof of [FZ99, Proposition 2.4]. Similarly, we consider A —x(Xe,Ye)=A, -1, (Z) and

observe that this function does not vanish at Z,. € ?%w (0 C Xuou, ifand only if u; twy, = (uée> ) lwg. O

Corollary 2.22. The Jgx Jg matriz M= (ordy,A;)cec, is upper unitriangular.

Inverting the matrix Mg, we arrive at the following definition, which is crucial for our analysis; cf.
Proposition-Definition Recall from Proposition that a character on T} is just a Laurent
monomial in the solid chamber minors {A}ce s, -

Definition 2.23. For c€ Jg, the cluster variable x. is the character of T satisfying

1, ifc=e
2.24 ordy.z.=< ’ for all e Jj3.
( ) Verte {O, otherwise, B

We denote the cluster by xg={xc}ce,-
The conditions (2.24]) are equivalent to
(2.25) Acr= H xgrdVeAC’k for all ce Jg and ke £1.
66J5

Corollary 2.24.
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(1) For each c€ Jg, there exists a unique character x.€ X*(1p) satisfying the conditions ([2.24)).
(2) For ce Ja, the character x.€ X*(T3) extends to a reqular functzon on Rg, )/5, Vs.

(8) For ce J&, the frozen cluster variable x. is invertible in C[Rg] and (C[y/;;]
(4) The cluster variables in xg are irreducible and algebraically independent.

Proof. The existence and uniqueness of z. follows from the invertibility of Mg: writing M 1=
(Me,c)e,cey, we have v, = HGEJB AL, For ce Jg, . is a rational function on V3 which does not have
a pole on Tﬁ oronV, forall ee Jg. This implies that z. is regular on Rﬁ, yﬁ, V3. By Proposfmonm
x. is irreducible. Since xg= {Zc}ee Jg is a basis of the character lattice of Tj3, we see that the cluster
variables in xg are algebraically independent. Finally, for ¢ € J, fro the function 1 /xc is regular on

)O)g\f/co, and as we mentioned after Definition |2.18, we have ‘N/Coﬂjoig = for ce Jy fro, O

Recall from Proposition that ordy, A,y can only be nonzero when e > ¢; see also (2.25). The

next result follows from the parametrization (2.7)) and will be used later in the proof. We denote
(

Vi )Ac,k to emphasize dependence on 3.

ordy, A, j by ord

Lemma 2.25. The integer ordy, A, only depends on icy1,...,im. That is, suppose that 8 =i1ia i,
and B' =iyih--i! , are two double braid words in the alphabet +1 such that for some c€ [m] and ¢’ € [m/]

m
(withm—c=m'—c), we have icq1-im =1, e -4 ,. Then we have

or ng)AQk—OI'd%/B:)Ac/’k
forallke+I, e>c, and € > such that m—e=m'—¢’.

2.9. A two-form on the braid variety, and a seed. We now introduce a two-form, which, to-
gether with the cluster variables, determines an exchange matrix via . At the end of the section,
we put everything together to define a seed for the braid variety.

We start by introducing a family of 1-forms on Tj.

For i,j € £1, recall that a;; =0 if i,j have different signs, and a;; = a(_;)(—;) otherwise, and that
di:=dj;. For each c€[0,m] and i€ +1, we set

1
(2.26) Le;: —dlog< H Aa““> Z a;pdlogA. 1, = 3 Z ik (ordgg)Aqk) dlogx,.
ke+l 2 ke+l, e€Js
Consider the following 2-forms on Tj:

(2.27) wg,c:=sign(i) di Le—1;ALc; for ce[m]and i:=i,, and wg = Z Wa,c-

Note that dlogA._1 jAdlogA. j only contributes to wg . if j =k or |j|,|k| are adjacent in the Dynkin
diagram for G. Written in terms of dlogA.—1 ; AdlogA.k, wg. is essentially the same as [SW21|
Definition of €,,)], which generalizes [BFZ05, Definitions 2.2, 2.3].

Remark 2.26. By ([2.26)), the form wg has constant coefficients when expressed in terms of (dlogz.A
dloge)C,eeJ[g .

Since T is open dense in Io%g, the forms wg and wg . are rational 2-forms on 1?25. Though it is not
apparent from the above formula, it will follow from our main result (Theorem combined with

the results of [Mull2] that wg extends to a regular 2-form on the entire Rg.
Recall that holds for ¢, € £1. Taking dlog of both sides of , we get

(2.28) Le1i,+Lci, =0 if cis hollow.

Thus, wg =0 for all c€ [m]\ Jg, which implies the following result.

Corollary 2.27. We have wg= Zce‘]ﬁw@c.
The next proposition follows immediately from Corollaries and [2.24]



12 PAVEL GALASHIN, THOMAS LAM, AND MELISSA SHERMAN-BENNETT

Proposition 2.28. Let S € (£I)™ be such that §(3) =w,. The tuple
(2.29) Y= (Tp,x3,dg,wp)

is an abstract seed on }025 in the sense of Definition|3. 1| below.

3. CLUSTER ALGEBRAS

Cluster algebras were discovered by Fomin and Zelevinsky [FZ02]. We consider skew-symmetrizable
cluster algebras, relying on formalism similar to [FG09).

3.1. Background.

Definition 3.1. A rank n and dimension n+m (abstract) seed is a quadruple ¥ = (T',x,d,w), where
(1) T is a complex algebraic torus of dimension n+m,
(2) x=(x1,...,Tn+m) is an ordered basis of X*(T'), where x1,...,zy (resp., Tni1,...,Tnitm) are
mutable (resp., frozen) variables,
(3) d=(dy,...,dn+m) is a collection of positive integers,
(4) wisa 2-form on T of the form
(3.1) w= Zdjéijdlogxi/\dlong = Zdlgﬂdlogx] Adlogx;,
1<j 1<j
where Bj; =0 for i € [n+m] and Bij €Q for all i,j € [n+m].
The matrix B= (Bij)(i,j)e[n-i-m] x[n] 18 the usual (n+m) xn extended exchange matriz in the theory
of cluster algebras. We have d;B;; = —d; Bj; for 4,j € [n+m]; in particular, the top n x n principal

part B of B is skew-symmetrizable.

Definition 3.2. Let ¥ = (T,x,d,w) be a seed and k a mutable index. We say that 3 is integral at k
if Bj, € Z for all j € [n+m)]. In this case, we define

B _
[1s <oz "+l 0%
(32) ,fl?%,:: Bjr>0"j B <07y

Bjk

L
The mutation of ¥ in the direction k is the seed pux(X) = (7",x’,d,w’) where T" is the algebraic torus
with basis of characters x' = (x1,...,2},...,Zn+m) and the 2-form w’ on T” is the pullback of w via the
natural rational map 7" —T.

We say that ¥ is integral if it is integral at each k € [n], i.e., if By, €Z for all i € [n+m] and k € [n].

Remark 3.3. As discussed in [FG09], v’ may be expressed in the form (3.1)) using another ma-

trix B = 11:(B) obtained from B via the usual cluster mutation of exchange matrices as defined in
e.g. [FWZ16, Definition 2.7.6]. In particular, if ¥ is integral (resp., integral at k) then so is p(X).

For the rest of this subsection, we assume that all seeds are integral. Following [LS22, Section 5.1],
a seed X is really full rank if the columns of B span Z" over Z. We will prove this for the seeds X3
from in Corollary

Let X be an irreducible complex algebraic variety of dimension n+m. A seed on X is an abstract
seed ¥ = (T',x,d,w) together with an identification T'C X of T" with an open dense subset of X. The
inclusion 7' X induces an identification of the field C(X) of rational functions on X with the field
of rational functions C(x) := C(z1,...,Zn+m) in the initial cluster variables x. In practice, we abuse
notation and write x for a tuple of elements in C(X).

The cluster algebra A(X) is the subring of C(x) generated by all cluster variables together with
inverses of frozen variables. We let V(X)) :=Spec(.A(X)) denote the cluster variety. We say that (X,X)
is a cluster variety if X is an affine variety and the coordinate ring C[X] is identified with .A(X) under
the identification C(X)=C(x).

We will need the following property of cluster variables.
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Proposition 3.4 (J[GLS13| Theorem 3.1]). Each cluster variable is an irreducible element of A(X).
Our proofs will utilize some notions on cluster algebras that we now recall.

Definition 3.5. Let ¥ be an abstract seed of rank n and dimension n+m, and let F' C [n]. The
freezing of ¥ at F, denoted ¥\, is the seed obtained from ¥ by declaring the variables {z.}.cr to be
frozen. It is a seed of rank n—|F| and dimension n+m. For k€ [n], we denote ¥\F:= ¥ \{k},

_ Toaseed X we associate a directed graph f‘(E)~With vertex set [n+m] and an arrow ¢ — j whenever
B;;j>0. We let I':=T'(X) be the mutable part of I'(¥), i.e., the induced subgraph of I'(X) with vertex
set [n]. We say that a mutable index s € [n] is a sink if it has no outgoing arrows in T'. Let N*(T")

denote the set of vertices of ' having an arrow to s, and denote N'*(T") := N™™(T')U{s}. The follow-
ing definition is a variation of locally-acyclic seeds [Mull3] and Louise seeds [LS22]; see also [GL.24,
Section 5.4 and Remark 5.14].

Definition 3.6. The class of sink-recurrent seeds is defined recursively as follows.
e Any seed X such that I'(X) has no arrows is sink-recurrent.
e Any seed that is mutation equivalent to a sink-recurrent seed is sink-recurrent.

e Suppose that ¥ is a seed with a sink s € [n] such that the seeds X\* and S\WITE) are
sink-recurrent. Then ¥ is sink-recurrent.

The upper cluster algebra [BEZ05] U(X) C C[xT!] is the intersection C[x*!] Vo) Clisk (x)*1].
Proposition 3.7. Suppose that ¥ is a sink-recurrent seed. Then A(X)=U(X).

Proof. 1t follows from induction and [Mull3, Lemma 5.3] that sink-recurrent seeds are locally acyclic
in the sense of [Mull3, Mul14]. By [Mull4, Theorem 2], we have A(X)=U(X). O

We will also need the notion of quasi-equivalence of seeds, which was first studied in [Fral6]. We
adapt the definition of [Fral6] to our conventions.

Definition 3.8. Two seeds ¥ = (T,x,d,w) and ¥ = (T,%,d,&) of rank n and dimension n-+m are
quasi-equivalent, denoted > ~ f}, if the following conditions are satisfied:
(1) T=T,d=d, w=a;
(2) the sublattice of X*(7T') spanned by the frozen variables =41, ..., Zntm coincides with the
sublattice spanned by Tyn41,...,Tntm;
(3) for each k € [n], we have Zj =z My, where My, is a Laurent monomial in @, 41,...,Zp4m.

It is easy to see that if ¥ is integral and ¥ ~ 3 then X is integral. The following is also straightforward
to check.

Lemma 3.9. If Y and ¥ are quasi-equivalent seeds then puy () ~ puy(X) for all mutable k.

Corollary 3.10. Suppose two seeds Z,i are quasi-equivalent. Then they define the same cluster
algebra A(X)=A(X) CcC(T).

Proof. It follows from Lemma 3.9 that each cluster variable in A(X) differs from the corresponding
cluster variable in A(X) by a factor equal to a Laurent monomial in the frozen variables. g

3.2. Deletion-contraction. We give an inductive criterion for a pair (X,X) to be a sink-recurrent
cluster variety, which is a key part of our proof of Theorem In Section we will apply this
criterion to the seeds Xz from . See [GL24l, Corollary 5.15] for a different application suggesting
our nomenclature.
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Assumption 3.11. Throughout this section, we let ¥ = (7, x,d,w) be an abstract seed of rank n and
dimension n+m. Let T':=T'(X2). We assume that ¥ is sink-recurrent, with sink s in I" such that ¥ is
integral at s. Further, we assume that there exists a frozen index f such that B fs==x1 and B =0
for j € [n]\{s}. Suppose that the exchange relation for = in 3 is given by z,a/, = My +x s M> for some
monomials Ml,MQ in {xj}je[n—i-m]\{s,f}'

Definition 3.12. Suppose that s has ¢ := |N™(I')] mutable neighbors. The contraction ¥/* =
(T/s,x/s,d/s,w/s) is a seed of rank n—q—1 and dimension n+m—2 defined as follows.

(1) x/* is obtained from x by omitting x5 and z ¢ and declaring the indices in IV, In(T") to be frozen.
(2) T/* is an algebraic torus with character lattice generated by x/*.
(3) d/* is obtained by restricting the sequence d to the set [n4m]\{s,f}.
(4) w/* is obtained from w by writing it in the form and substituting dlogzs := 0 and
dlogz  :=dlog M7 —dlog M>.
The deletio ¥\5 is the seed of rank n — 1 and dimension n+m obtained by declaring zs to be
frozen (cf. Definition [3.5)).

In our next result, we use the following notation. If the same cluster variable z is viewed as a
function on two different varieties U and U’ (for example, U=V(X) and U’ =V(X\%)), we denote the
corresponding two functions by x|y and x|y-.

Theorem 3.13 (Deletion-contraction recurrence). Let X be an affine, normal, irreducible, complex
algebraic variety, and let ¥ = (T,x,d,w) be a seed on X with a sink s satisfying Assumption .
Assume that all cluster variables in x U{x’} are reqular on X. Define subvarieties W := {xs # 0}
and V := {xs = 0} of X. Suppose that we have isomorphisms W = V(X\%) and V = Vi x Vy with
Vi :=Spec(C[z)])) = C and Va:=V(X/%). Let p1:V = Vi, pa:V = Vo, sy : W= X, and 1y : V — X
denote the natural projections and inclusions. Suppose that:

e for each cluster variable © of £\°, we have i}y, (] x) =x|w;

e for each cluster variable x of %/*, we have i}, (z|x) =p5(z|vs);

e for the cluster variable x',, we have i, (2| x) =pi(z}]v;).
Then (X,X) is a cluster variety.

Proof. First, the condition that ¥\* is integral is included in the assumption that (W,2\%) is a cluster
variety. Since ¥ is integral at s, this implies X is also integral.

Let j €[n]\{s} be a mutable index. Clearly, the (pullback under ¢y of the) exchange relation for
x; in ¥ coincides with the exchange relation for x; in $\$. Thus, the mutated variable mé is regular
on W. Next, assume that j ¢ N*(T"). By assumption, j is not connected to s, f in I', and thus the
terms involving dlogz; are unchanged when passing from w to w/*. Thus, the pullback of the exchange
relation for z; under vy is still the exchange relation for z; in ¥/, and therefore the mutated variable

a; is regular on V. For j€ N, In(T), we claim that ', must also be regular on V. Indeed, by (3.2), 2

is regular on V' if a;j_l is regular on V.. But ¢}, (z|x) =p5(x;|v,), and z;]y, is a frozen variable in %/%,
so indeed z; is invertible on V. It follows that for all j € [n]\{s}, the mutated variable z’; is a regular
function on X since it is regular on both V and W. For j=s, x/, is regular on X by assumption.
Next, we show that C[X]| C U(X). This is equivalent to constructing inclusions 7" — X and
;i (T)— X for all j €[n]. Since X is a seed on X, we have T'C X . For the tori pt; (1), we show that the
subset X; C X where the regular functions in y;(x) are all non-vanishing is isomorphic to an algebraic
torus 1 (T) = (C*)" ™ viathe map p;: X — 1 (T) sending y € X to 2:= (21(y),-, ¥ (Y) o Zntm (¥))-

3The terminology “deletion-contraction” comes from an analogous construction for matroids and hyperplane
arrangements. Note that, in the case of cluster seeds, “deletion” corresponds to freezing xs (thus deleting s from the
mutable part I') and not to deleting s from the seed.
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If j €[n]\s then we have X; C W, and thus the statement follows since W is a cluster variety. So let
j=s. Consider the torus us(T) = (C*)"t™. Let p:= M —i—:chQ € C[X] be the exchange binomial
for x5 (cf. Assumption . Since p does not involve x5 and x/,, we can also view p as a regular
function on ps(T") compatible with pullback under ¢,. Let z= (zl, Zn+m) € s(T). Our goal is to
show that z has a unique preimage under ¢,. Suppose first that p(z) #0. Then ¢;!(z) CT, and the
result follows. Suppose now that p(z)=0. Then ¢;!(z) C V. Recall that V 22V x V3. Since 2/, = z,
the first coordinate pj o !(2) of the preimage is uniquely determined by z. The second coordinate
p20p; 1(2) of the preimage is uniquely determined by (zi)ie[n+m]\{s, 7y~ We have shown that z has a
unique preimage under ¢, which completes the proof of the inclusion C[X| CU(X). The statement
of the theorem now follows from Proposition below. O

Proposition 3.14. Let X be an affine, normal, irreducible, complex algebraic variety, and let
Y = (T,x,d,w) be an integral sink-recurrent seed on X. Suppose that C[X] CU(X). Then (X,X)
1$ a cluster variety.

Proof. The inclusions C[X] C C[zi!,. ,(:U;-)il,...,x,fim] give tori p;(T) = X; C X as in the proof
of Theorem By a standard argument, this implies that the complement of T'UJ €] X; has
codimension greater than or equal to two in X; see [Zel00, Section 3], [BEZ05, Proof of Theorem 2.10],
or [GLSBS22, Lemmas 9.5-9.8]. Since X is normal, we have C[X] = C[T U, ¢, X;] =U(X). By

assumption, X is sink-recurrent, so we are done by Proposition ]
Remark 3.15. If the seed X \* is really full rank then it follows from Assumption that X is really
full rank. Indeed, row f of the exchange matrix of ¥ contains a single nonzero entry equal to +1 in

column s. The exchange matrix of £\* is obtained from that of & by removing column s. This implies
that if ¥\ is really full rank then so is X.

4. DOUBLE BRAID MOVES

Recall from Sectionthat we have constructed a single seed X5 for each double braid variety ]%/3. In
this section, we first study natural isomorphisms between braid varieties corresponding to double braid
moves, and show that pullbacks along them are well-behaved on seeds. In Section[4.8] we show how to

apply Theorem on deletion-contraction to }025 for 8 of a particular form. Finally, in Section
we use double braid moves and deletion-contraction to prove Theorem in simply-laced types.
Double braid moves are defined as follows:

(B1) ij <> jiif i,j € £1 have different signs;

(B2) ij <« jiif i,j € +1 have the same sign and (s‘i|s‘j‘)2:17

(B3) iji... <« jij.. ifi,j€+I have the same sign and (s;s);)™% =1 with m;; > 3;

~—~—~ <~
m;; letters  m;; letters

(B4) Boi < Bo(—i*) for i€ +1 and By € (1)1

(B5) iy <> (—i)Po for i€ +1 and By € (£I)™ L.

If double braid words 8 and 3’ are related by one of the moves there is a natural
isomorphism ¢: ]O%g = ]%B’ discussed below.
Definition 4.1. Suppose that 8 and 8" are related by one of the moves M If this move in-

volves indices [,l+1,...,r, the isomorphism ¢ sends (X,,Ys) € R@ to the unique tuple (X,Y)) € Rg/ such
that X! =X, and Y’ Y. for 0 <c<lorr<c<m. Theremaining weighted flags X7,.... X, _;,Y/,... Y/,
are uniquely determined by Lemma

For the moves |(B4)[and [(B5)| the isomorphism ¢ is described in Sections and respectively.
The main result of this section is the following.

Theorem 4.2. Suppose that 3 and B’ are related by one of the moves|(B1)H(B5). If (}025,25) s a
cluster variety then so is (Rg,Xg).



16 PAVEL GALASHIN, THOMAS LAM, AND MELISSA SHERMAN-BENNETT

We then use Theorem[f.2land Theorem 3.13]to prove Theorem[I.T} see Theorem[4.10]and Sections[4.9]

and [6.3]
The proof of Theorem will occupy Sections Along the way, we will construct a seed
¥ =(T"x',d" w') obtained from ¥ 3= (T,x,d,w) by one or several mutations, followed by a relabeling.

We will show the following for moves|(B1)H(B5)]
(F) The 2-form is invariant: ¢*wg =wg.
(Q) Suppose that (1035,2 3) is a cluster variety. Then the seeds ¥ and ¢*Y g are quasi-equivalent.

Here, for a seed X = (T, x5, dgr,wpr), ¢* X = (T*,x*,d* ,w*) is an abstract seed on ]O%B defined by
(4.1) T :=¢ ' (Tp), x*:=¢*xp, d:=dg, and w*:=¢*wgy.
Note that immediately implies Theorem

Definition 4.3. A[(BL)H{(B3)|move is solid if all indices involved are solid. For i,j € I, the[(BL)|move
(—i)j <> j(—1) on indices c,c+1 is special if u.s; =sju. and solid-special if it is both solid and special.
Amove with m;; >3 is long; all other moves are short. Finally, a move is a mutation
move if it involves at least one cluster mutation; otherwise it is a non-mutation mowe.

Remark 4.4. As we will show in Section a solid-special move corresponds to a single
mutation, at the rightmost index involved in the move. The move involving ¢ solid indices
corresponds to a sequence of (qgl) mutations on the rightmost m;; —2 indices involved in the move
(see Sections 4.4/ and @ We will show that all other moves are non-mutation moves.

We will show for short moves directly. This will complete the proof of Theorem in
simply-laced types. We then use this and folding to show |(F) -, - (Q)|for long moves in Sections | I and @
Throughout the rest of this section, we fix 3,3 related by a short move and thus an isomorphism

o: Rg = RB, For a rational function or a form f on Rg/ we use the shorthand f*:=¢*f.

Remark 4.5. If all indices involved in a move |(B1)H(B3)| are hollow, then the statements
follow trivially; cf. Corollary [2.27]

4.1. Mutation move: [(B1)} solid-special. Consider the case of a solid-special move [(B1)|on in-
dices c,c+1. Since both indices are solid, we denote u:=u,—1 =t =1Uc+1 aNd W:=We—] =W =W 1.
The indices 7,j € £1 are of opposite signs; we assume that € —I and j € I as the other case is similar.
The solid-special condition yields
(4.2) u<sju=us; and S pw=ws;<w.
To show |(F), we will utilize the following relation among grid minors.
Proposition 4.6 ([FZ99, Theorem 1.17]). We hcwcﬁ
(4.3) AcjAl =Dy jAc 1+ [[AL
k#j
Proof. We may choose t,t' € C such that Z. = Zey12(t), Z5 = 2+ (t') "' Zeq1, and Ze1 = Z}_ | =
Zip () Zey12j () = S22 () Zor25 (1) $5. Let Z:=xpyy+ (') Zeyr25(t). By [FZ99, Theorem 1.17],
we have
(4.4) A 505 (Z) Awsjoos 0, (£) = Duwsjo; 55005 (£) Doy 0, (£) + HA“JSJ‘%,% (Z)~ k.
ki
Using properties of generalized minors from Section one can check that each term of (4.3]) equals
the corresponding term of (4.4]). For example, we have

Acj= Awwj Wj (Zey1g (t>$j) = Aw] Wj (w 7lzc+1xj (t)*éj) = Aw; Wj (w 7123]’) = Awwj,sj-wj (2),
where we have used u')_lacm*( NeU_w~ 1 cf. (2.12) and (# . For A a]k , k= j, we additionally used
that sjwi =wy,. ]

40Our Cartan matrix a;; := (@i, ) is the transpose of that of [FZ99]; see [FZ99, Equation (2.27)].
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We shall use the following analog of [GLSBS22, Lemma 8.10].

Lemma 4.7. Forec[0,m] and —i,j €I such that u.s; = 5|j|Ue, we have

(4.5) H AlF = H Aea]k and Le;=€Lcj, where e::{
ke+l ke+l

1, if Ue <UeSj,
=1, if ue>Ues;.

Proof. We have a; =), . rajrwi and similarly for ay;. By - the first identity in (4.5)) therefore
becomes (h, )il = (h})“*, which follows from the assumption u.c; = eay;) together w1th h =ue-ht;

cf. (2.8} - Taking dlog of both sides, we obtain the second identity. ([
Remark 4.8. Equations (4.3]) and (4.5) are true as stated in the case i,—j € I as well.

Proof of[(F)] for|(B1)] solid-special. Only the terms wg, and wg 11 change when applying the move
iBlE Note that we must have d; = d; because the simple roots «ay;|,a; are related by the action of
u€ W (which preserves the lengths of roots). Applying (4.5)), we get

;j(wﬁ_‘*};’):;j(WB,C+WB,C+1_W,Z”,c_wg',cﬂ)
=—Le1iALei+LejANLep1j—L7_ 1]/\L* +L7, ALC+1Z
=—Le1jALejtLejNLey1j—Le-1jALg j+ Ly ALt
=(Lej+ Ly ) (Lc 1+t Let1j)-
Fore€{c—1,c,c+1}, let Me:=[]; ;A ,"". Thus, M, is the third term in . By (2.9)), we have
hi =a) (ter1)hf, and by, = oy (te)he - ThlS implies that h | =« (t tc+1)h oyq since hy =u-h}.
Thus, we have M := M. 1= M,= M.y1. Since M, | = Mcy1, we get that M =M} =M7i=M7, .

Ac A* 7 —1.4 .
Set A := —3-%% and B := %. Then gives A = B+ 1. Thus, dA = dB, and so
dlogAAdlogB =0. It remains to prove that dlogA =Lc;+L; ; and dlogB=Lc_1,j+ Let1,5. Indeed,
by (2.26)), for e€ {c—1,c,c+1}, we have

1 AZ; A, .1 (A7 ;)? A%
(4.6) dlog( YA ) —dlog<M1/2> and Le’j—§dlog <]Wék —dlog<M1/2),
since M, = M} = M. Using the additivity of dlog, we get dlog A = L. ; + L ; and dlog B =
Le—1j+Ley1y- O]

Proof of for solid-special. We do not use the assumption that (10%5,25) is a cluster variety
until the last paragraph of this proof. Let x := x.41 and V := V.. Applying Propositions [2.20
and we see that
(4.7) ordyAcj=ordyAq;=1 and ordyA.;=0 for (e,k)e[0,m]x(£l)\{(c,j),(c,i)}.
In particular, dlogz appears in wg only in the terms L. ; and L.; in wgc11 = djL¢j A Let1,; and
wg,e = —d;Lc—1; A L ;, respectively. Recall from that we actually have L. ;= L.;. Using this
and d; =d;, we find

WB —Wrest =WR,eTWBc+1= dch,j A (Lc+1,j+chl,i)7
where Wyest := EeEJB\{c,c+1}w575 by Corollary Expanding the forms L. ; in terms of (dlogz,/)ere g,
via , we see from (4.7)) that dlogx appears in L. ; with coeflicient 1 and that dlogx does not
appear in wyest. Using (4.6)), we get
(4.8)  wg—uw;

rest 7

=d;dlogz A(Ley1j+Le-14) =djdlogA | dlog(Aet1;Ac1;)—dlog] JAL" |,
k#j
where w/ is a linear combination of terms dlogz. Adlogz,s for z.,z. # .
By Proposition a cluster variable z. for e € J3 may appear on the right-hand side of (4.8)
only for e > ¢. Moreover, we have already observed that d. = d; = dj = d.41. Let us denote

pe:=ordy, (Aci1,;0¢-1,;) and ge:=ordy, Hk# *. Clearly, pe,ge > 0.
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Expanding wg as a linear combination of terms dlogz. Adlogz. for e <e’ (resp., e>e¢’) via ([2.206)),
we see from (3.1 that for each e € Jg\ {c+1}, d;Be 41 equals the coefficient of dlogz. Adlogz.1,
regardle~ss of whether e <c¢+1 or e>c+1. Since x =x.41 does not appear in w/., we see from (4.8))
that d;jBe c+1=¢e—pe for all e€ Jg\ {c+1}. In fact, this identity also holds for e=c+1 since in this
case Bect1=¢e=pe=0.

Combining (4.2) and Definition we see that ul"™ = u, for all e # c. In particular, by
Definition the cluster variable x is mutable. Thus, the mutated variable z’':=x/_ | satisfies
(4.9) rx' = H abhe e 4 H xlde™Pe,

e€Jgipe>qe e€Jgiqe>pe

We have V. =V." and z. =z} for all ec Jg\{c+1}. Let V*:=V7 | and 2*:=x} . A generic point
(Xo,Ys) € V satisfies X, ki) Yo41 and Xy <= Y._1, while a generic point (X,,Ys) € V* satisfies
Xep1 <2Y, 1 and X, 1 <Yy, Thus, VAV*,

For e € J3, applying ordy, to both sides of (4.3)), we get

(4.10) ordy, A, j+ordy, A7 ; >min(pe,ge)-
For e=c+1, we have ordy A, ; =1, ordy A7 ;=0 (since V#V™), and pey1 =¢qe+1 =0 by (4.7)). Sim-
ilarly, ordy«A7 ; =1, ordy«Ac ; =0, and the order of vanishing of A7, ; ;A7 - and [, (A7)~ %*
at V'™ is zero. .

Dividing both sides of (4.3)) by HeeJﬁ\{C+1}$?ln(pe,qe), we get

ot H xle = H AL H zdePe,
e€Jg\{c+1} e€Jgpe>qe e€Jg:qe>pe
where re:=ordy, A. j+ordy, A7 ; —min(pe,qe) >0. By , we get
(4.11) =z H xLe.
e€Js\{c+1}

Now, assume that (}%5,25) is a cluster variety. We get from Proposition that the mutated
cluster variable 2’ is irreducible in C[élg]. The function z* vanishes on V* C 10%5 and therefore is not
a unit in (C[ISZB]. It follows that r. =0 for all mutable e, i.e.,

(4.12) ordy, A¢ j+ordy, AL ; =min(pe,qe) foree Jénut.
Thus, 2’ and z* differ by a monomial in the frozen variables: we have
(4.13) =z H xLe.

eGJgO
We claim that the mutated seed ¥ :=fi.41X3 is quasi-equivalent to the pulled back seed 273/. Recall
that 3%, = (T",x*,d",w") was defined in while ¥/ = (T",x/,d",w’) was defined in Deﬁnition
To show that these seeds are quasi-equivalent, we check each condition in Definition We have
d* =d’ since d; = dj. We have w’ = wg by Definition [3.2| and w* = wg by The tori T* =T’ are
both obtained as the subset of }025 where the cluster variables in {Z¢}ee s,\ (o1} U{2'} are nonzero in

view of (4.13). Thus, condition in Deﬁnition is satisfied. The set of frozen variables has not
changed, so condition is satisfied trivially. Condition (3|) is satisfied by (4.13]). O

4.2. Non-mutation move: |(B1), not solid-special. We continue to assume that the move in-
volves indices ¢,c+1, and that i€ —1, j€ 1.

4.2.1. special, non-solid. Suppose that at least one of the indices is hollow, and that the move
is special. Then it follows that c¢+1 is hollow and c is solid in both 8 and 3’. By , Lej=—Lcy1j
and Ly, =—Lg,q ;- Applying with e=1 for e=c—1,c and e=—1 for e=c+1 and using d; =d;,
we obtain
Whe _

dj

*
Wer e

_LC*Li/\LC,i:LC*Li/\LCJrl,i:L:—l,i/\Lz—&—l,i:_Lz—l,j/\LZ—H,j: * /\L:J:id 5
(2

c—1,j
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which proves The clusters xg and xz, are identical, which proves

4.2.2. non-special. We start by introducing a formalism for working with the forms L. ;. Let

A=) e rbrwy, with by €Q, and let h be an H-valued rational function on }035. We introduce a rational
1-form

dlogh®:=> “bydlog(h**).

kel

It is clear that
4.14 dlogh* 22 = dlogh* +dlogh™? and dlog(hyhe)* =dlogh} +dloghs.
1 2

For e€[0,m] and k€ I, Lemma[2.12] gives
(4.15) Le=dlog(h)*/2=dlog(h )"/, L, _p=dlog(hy)*/2 =dlog(hF)" /2,
Finally, suppose that hy =hoa) (t). Then we have
(4.16) dloghy =dloghj + (A, )dlogt.

Proof of (F)| and|(Q) - for non-special. Suppose as before that the move involves indices ¢,c+1,
and that i € —1, j € I. Assume first that both ¢,c+1 are solid, and let u:=ue—1 = ue = ucq1. Let
a:z(u_1a|i|/2,a}/> and a’::(uaj/Q,a‘\gO. Using (4.15)—(4.16) and (2.9), we get
(4.17) L.;j=Lct1,;+adlogt.qq, Lc—l 4= Lci+dlogt., L. j=Lc1;+dlogteq1;
(4.18) Ly =Lz j+ddlogty,, e—1,j =1L ;+dlogty, Li;=L:;+dlogt:, .
Since the move is non-special, the coroots oz] and u~ a‘vl are linearly 1ndependent, which implies
ty =tct1 and ¢7 ) =t.. Note also that we have L7 ;=L¢t1,; and Ly ;= Ley,j. Using (4.17)-(4.18)
to express each 1-form L j in terms of L.y1;, Ley1,5, dlogt., and dlogt.11, we find
W,e+Wg e+l —w2/7c—w2,7c+1 =(d;a’' —d;a)dlogt.Ndlogt.+1.

Since d;a’ =d;a, we get that wg =wjy. The clusters xg and xj, differ by a relabeling c<»c+1.

Suppose now that one of ¢,c+1 is hollow. For instance, let c¢ Jg and c+1€ Jz. By Corollary
we have hf =h' |, and thus L j=L._; ;. Similarly, L} ;=L ; Recall that L7, ;=Lct1,;. Thus,

c—1>
We et1 —wﬁl > and 5o wg = wgl. The case where c€ Jg and c+1 ¢ Jp is similar. The clusters x5 and

x/’g, differ by a relabeling c <+ c+1. For the case c,c+1¢ Jg, see Remark O

4.3. Non-mutation move: E Suppose that the move involves indices ¢,c¢ + 1. We have
wg,e= wﬂ, el and wg .41 —w5, o SO wg= wﬁ, The chamber minors satisfy AC—AC_H and A1 =A%
Thus, the clusters x5 and x7; 3 differ by a relabeling c<> c+1. This shows . and .

4.4. Mutation move: solid, short. We proceed analogously to the case of solid-special
in Section Suppose that the move 8 — ', iji — jij, involves indices ¢c—1,c,c+1, and that
all three indices are solid. Suppose in addition that i,j € I; the case i,j € —I is similar.

For we will use the following relation among grid minors.

Proposition 4.9 ([FZ99 Theorem 1.16(1)]). We have
(419) Ac 1A Ac+1 zAc 2 ]+Ac 2 zAc+1,j

Proof. We have Z._9 = Z.112i(t1)zj(t2)zi(t3) for some t1,t2,t3 € C. We have z;(t1)z;j(t2)zi(t3) =
2;(t3)zi(th)z;(t1) for th :=t1t3 —t2, which can be checked inside SL3. Thus, Z.—1 = Z¢412i(t1)z;(t2),
Ze=Lei1%; (tl), and Z} = Zc—i-le (tg). Let Z:= Zc_g(éiSjSi)_l . Let w:=we—1 =w.=Wc41. By [FZ99,
Theorem 1.16(1)],

(420) Awwi,siwi (Z)Awwj ,55 W5 (Z) = Awwi,wi (Z)Awon ,838jW; (Z) +Awwi,5jsiwi (Z)Awwj Wy (Z) .
Similarly to the proof of Proposition we observe that each term in equals the corresponding

term in (4.20]). O
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Proof of- for solid, short. Let 8 = Bw, and ﬁ = f'w,. By definition, ZjeJE wj (B) and
> jemWi (B) are identical when expressed in terms of the symbols A. ;. It is known ([SW21], Propo-
sition 3.25] or [BEZ05]) that Propositionimplies wj=wg. Since the same identity for grid minors

in Proposition holds on ]O:L)IB, we deduce that wg=wg. O

Proof of- for solid, short. Let z:=x.41 and V :=V,.;1. By Propositions and x is
mutable, ordy A.—1 ;=ordyA.; =1, and ordy A, , =0 when e¢ {c—1,c} or ke I\{i}.
Note that d; =d;. Collecting the terms of wg .1 +wg .+wg 41 involving dlogz, we get

1
(421) d;dlogx A (LC+1J —Lc_27i+ 5 (Lc—l,j —LCJ)) .

Applying (2.26) and using Corollary we get
1 1
Lc+1,i — LC_27Z' = dlog(Ac—H,i) —dlog(AC_Q’Z’) + §d10g(Ac_2,j) — §dlog(Ac+1,j);

chl,j —LCJ = dlog(Ac,Lj) —dlogAc,j = dlog(Ac,gJ) —dlogAchLj.
Thus, (4.21) becomes d;dlogz A (dlog(Acy1,iAc—2,;) —dlog(Ac—2iAct1,5)). The rest of the proof is
entirely analogous to the argument for solid-special|(B1)|given at the end of Seotion using ((4.19))
O

in place of (4.3)).

4.5. Non-mutation move: non-solid, short. Suppose that at least one of the indices
c¢—1,¢,c+1 is hollow. By Remark [4.5] we may assume that there are either one or two hollow indices
in {c—1,c,c+1}. Explicitly, underlining the hollow crossings, the possible moves are iji <> jij and
iji<> jij (or the moves obtained from these by swapping the roles of i and j). - -
 Forle{i,j} and e € Jg, let us denote

(4.22) A;:=dlog H AYF o Bri=dlogAgy1y, and T :=dlogt..

k#i,j
Using ([2.17] , we can express the dlogs of grid minors A, ; forl € {7,j} ande € {c—1,c,c+1} in the
symbols 1-) Usmg dlogA?_, ,=dlogA. o, forle {i,j}, we express T; in terms of T, for all indices

e€{c—1,c,c+1} which are solid in #’. Thus, we can express the forms wg_, wg,’e, ee€{c—1,c,c+1}
in terms of the symbols (4.22)). Using a straightforward computation, we check wg =wp.
We observe using Corollary that the clusters x5 and XZ)/ differ by a relabeling, which shows

4.6. Non-mutation move: Suppose that ¢ € I. The isomorphism ¢ : ]%ng = 122/3/ sending
(Xo,Yo)— (X.Y))isgiven by X! =X =Y :=X,,_1,Y) 1:=Y,_1,and (X.,Y/):=(X,,Y;) for
all 0 <c<m—1. The last crossmg in Boi and Fo(—i*) is always hollow, and thus the statements |(F)]
and follow trivially.

4.7. Non-mutation move: |(B5)l Suppose that ¢ € I. The isomorphism ¢ : ]%ng = 122/3/ sending
(Xeo,Ye) — (X.,Y]) is defined as follows. For ¢ € [m], we set (X/,Y/) := (X,,Yc) and X := X7.

c)—C

Note that Yg =Y = Y] and recall X = Yy, We let Y be the unique weighted flag satisfying
X, =22 =Yy 25 Yp. Tt follows that X}, <= Y] and Y] AN Y], so (X.,Y)) € 10%5/. The inverse map is
defined similarly: X is the unique weighted flag satisfying X RN Y.

The statementis trivial if the first crossing of 3 is hollow. If the first crossing of 3 is solid, we have

X)=X!=X; 25 X0 2R V] 2L vy =Y, =Y.
It follows that after acting on all these flags by some g € G, we can find ¢,t' € C and h € H such that
X=X =X1=1wo$;hz;(t)Uy, Xo=1o$;hUs, Yi=Uy, Yo=Y1=Y]=zp(tU,.

WoS4

Here, we have X e YO and thus Xy <='Y{, and we have used a representatlve Wo$; of wes; in Ng(H ).
Let us denote ho:=h{ = hy and hf = (h$)* = (hy)*. We have Zo =Y, ' Xo = 2+ (t') " 1iioé;h, and
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thus, proceeding as in the proof of Lemma we get ho=h. Similarly, Z} = (Yy) "1 X} =1$;hz(t),
so hiy=s;-h. Applying , we find
Lj, _;=dlog(s;-ho)*/* =dlog(ho)~*/*=—Lo,.
Applying for e=0,1, we obtain Lg; = Lo —; and Ly ;= L1 _;. Recall that L;; = L*{z Thus, we
get wg 1 :WE/,rv and therefore wg =wjp,, finishing the proof of
We now prove Let f=ify and B’ = (—1i)pp. If the first crossing is hollow, the claim is trivial.
Suppose that the first crossing is solid. We have A, ;= A:, i forall c>1and k€ £I. Thus, z.=x, for

all c€ Jg such that ¢>1. Since hj=s;-ho, Lemma implies that 2] = xl_lM, where M is a Laurent
monomial in the grid minors Agy for k # i of the same sign as ¢. It follows from Propositions m
and that M is a Laurent monomial in the frozen variables other than 1. This shows

4.8. Deletion-contraction for double braid varieties. Theorem[4.2)tells us that it is enough to
show (Rg,¥g) is a cluster variety for a single 8 in a double-braid-move equivalence class. We now
explain how the cluster algebraic results from Section apply to (Rg,X3) for a special shoice of /3.

Theorem 4.10. Let i€ 1 and consider a double braid word S=1i3" on positive letters. If (}%%5/,&5/)

and (1035/,25/) are sink-recurrent cluster varieties, then (}025,25) is a sink-recurrent cluster variety.

Proof. Suppose first that at least one of the first two crossings in 5 is hollow, in which case 1 must
be solid and 2 must be hollow. Consider an arbitrary point (X,,Ys) € }O%g. Since the letters in 3 are
positive, we have Yy =Y; =--=Y,,, = X,,,. Since ws <w,s; and wy = w,, we must have X7 &2 X,
and Xo €2 X,.. It follows that hli and hét are regular functions on }025. Choose a representative
Zy = ohy §; ' as in ([2-8), and let ¢,t' € C be such that Zy = Zsz;(t) and Zy = Zz;(t)2(t'). Thus,
t,t" are regular functions on }025. Proceeding as in the proof of Lemma we find hf = h, and
hg =hy o (t'), where b ,hi are regular on }025. It follows that Ag;=t'A1 ;. For any e € Jg such that
e>1, the function z. depends on Z5,Z3,...,Z,, but does not depend on t,t’. By Proposition we
have Ag ;=21 M for some monomial M in {z,}c>1. The Deodhar hypersurface V; is clearly given by
the equation ' =0. We conclude that z1 =¢'. We thus have an isomorphism
(4.23) riRg S Rip xCF, (XaYa) = (X1, X Y1, Vi) 1),
Moreover, since A1 ; = M involves only frozen variables, we see that 1 is connected to only frozen
indices in f‘(E/g). It follows that the principal parts of X5 and X, agree, and therefore (10%5,25) is a
sink-recurrent cluster variety. Moreover, if ;5 is really full rank then so is Xg.

Suppose now that the first two crossings are both solid. Our goal is to apply Theorem [3.13] Recall
from Propositionthat ]O%B is affine, smooth (and thus normal), and irreducible. We now show that

¥ g is sink-recurrent. Let I':=I'(X3). The seed Z}f is obtained from ¥;5 by adding an isolated frozen

variable 1, and EEN?(F) is obtained from ¥ by adding isolated frozen variables x1 and x2, so both
of these seeds are sink-recurrent.

Next, the variable 1 is frozen in 3. We claim that B 12=1,and B 1 =0 for mutable ¢>2. Indeed,
since the first two crossings are solid, we have ug = u; = us = id. Moreover, since i1 = i9 = i, by
Definition we get that uéc> :u§c> for all ce€ Jg such that ¢>2. (For c=2, we have u? =id and

u§2> =s;.) Let ¢>2 be mutable so that u(<)0> =id. Then u§c> =id, and thus by Proposition we have
ordy, A =ordy, Ay, =0 for all k€ £1. Thus, dlogz. does not contribute to L ;, and so Bi.=0.
By Propositions and we have ordy, Ag; =ordy, Ay ; =1, ordy, Ag ; =ordy, Ay ; =0 for all
jeI\{i}, and ordy; Ay j=ordy,Ag ;=0 for all j€I. Thus, Bz =1.

Next, by Corollary the sum of terms of wg involving x3 is clearly of the form d;dlogzs AdlogM
for a Laurent monomial M in x, and thus ¥ is integral at 2. We have shown that Y satisfies
Assumption[3.11
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o .. B5
Next, we show that the mutated cluster variable x4 is regular on Rg. We apply the moves i’ ()

(—i)ip’ i(—i)B’. Denote X :=xX(_;);p and X:=x;(_;)g . It follows from the argument in Section|4.1
that 9 is mutable in 3 _;);5/, and by , its mutation &, is regular on é(fi)iﬁ’v as it equals the
pullback &5 times a monomial in the other cluster variables in x with nonnegative exponents. As
explained in Section the seeds Yp and X(_;);4- are quasi-equivalent. By Lemma we find that
the mutation 2, differs from i, by a unit (cf. part (3)) of Corollary, and thus z, is regular on }025.

Let W:={z2#0} V:=Va={z2=0} be the open-closed covering of ]%5 coming from xy. Our final
goal is to construct isomorphisms

W= Ry xC*2V(SY) and  V2VixVo=Spec(Clzh]) x Ry ZCx V()

satisfying the conditions of Theorem Recall that by Proposition [2.21} for e € Jg, e >2, we have
ordy, A ; =0 if and only if ordy, Ag; =0. Moreover, the same proposition implies ordy, Ag; =0. It
follows by Propositionthat A1 ; is equal to x9 times a monomial in the frozen variables, and that
Ay, is equal to x1 times a monomial in the same set of frozen variables. Since W is the complement
of Vi, we see that (X,,Y,) € W if and only if X; <2 Y] = X,,. Thus, hf is a regular function on
W. We choose a representative Z; = u')ohir and let t € C be such that Zy = Z;2;(t'). Then we get
t'=2Ao; /A1 =Mz /z2, where M is a Laurent monomial in the frozen variables other than ;. Simi-

larly to (4.23), welet r: W—>Io?i/3/ x C* be the map sending (X,Ys) to ((X1,...,.Xn,Y1,....Y0),Mxz1/22).
By assumption, we have R;g =V (3;5). The frozen index 1 is only connected to other frozen indices

in f‘(E 3). Thus, the seed E}f is obtained from ;5 by adding an isolated frozen vertex, and therefore
V(Egz) =VY(3;p) x C*. Adjusting the isolated frozen variable by a Laurent monomial in the other

frozen variables, we see that the pullbacks of z1,...,Z,+n, under the inclusion V(E}f) =W — X are

indeed the same-named cluster variables in 22;2. This verifies the assumptions on ¢y in Theorem|3.13

Now suppose that (X,,Ys) € V. We have Xy <= X,, but not X; <= X,,, so we must have
X, &2 X,,, and therefore Xy <= X,,. Consider the map r : V — 103/3/ x C sending (X,,Ys) to
((X2yee s X, Yo,..., Y ),2h). We claim that this map is an isomorphism. To construct an inverse, we
need to show how to recover X, X1,Yp,Y7 from the image of ». We have Yo=Y, = X,,,. Also, X; is
uniquely determined by Y; =Y5 and Xs, since Y o X, 2 Xs. It remains to recover Xy. Note also
that we can recover the cluster variables z., e > 2, as well as the mutated cluster variable x4, from
the image of r. Since (X,,Ys) €V, the frozen variable z; is also recovered from the exchange relation
0=xz9xh =M +x1 M, for zs.

In order to recover X1, we apply moves i1/’ (—i)ip’ i(—i)ﬁ’ as we did above. Let (X,,Y,)
denote the image of (X,,Ys) in ]o%i(,l-) g under this isomorphism ¢, and let X :=x;_;g. As in Sec-
tion let Y| be the unique weighted flag satisfying Xy == Yy 25 Yy. Then Xo= Xy, and Yo =Y5,
and (X1, Xo,Y0,Y1) = (X2,X1,Y,Y]). We have that Yy is uniquely determined by X, Y5, and %:
if 9 =0 then Y[ is uniquely determined by Y5 & Yy L5 X, otherwise, we have Xo <22 Yy, and
the values of X uniquely fixes the Uy x U-double coset Z; := (Y])~! X5 which determines Y{. The
weighted flag X is then uniquely determined by X~ X =2 Yy. It thus suffices to show that X is
uniquely determined by the image of r. For e € J3, e >2, we have &, =x.. Moreover, &} =M/ for
some monomial M in the frozen variables z. other than x; (all of which must satisfy e > 2 since 3 is

mutable). Finally, by (4.11)), 2 differs from 2%, by a monomial in the cluster variables other than 5.
We are done with verifying the assumptions on ¢y in Theorem [3.13

We have verified all conditions in Assumption|3.11{and Theorem Thus, (]035,2 3) is a cluster
variety. We have already shown that it is sink-recurrent.
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4.9. Proof of Theorem for G simply-laced. We proceed by induction on the number m of
indices in 8. Recall that we always assume 0() =w,. The base case is m =/{(w, ), where all indices

are hollow. The cluster algebra is Ag=C and the braid variety Rg is a point.

Suppose now that m > £(w,). Applying and we can assume that all letters of 3 belong
to I. Since G is simply-laced, all braid moves are automatically short. Applying|(B2)H{(B3)], we may
therefore transform g into a braid word of the form (;4¢832 for some braid words 31,82 and t € 1. We
can also apply conjugation moves to [3: if 5=7j0y, the conjugation move consists of the moves

(4.24) 8= B (_j)5, B BT g B g

Applying conjugation moves, we may further transform f§ into the form f’ :=ii3237, where 57 is
obtained from (; by applying the map j— j* to each letter. Utilizing the inductive hypothesis and
applying Theorem to ', we find that (Rg, X ) is a cluster variety. It follows from Theorem

for short moves) and Corollary (3.10[that R ,28) is therefore also a cluster variety. 0
BB

Remark 4.11. It follows from our proof that the seed X3 is really full rank when G is simply-laced.

Indeed, this property is preserved under moves |(B1)H(B5), and by Remark is compatible with
deletion-contraction.

Finally, we show that for G simply-laced, double braid moves correspond to mutation equivalence.

Proposition 4.12. Suppose that G is simply-laced and 3,3 are related by a braid move|B1)H(B4).
The seeds 25,22, are mutation equivalent (up to relabeling cluster variables).

Proof. By Theorem for simply-laced G, (1:25,25) is a cluster variety. By m there is a seed X,
which differs from X3 by mutation and possibly relabeling, such that X' ~ E:g,. We claim that these
seeds are actually identical. Indeed, choose a double braid word 5y such that all cluster variables of
8,8 become mutable in 8:= 8,43, BI :=Bpf; cf. Lemma|2.25| Let ¥ be obtained from Y5 using the

same mutations and relabeling by which ¥’ was produced from X3. Now, (}OEB,E B) is also a cluster

variety, so by [(Q)} %/ ~ EE,. Since all frozen variables of ¥/ are mutable in Y, it follows that the seeds
¥’ and X, are identical. O

5. FoLpING

Before completing the proof in Section[6] we review some background on folding. We first compare
Deodhar geometry (Section in the case of a multiply-laced group G to the case of the “unfolded”
simply-laced group G. We then review folding on seeds.

5.1. Pinnings. Let G be a complex, simple, simply-connected algebraic group. Choose a pinning
(H,By,B_,x;,y;;i € I). Then there exists an algebraic group G of simply-laced type with pinning
(H,By,B_, iy, 51 € I); see [Lus94, §1.6]. We have a bijection ¢ : I — I which extends to an
automorphism o : G— G, and a map ¢: G — G which yields algebraic group isomorphisms
1G5 G, HSH, By S (By)’, Ui (Up).

The maps gB. —t(g)By and gU, — 1(g)U, induce isomorphisms of varieties:
(5.1) 1:G/B, 5 (G/By)° and G/UL S (G/UL)C.
For the first isomorphism, see [Lus94} §8.8]. The surjectivity and injectivity of the second map follow
from that of the first by a straightforward computation.

For an element ¢ € I, we denote by ¢ C I the associated o-orbit, i.e., the orbit under the cyclic
group generated by 0. We also let —i:={—i' | i’ €i} C —1. We let {c | i’ € I}, {&) | i’ € I}, and
{wy |7 € I } be the simple roots, simple coroots, and fundamental weights of the root system of G.
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Letting ay jr := (dur ¢ ,> be the entries of the associated Cartan matrix (and setting a(_j(—;):=as
and @41 (x57) =0 as before) we have
(5.2) di=li| and ajj=) gy forallije+l and i €.

J'€d
The Coxeter generators of the Weyl group W of G are denoted by {5 |’ € I}. Restricting ¢ to the
normalizer of H, we get a group isomorphism
(53) L:W%WU, Si'_>H'§z"-
Here the order inside 2 is immaterial since the Correspondilnegzelements 5, commute. It follows that the
longest element w, € W gets mapped under to the longest element W, of W, because o: W — W
preserves Coxeter length and therefore w, € W. The following result is immediate.

Lemma 5.1. Let B1,By € G/Uy. If Bi % By then o(B1) ““Y u(By). If Bi = By then o(Br) 2
(By). In particular, if B; == By then 1(B1) == 1(B3).

5.2. Braid varieties. Let f=1iyig...i,, € (I)™ be a double braid word. Let 3=4}i}...i’- € (£I)™ be
obtained by concatenating the letters in 41,22, ...,4y, (choosing the order inside each . arbitrarily),
where m:=|i1|+|i2|+ - +|im|. Welet A\g:[m]— [m] denote the unique order-preserving map satisfy-
ing \)\gl (¢)|=|ic| for all c€ [m]. It is clear that an index c € [m] is solid (resp., hollow) if and only if all
indices in )\El (¢) are solid (resp., hollow). In other words, the set J 5 of solid crossings for 3 is given by

(5.4) jB:)\El(Jg).
Let 307/’3 be the variety of tuples (X,,Y,) of weighted flags in G /U, satisfying

) o) k)

Xo X ¢ . o Xm
J= |
Yo i Yo

Let y[g be obtained by omitting the condition X0 Lo Ys. Lemma yields isomorphisms :)% = JO)B
and yé QJ}B Let RIB be the quotient of yg by the free G-action. Then R’ = R~

The map o acts on the varieties yﬁ, yﬂ, and RB termwise by acting on each X, and Y. Let TB C Rﬁ
be the image of the Deodhar torus T C R under the isomorphism Rﬁ & R’ We have the following

straightforward result.

Proposition 5.2. Applying ¢ termuwise yields isomorphisms

(5.5) Vo= (V)7 YVs—(V5)7, Rg—(Rj)7, and Tp—(Ts)".

5.3. Grid minors. Recall that we have the character and cocharacter lattices X*(H): Hom(H CX )
X, (H):=Hom(C*,H). The map ¢: H — H induces a map t: X, (H) — X, (H) sending o) — >, ;00
for i€ I, so that o(a) (t)) =]1;e; 6 (t) for t € C*. It also induces a map ¢* : X*(H) —>X*(H) sending

Wy +>wj for all i € I and i’ €4, so that (k)" = h¥i for h € H. Tt follows that for all g€ G, v,w € W,
i1€1, and i’ €14, we have

(5.6) Ao wwi (9) = Ayw)iy w(w)wy (L(9))-

Let (X,,Ys) € ]O%’B As usual, for ¢ = 0,1,...,m, we denote Z.:= Y, !X.. Let @ := t(u.) and
We:=1t(w,). For i’ € I, consider analogs of grid minors for R:
(5.7) AL i (Xe,Ye)=Aioiry iy (Ze), ALy (Xe,Ye)= A ooy ic iy (Ze)-
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Comparing ([5.6)—(5.7)) to Definition we find that the grid minors on }035 are pullbacks of the
minors defined in (5.7)): for ¢=0,1,...,m, i€ +1, and i’ €1, we have

(5.8) L*A'm, =Ac;.
Using Corollary [2.14f we obtain the following description of chamber minors on ]%g, which we denote
by Ay, ¢ € Js; cf. (5.4).

Lemma 5.3. Let ¢ € j5 be a solid crossing for B. Set i’ :=1i!, and c := \g(c) € J. Then the

isomorphism éﬁ = O’ﬁ sends the chamber minor Ay to A’C_M,, and we have (¥ é_l’i, =A,.
5.4. 2-form. Our next goal is to show that the two-form also folds.

Lemma 5.4. Let wg be the pullback of the 2-form wg on IO%B under the isomorphism ]o%’ﬂ = }035. We
have *wy=wp.

Proof. Recall from (2.26)-(2-27) that we have 1-forms L¢; = >, 1 ;agdlogA.j on ]O%g for (c,i) €
[m] x (1), and that for c€ [m] and i:=1i,, we set w.(8) :=sign(i)d; Le_1;ALc;. Fori'€ +I, introduce
a 1-form L, ;== %Zj/eijdi’j’dIOgA/qj" By Corollary we have

(5.9) wi=Y sign(ic) > L. | yALL,.

cEdg ST
Next, applying (5.8]) and (5.2)), we see that for all c€[m], i€ +1, and i’ €%, we have
1 1
(5.10) L*Lé7i/ =" 5 Z di/j/dIOgAévj/ = 5 Z Zdi/j/ dlogAc,j :Lcﬂ‘.
jlexl Jjexl \j'€j

The result follows by combining ((5.9)—(5.10|) with (5.2)). O

5.5. Folding seeds. We briefly review the notion of folding seeds, following [FWZ16), Section 4.4],
though translating into our conventions.

Definition 5.5. Let ¥ = (T,4,d,&) be a seed with d = (1,...,1), with mutable indices J™" and
frozen indices J™. Let o be a bijection acting on J = Jmut | jfro Tet J be the set of o-orbits, and
for j € J, we denote the corresponding orbit by j. An orbit is mutable (resp., frozen) if it consists
entirely of mutable (resp., frozen) indices. The bijection o also acts on the set of cluster variables by
o(dj) =24y We call > weakly U—admissibl if:
(1) Every orbit is either mutable or frozen.
) The 2-form w is invariant under the o-action.

(2
(3) For all a,a” € J™* in the same o-orbit, Byer =0, where B is the exchange matrix of 3.

Part implies a natural decomposition J = J™ ] o The map o also acts on the torus T
by permuting coordinates. Notice that 7 is isomorphic to (C*)II. We denote by ¢ : 77 < T the
inclusion map.

Definition 5.6. Suppose ¥ is weakly o-admissible, with notation as in Definition The folded
seed is a seed with index set J = J™ 1] defined as 1*¥ =% := (T ,x,d,w) where

T:T‘T;

[}

o x=(z;)jecs, where for j€J, xj:=*&; for any j'€j;
o d;j=|j| for jeJ;

o w=*w.

0ur notion of weak g-admissibility differs from the notion of admissibility in [FWZI6, Definition 4.4.1] in that we

do not require that for any a’,a” in the same orbit and any k' mutable, By Borjr > 0.
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Note that x; is well-defined, since ("1 = ("% ,(;) for all j' € j. The exchange matrix B of ¥ is
therefore written in terms of the exchange matrix B of ¥ as
(5.11) Bay= Z By, wheret' €b is arbitrary.

a’'ca

In particular, if ¥ is integral then so is X. For the rest of this subsection, we assume that > and ¥ are
integral. ' . . .

For weakly o-admissible ¥ and j € J™*, we denote by ;5= () the result of mutating 3 once
at each index in j, and call p; an orbit-mutation. Note that ;1;3 does not depend on the order of

mutation. The seed uji] may not be weakly o-admissible; we introduce the following notion to avoid
such mutations.

Definition 5.7. Let 3 be a weakly o-admissible seed and j € J™. We call i quasi-admissible if
for all k€ J™* we have By By >0 for all k' k" €k and j' € 5.

The name “quasi-admissible” is justified by the following proposition.

Proposition 5.8. Let Y be a weakly o-admissible seed and j € J™, If pj is quasi-admissible, then
1 (X) is weakly o-admissible and

1 (L7E) ~ 05 (15 %),
where ¢j 1s an inclusion of the associated tori.

Proof. We use the notation of Definitions and In particular, let ¥ :=:*3 be the folded seed

on index set .J. Since the exchange matrix B of ¥ is skew-symmetric, it is equivalent to a quiver Q;
we will use the two interchangeably.

It is clear that p;X satisfies condition of Definition Because there are no arrows be-
tween vertices in j, mutating at all vertices of j shows that the exchange matrix of u;Y satisfies
(,ujB)a/b/ = (ujB) o(a)o vy for a',b' € J. The assumption that fj is quasi-admissible implies that for

ke ™ (u;B)wi =0 for all k' ,k"” € k. Thus, ,ujfi is weakly o-admissible.

Let 31 :=p;j(X) and ¥y := ' (uji]). Let y and z be the clusters in ¥; and X, respectively. For
k7, yr = 21 because both are equal to the cluster variable x of 3.

To analyze the relationship between y; and z;, we need the following notions. Let a,k € J and
choose a’ € a, k' € k. We call a path / — k' — a” in Q a bad path if a/,a” are in the same orbit;
condition of Definition implies that no bad path in Q begins or ends in a mutable orbit. Let
Py be a maximal (by inclusion) collection of arrow-disjoint bad paths with middle vertex &’.

In 3, for j/ € §, the mutation :'cg./ of & is defined by the exchange relation
@yl =MN'+M"N", where

N':= H Lo and N":= H Ta,

(a'—=j'—a)ePy (a'—j'—a'")EP;

and M’,M" are the appropriate monomials in the cluster variables of 3. Notice that if 4 appears in
M’ and iy appears in M" for a’ €a, b’ €b, then a#b, by the maximality of Pj. Notice also that by
assumption, N’ and N” are monomials in the frozen variables. We set N :=*(N’) =*(N"). Using
, we have

* ! * " * ! * "
(5.12) L*(Q‘C;,,):NM7 and Mj(xj):M-

T 5 € g

This shows that the tori and the lattices spanned by the frozens of ¥1,Ys agree, and that cluster
variables differ by Laurent monomials in frozens. The multipliers d of both seeds are the same by
definition. The 2-forms of the two seeds agree by the functoriality of pullbacks. 0
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6. PROOF OF THEOREM [[L1] FOR G MULTIPLY-LACED

Fix multiply-laced braid words 3,8’ related by a long braid move so that
B=P01 iji.. P2=p1002 and B'=p1 jij... P2=[18 P
~—~ N~~~
m;; letters m;; letters

By Deﬁnition we have an isomorphism ¢: }035 l)ﬁ/g/. The goal of this section is to ShOW
and thus Theorem for the geometrically defined seeds Y3 and ¢*X g, and a particular mutation
> of X3 (defined i). We will then show Theoremfor G multiply-laced in Section and
discuss consequences of Theorem [I.T]in Section[6.4]

Note that we already have shown Theorems [I.1] and [£.2] for simply-laced braid varieties.

6.1. Proof of - for long braid moves. Let 61, 62,5 &' be lifts of B1,532,0,0' , respectively, following
the conventions of Sectlon Define 3:= 31032, 3':= 316’ B which are lifts of 3 and 3, respectively.
There is at least one sequence of short braid moves relating 3 and B’ ﬁx such asequence of braid
moves and denote the corresponding isomorphism of braid varieties by b R 5 R G
Throughout this section, we abuse notation and use ¢ to denote the compositions
L}%gl)(élﬂ)a‘%é%;éﬁ and L:}%B/i)(élﬂl)a‘%élﬂl l)]%ﬁ,

Lemma 6.1. We have the equality Logb:q;ou

Proof. Observe that the words 8,6” are reduced. Thus, the sequence of moves from 0 to &’ fixes
the weighted flags to the left and right of the indices involved in 6,¢’, and all weighted flags in between
are uniquely determined; cf. Definition [£.1] O

Lemma 6.2. We have wg=¢*wg ; that is, |(F)| E holds for 3,3'.

Proof. We have wg=1"wj; ng =o¢p** wp = ¢*wgr, where we have used Lemman )| for B, 5/
Lemmal6.1] and Lemma again (m that order).

6.2. Proof of for long braid moves. We continue to use the notation established earlier in
this section. Without loss of generality, we assume that either 6 =ijij (in the case when «a;,a; form
a root subsystem of type Bg or Cy, where |[¢|=2 and |j|=1), or 6 =121212 (in the case of G =Gj,
where |1|=3 and |2|=1).

The words 6,0 involve indices 7+4-1,...,r +p, and for convenience, we decrease all indices by 7 so that
9,0" are supported on 1,...,p. Similarly, we assume that §,0" involve indices 1,...,p. We define the seed
(6.1) %' 1= Thold © pgold (),
where To)q is a permutation and pg)q is a sequence of mutations involving 1,...,p. We list 714, f4fold
in Table In our tables, we only list the restriction of 7¢,q to the solid crossings in 1,...,p. We
would like to show that X" and ¢*¥ g are quasi-equivalent. To do so, we will eventually fold the seeds
E and Xz G and then establish a chain of quasi-equivalences involving the folded seeds, ¥/ and ¢*X .

As a first step, we fix a particular sequence S of braid moves E between the lifts 8,5', and thus

also fix ¢. By Theoremsu and., 2| there is a corresponding mutation sequence pip,aiq and relabeling
Thraid Such that

(6 2) Tbraldoﬂbrald( ) ¢ EV,

where the seeds E E are the seeds denoted ¥ 5,35 in Sectlonl The sequence S of braid moves is
chosen so that ,ubrald and Thraid are as in Table E]

i }Ne have the relabeling maps Ag: [i] — [m] and X : [/2] — [m] as in Section where 3,5 (.resp.,
B,6") are on m (resp., on m) letters. By construction, we can extend the action of o from I to J 5 and
J E Specifically, for each letter i, in 8, o permutes the letters ¢, in the corresponding consecutive
subword )\Igl(c) of 3, and similarly for 3.
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Proposition 6.3. Let C'C Jg be the set of indices ¢ such that none of c €c is used in pipraiq, and let
C::/\gl(C). Let C'CJg and C' C Jj, be defined similarly. Then

v (Egc) ~ Z>J>C and v (E%,C') ~ EE/CI.

Proof. We focus on the first quasi-equivalence. By Lemma [6.2] it suffices to show that for each
ecJg\C and €' € /\gl(e), we have 1* () = .. Let us fix such e,e’. Choose also c€ [0,p], k€I, and

k' € k. Tt is enough to show the statement
(63) Ol“dve Ac,k :Ol"dve// A/c,k”

where V, C Vg is the Deodhar hypersurface corresponding to i € (C[}O%B] = (C[}Oflﬂ] and Af;, was
defined in Section [5.3l o

We observe that the hollow crossings in 6,0’ (and thus in ,0’) have a very special form: one of 4,0’
has hollow crossings in positions [r+1,p], while the other one has hollow crossings in positions [r,p—1],
for some r; cf. Table m In this case, computing ordy, A, is straightforward. Flrst suppose
that e <r. Then all crossings in [p] to the left of e are solid. It follows from Propositions[2.20/and [2.21]
and Corollary [2.14] that for c€ [0,p] and k € I, we have ordy, A, =1 if (¢,k) € {(e—1,ic),(e —2,ic)}
and ordy, A x =0 otherwise. Applying the same argument to compute ordy A’q > We obtain .
It remains to consider the case e=p when the hollow crossings are in positiong [r,p—1]. The crossings
r—1 and r—2 are solid, so Proposition“implies that ordy, A, =0 for k= ir ,c<r—lork=i,_o,
c<r— 2 Here {iy_1,ir—2} ={i,j}. For c=p—1, we have ordVeAck = (wg, > by Propositions [2.20
and [2 Thus, for c € [r,p—1], Lemmalmphes that ordy, A = (cuk,szc+1 “Sip 1O o). We have
thus determined the values ordy, A, for all (¢, k) € [0,p] x {i,5} except for (¢,k)=(r - yir—2). By
Corollary 2.14) we have ordy,A,—1,_, = ordy, Ay, _,. It is clear that we have ordy, A,y = 0 for
keI\{i,j}. Computing ordVe// A’Q i via a similar argument, we obtain (6.3)). O

For the remainder of the section, let C,C,C",C’ be as in Proposition |6.
The sequence pipraiq is ill-adapted to folding, so we find another mutation sequence g relating
- i and a relabeling ;s of qb Y- G Explicitly, gy is a sequence of orbit-mutations lifting the sequence

folq from Table and T is given in Table Part (1)) of the next result generalizes [FGOG,
Theorem 3.5], which concerns the “all solid” case.

Proposition 6.4. Let s, and g be as listed in Table|1(e—f ). Then
Thraid © Ubraid (24 3) = Tlift © Hlift (243) -
(1) (25) (X5)
(2) pug is a sequence of quasi-admissible mutations of X.%C.

We delay the proof of Proposition to the end of the section. Proposition and part of
Proposition [6.4] together imply the following result.

Corollary 6.5. We have L*(ulifti%c) Nufold(L*E%C).

Proof of for long braid moves. We have a string of quasi-equivalences:

X5 )~ prpora (X57) ~ prpolaX
where the first quasi-equivalence is Corollary and the second follows from Proposition and
Lemma[3.9] On the other hand,

c’ c’ - \C’
(thtz\ )= (Thfto¢ 2\ )= Trfoldo[’ (¢ 2\ )= Tfold ¢ (¢ E%/ )~ Tfoldo¢ 2,3' ;
where the first equahty holds by Prop031t1on and ., the second holds by direct computa-

tion (cf. Table [L(c—f))), the third holds by Lemma and the final quasi-equivalence follows from
Proposition and the fact that ¢* preserves quasi-equivalence.

Summarizing, we have that ufolegc is quasi-equivalent to (a relabeling of) qﬁ*Zg,C,. Notice that

the cluster variables of Mfoldzgo, resp., qﬁ*Zg?/ are equal to the cluster variables of p1923, resp.,
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¢*Xg. By assumption (}035,2 3) is a cluster variety, so Proposition implies the cluster variables of
Hfola2 g are irreducible elements of C[}O%ﬁ]. On the other hand, by Corollary the cluster variables

in ¢*¥ g are irreducible elements of C[]flg]. Thus, the cluster variables in jig143 8 and ¢*X g can differ
only by units and ps1433 is quasi-equivalent to (a relabeling of ) ¢*¥. g

Proof of Proposition[6.. Recall that B=Pp1685 and B’ =318’ 32, and that we index the crossings of
by 1,...,p. Let J:=J\C be the set of indices which are mutated in fi5014.

We show part . By [GSV08, Theorem 4], a seed in A(E 5) is uniquely determined by its cluster,
so we need only check (|1]) at the level of cluster variables. This is easy to check for the cluster variables
{z.:ceC} which are not touched by either mutation sequence.

Let 23 = (%,Q), and let Q,es be the induced subquiver of Q on J := )\EI(J). Let eres be the framing
of Qres; the extended exchange matrix of QI is thus of size 2|.J| x |.J| and the bottom |.J| x |.J| subma-
trix is the identity. We denote by Y, the seed (y,Qf{%) for some cluster y. By [FZ0T7, Theorem 3.7],
to show , it suffices to check that

(6.4) Thraid © Hbraid (Xres) = Tiife © fuift (Xres) -

The relevant cluster variables in fipraiq (2 5) and fi501q(2) can then be obtained from those in by
specialization determined by Q.

To check , recall the description of the orders of vanishing of the cluster variables in .J from the
proof of Proposition This description only depends on which crossings in 5,5’ are hollow, which
in turn is determined by which crossings in 32 are hollow. This implies that to compute Qyes, We
may assume (s is a type Az braid word (in the By/Cy case) or a type Dy braid word (in the G4 case)
consisting entirely of hollow crossings. Applying the algorithm from Section (7| (to the simply-laced
braids B,B’ ; cf. Remark , we get that Ores is a3 displayed in Table Equation may then be
verified by computer.

Part is also established by direct computation in OQres. ]

This completes the proof of Theorem for long braid moves.

6.3. Finishing the proof. We now have shown Theorem [£.2] for all braid moves. Theorem [I.1] for
multiply-laced G follows by the argument in Section[£.9] Repeating the proof of Proposition [£.12] we
have the following.

Proposition 6.6. Suppose 3,5 are related by a braid move . The seeds Z/B,ZZ/ are muta-

tion equivalent (up to relabeling cluster variables).
Continuing Remark we obtain the following.
Corollary 6.7. The seeds Xg are really full rank for all 3.

6.4. Curious Lefschetz property. We now briefly discuss the consequences of our results for the
cohomology H* (1%,@); we refer to [LS22] and [GLSBS22] Section 10.1] for further details. Recall
from Proposition that }025 is a smooth, affine, complex algebraic variety of dimension d :=d(f3).
The mixed Hodge structure [Del71] of H ’“(}?ZB,C) endows the the cohomology group with a Deligne
splitting Hk(l%g,(C) =D, Hk’(p’q)(lo%g,(C). Since 10%5 is a sink-recurrent cluster variety of really full
rank, it follows from [LS22), Theorem 8.3] that H*(]?Eg,(C) is of mized Tate type, i.e., H*P1) (]%5,@) =0
for p # ¢q. The form wg, which coincides with the GSV form [GSV10] in view of , defines an
element [wg] € H2’(2’2)(1%5,(C). When the dimension d of 10%5 is even, we say that }025 satisfies the
curious Lefschetz property with respect to [wg] if the cup product induces isomorphisms

[ws) P HPH D) By €) = H2-prs (2d-p2d-p) (R ©)
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By/Cy: Ga:
d—0d Hfold Trold
121212212121 | f63.465.63.456) | (3345 6 5)
=0 Hold Trold 1212125212121 | p(3.4,534,5) (é 143 Z)
i =311 | nasw | (225 0) 1212125212121 | pgsa6s4 (2774%)
=i | wa | (313 121212212121 K130 D
iig—gigi | ms | (313) 121212 212121 1(6,3.6) (27%5)
ijij—jigi | id (7 121212 212121 13 (30
ijij—jiji | id () 121212212121 116 (:75)
ijij—jigi | id 6 121212212121 id (:3)
ijij—jiji | id () 121212 212121 id (:9)
(a) 121212212121 id )
1212125212121 id (g)
(b)
[p]\ J 8 Hbraid Thraid
@ H(8,9¢5,6¢7,8¢11¢10,9,5,12,6,10,8,5,11) (; fzg i ? t5; 2 Z 5 191 }g 181 }g)
[p]\,j[; Hbraid Thraid {12} H(8,5,6,7,8,11,9,5,6,10,8,5,11) (; Sl mesiiio 181)
0 14(4,5,6,4) (é 1551 2) [9,11] 14(8,5,6,7,8,12,5,6,8,5) (i Siloesn 182)
{4,5} U6 (; 23 Z) 9,12] 14(6,7,5,6,8,5) (;, 13inizs 180)
{6} [i(4,5) (; e 5’) 8,11] 14(6,5,7,12,6,5) (; 541675 182)
{4,5,6} id (é 2 f) 8,12] H(5,6,7) (; 34110m 172)
(34,5} id (29 [5,11] fi12 (3511 7%)
{1,2,3,4,5} id (?) [5,12] id (110 Ty, 41;)
(3456} | id (i3 [4,11] id 3341
© 2.12] id (i)
[1,11] id ()
(d)
[p]\jg it Tlift
0 H(12,5,6,7,8,12,9,10,11,12,5,6,7,8,9,10,11,12) G § Z f 2 ? ; i 190 i? 1; 192)
[P]\jg Hift Thift {12} H(5,6,7,8,9,10,11,5,6,7,8,9,10,11) G il esion E)
0| 1456 (; 2340 2) [9,11] H(12,5,6,7,8,12,5,6,7,8) HHND
(e) [9,12] 1(8,5,6,7,8) (; § i 11 150 161 172 S)
[8,11] 1(5,6,7,12,5,6,7) G 5i1c0s 152)
(f)
TABLE 1. The mutation sequences pufod, Mbraid, Mift, and the relabelings 74,

Thraid, Tt used in Section [6]  Hollow crossings are underlined.

:u(ah...,ar) =

5:

Z'/i//jlili//j/’

— j/i/i//j/i/i//;

Ubraid coincide are omitted; we define Tyg := Thraiq in those cases.

fay © = O fiq,. For the case Bo/Cy, we denote ¢ = {¢',i"}, j
for Gy, we denote 1 = {1, 3,4}, 2

We denote
= {j‘/}v
= {2}7
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Type || B2/C> Go
T—— 11 T——— 11 [ 7 7 7
o 5>6 ﬁéwéox 6%‘410 6& 6& Gk
4 eS| 87| s 8| I
55 —9 p2 g | s — |5 5
P\ Jz | 0 0 {12} [9,11] 9.12] | [8,11]

TABLE 2. The quivers Qes from Proposition listed in the same order as in
Table |l (e—f)l In the cases where pipyaiq = fuift, Qres has no arrows.

for all p and s. We also say that ég satisfies (the weaker) curious Poincaré symmetry if
dimHPt@P) (R C) =dim B2 Pt (2d-p2d=p) (IO%B,C).
The following result is a consequence of the results of [LS22]; see [GLSBS22, Theorem 10.1] E]

Theorem 6.8. FEven-dimensional double braid varieties }03/3 satisfy the curious Lefschetz property

with respect to [wg] and thus also curious Poincaré symmetry. Odd-dimensional 10%5 satisfy curious
Poincaré symmetry.

Note that if d = d(5) is odd, one can always add an isolated vertex to the seed ¥, and the corre-
sponding variety RgxC* will satisfy the curious Lefschetz property.

7. COMBINATORIAL ALGORITHM

The exchange matrices for our seeds X3 are defined via Deodhar geometry. In particular, writing
wg in terms of dlogz. Adlogz, requires knowing orders of vanishing along Deodhar hypersurfaces. In
this section, we give an algorithm to compute the order of vanishing of A, on V., which determines
our cluster algebras.

Let ¢ € [0,m]. The function ht of Section is an H-valued character on Tj. We may thus
write ht = HeeJﬁfﬁc,e(xe), where vfic’e are cocharacters of H satisfying v, . ZUC'W;C,e' By
and , for all c€[0,m] and k€I, we have
(7.1)

A _ (hi)wk _ H <""’9"Y,6i‘,c,e> d d(ﬁ)A _ +
otk - Te , andso ordy Ac ik <wk,’)’5,c,e> for allee Jg, c€[0,m], kel.
e€Jg

Lemma 7.1. Let c€[0,m] and let e € Jg be such that e>c.

(1) Suppose (3’ is obtained from [ by removing the first c—1 letters. Then Vﬂic . :7;,71’6%“.

(2) Suppose B is obtained from B by doing non-mutation moves and [(B4)|, only involving
indices greater than c, and let €' be the image of e under the resulting identification of cluster
seeds. Then we have ’ygic’e :*yéc,’c’e,.

(8) Suppose B’ is obtained from [3 by removing solid crossings greater than e. Then yét’c’e :7[?',(;,6-

Proof. Part (|1)) follows from Lemma

For part ([2)), as explained in Sections and applying non-mutation moves and
results in a relabeling of the cluster variables. In particular, the pullbacks Vj and A7 |, coincide with
Ve and A 4y, respectively. Thus, by , we get ’Ygi@e :7;,7676/

We prove . Suppose 3 has a solid crossing €’ > e and assume that €’ is the largest solid crossing
in . Similarly to Proposition we may append a double braid word Sy to the left of 8 and 3’ so

SWhile [LS22] work in the skew-symmetric setting, the curious Lefschetz theorem therein generalizes to the
skew-symmetrizable case.
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that e € ng“t by part . this does not affect ’yﬂ ce OF ’yﬁ, . Applying non-mutation moves |(B1)
andD if necessary, we may assume that i € I'; by part . this preserves ’yﬁ ce and 76’ cer Since
e’ is the largest solid crossing, we may apply moves involving hollow indices ¢’ + 1,....,m
until we have i, =1i.11; these moves do not affect VB.ce OF Vg cer by Remarkﬁ From now on, we
assume i =%e/+1 € 1.

Let 8” be obtained from 8 by removing the letter i, from 5. Let W C }025 be the open subset
obtained by removing the Deodhar hypersurface V., if ¢’ is mutable; otherwise, let W := }035. The

projection w: W — }%5// given by forgetting the flags (X.,Ye/) is a fiber bundle with fiber C*. We have

W*(AC’B N) = AC’B and 7 maps Ve’B NW surjectively onto Veﬁ " (Here we use the superscript to refer to the
braid variety on which A, and V, are defined.) Since both Veﬁ C Rgand Veﬁ C Rgn are hypersurfaces,

it follows that the order of vanishing of A2 on VP is equal to that of A8 " on 175 " Repeating this
argument, we obtain ([3)). O

Using Lemma we may assume that ¢ =1, e =m —1 and g = (—=b*™V)akk, where a,b are
words in I, and (—b*"®Y) is obtained by reversing b and applying the map i+ —i* to each letter, and
k=1ie=1, € 1. Define

7(a,k,b) ‘ZV(Jr—b*rev)akk,l,m—v
and let a and b denote the Demazure product of a and b, respectively. Recall also from Section
that * denotes Demazure product.

Proposition 7.2. Suppose that Theorems and hold for G. Then the cocharacter v(a,k,b)

satisfies, and is recursively defined by the following properties.

I) We have v(a,k,b)=0 if a=w, or b=ws,.
II) The cocharacter v(a,k,b)=~(a,k,b) only depends on the Demazure products a,b.
IIT) We have y(a,k,0)=aw) if asp>a and y(a,k,0) =0 if asp <a.
IV) Suppose that a,b are reduced. We let ' =ia and b="b'j, where the Demazure products satisfy
a=sia>a and b=0b's;>b'.
(1) If @' xspxb>axspxb, then y(a,k,b)=s;-v(a’k,b).
(2) If axspxb>axsxb', then y(ak,b)=~(a,k,b’).
(3) If w:=a'xspxb=axspxb=axspxb, write «¥ = and ﬁV:—wfl'a}/.
(3a) Suppose that o # BY. Then vy(a',k,b) =~(a,k,b’)+za¥ +yBY for z,y €Z, and we
have y(a,k,b) =~(a k: b ) +ypY.
(3b) Suppose that oV =« =Y. Then y(ak,b)—~(a',k,b")€Za), and

<wi77(a7k7b)> = _<wi77<a/7k7b,)> +min <wi77(a/7k7b)> + <wi77(a7k7b/)>7_zail <(,ch,"}/(a/,k,b/>>
1#1

Proof. We first argue that the stated properties determine v(a,k,b). Byand we know vy(a,k,b)
when a =w, or b=1id. If a # w, and b # id, property allows us to express y(a,k,b) in terms of
(@' k,b),y(a,k,b’),y(a’,k,b’") where a’ > a and b’ <b. Thus, all values of v(a,k,b) are determined.
We now prove [[)HIV )|

Suppose that a =w, or b=w,. Then a generic point (X,,Y,) in V. satisfies Y} = X,. It follows
that A; does not vanish on V, establishing|l)|

We show 1) . )} Tt is clear that if asg < a then 'y( =0. Suppose that asp > a. We apply the

[(B4) (BT [BI)
moves 5! —b*V)ak(—k*) (2L (=b*™V)a(—k*) k! —b**V)(—k*)ak. Since asy > a,
these are non-mutation moves, and thus part . 2)) of Lemmauapphes We may now remove the solid

crossings from a using part of Lemma and then reverse the procedure to put 8 back into its
original form with solid crossings removed from a.
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We prove If as < a, we have already shown that v(a,k,0) =0. Assume asj >a. When a=1id,
the result follows from Proposition For a #id, we apply induction, and the hollow case of
Lemma 2.8

We prove For adding the letter ¢ in front of (—b***V)akk produces a new hollow crossing,
and the claim follows from Lemmas and Similarly, for the letter —j* is a hollow crossing
in (—b*™*")akk. Case[(3)|holds if both i and —j* are solid crossings in the word i(—j*)(—(b’)*™*")akk.
If swapping the order of ¢ and —j* is a non-mutation move then we are in Case and the claim
follows from Lemma and the linear independence of o and 8V. If swapping the order of i and
—7* is a mutation, then we are in Case and the claim follows from and the assumption
that Theorems [[.1] and [£.2] have been shown for G. O

The algorithm has been implemented at [Gal23|, where some examples can be found.

Remark 7.3. The logical dependencies in our proof are summarized as follows. In Section[d] we give
a complete proof of Theorems and for the case when G is simply-laced. Thus, Proposition[7.2]
applies in this case. The proof for the case when G is multiply-laced is given in Section[6} it depends
on Proposition but only invokes it for the simply-laced group G.

The following result follows from our algorithm, but we have been unable to show it directly from
Deodhar geometry.

Corollary 7.4. Let: }O%g — IO%B and Ag:[m]—[m] be as in Sections and@. Then for each e€ Jg

and €' € )\El(e), we have 1* (Lo ) =e.
Proof. With notation as in the proof of Proposition it suffices to show that ordy, A, =ordy, Al
for c<e, keI, and k' € k. This follows from applying Proposition to }023 and R 5 separately. [
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